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0 ſ any Thing in Praiſe of the 
[T9 enſuing Treatiſe, were an At- 
tempt as needleſs and imperti- 
nent, as to write a Panegyrick 
on its Author. Nis enough that the Sub- 
ject ts Algebra; and that it was written by 
Sir Iſaac Newton: Thoſe who know any 
Thing of the Sciences, need not to be told 
the Value of the former; nor thoſe who 
have heard any Thing of Philoſophy and 
Mathematicks, to be inſtructed in the Praiſes 
of the latter. If any Thing could add to 
the Eſteem every Body has for the Analytick 
Art, it muſt be, that Sir Iſaac has conde- 
ſcended to handle it; nor could any Thing 
add to tbe Opinion the World has of that 
| illuſirioui 
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EY | To the READER. 


| illuſtrious Author's Merit, but that he haz 
| written with ſo much Suceeſ on that won- 
derful Subject. 


{ iy true, we have already a great many 
| Books of Algebra, and one might even fur- 
niſh a moderate Library purely with Authors 
on that Subject: But as no Body will ima- 
| gine that Sir Iſaac would have taken the 
| Pains to compoſe a new one, had he not 
) found all the old ones defective; ſo, it will 
be eafily allow'd, that none was more able 
than he, either to diſcover the Errors and 
Defects in other Books, or to ſupply and 
reftify them in his own, 


The Book was originally writ for the 
private Uſe of the Gentlemen of Cambridge, 
and was deliver d in Lectures, at the pub- 
lick Schools, by the Author, then Lucaſian 
Profeſſor in that Univerfity. Thus, not be- 
ing immediately intended for the Preſs, the 
Author had not proſecuted his Subject ſo far 
as might otherwiſe have been expected; nor 
indeed did he ever find Leiſure to bring his 
Work to a Concluſion : So that it muſt be 
obſerv'd, that all the (onſtructions, both 
Geometrical ana Mzchanical, which occur 

toward 


o 


To the READER 111 


towards the End of the book, do only ſerve 
for finding the firſt two or three Figures of 
Roots ; the Author having here onh given 
us the Conſtruction of Cubick Aquations, 
tho) he had a Defign to have added, a ge- 
neral Method of conſtructing Biquadratict, 
and other higher Powers, and to have par- 
ticu'arly /hown in what Manner the other 
Figures of Roots were to be extracted. In 
thi unfiniſb'd State it continu'd till the Year 
1707, when Mr. Whiſton, the Author's 
Succeſſor in the Lucaſian Chair, confidering 
that it was but ſmall in Bulk, and yet am- 
ple in Matter, not too much crowded with 
Rules and Precepts, and yet well furniſh'd 
with choice Examples, { ſerving not only 
as Praxes on the Rules, but as Inſtances of 
the great Uſefulneſs of the Art itſelf ; and, 
in ſhort, every Way qualify'd to conduct the 
young Srudent from his ſinſt ſetting out on 
this Study.) thought it Pity ſo noble and 
uſeful a Work Jhouid be doom d to a College- 
Confinement, and obtain'd Leave to make 
it Publick. And in order to ſupply what 
the Author had left undone, ſubj.yu'd the 
General and truly Noble Mei bod of extratt- 
ing the Roots of Aquations, publiſb by 

Dr. 


iv To the READER. 


Dr. Halley in the Philoſophical Tranſacti- 
ons, having firſt procur d both thoſe Gentle: 
men's Leave for his fo doing. 


As 10 the publiſhing a Tranſlation of this 
Book, the Editor is of Opinion, that tis 
enongh to excuſe his Undertaking, that ſuch 
Great Men were concern'd in the Original 

and is perſwaded, that the ſame Reaſon 
which engag'd Sir Iſaac to write, and Mr, 


Whifton 10 publiſh the Latin Edition, wil 


bear him out in publiſhing this Engliſh one. 
Nor will the Reader require any farther E. 
vidence, that the Tranſlator has done Juſtice 


to the Original, after I have aſſur'd him, 
that Mr. Raphſon and Mr. Cunn were 


both concern d in this Tranſlation. 
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Univerſal Arithmetick; 


1. O R A i 
il TREATISE 
re 2 


Arithmetical COM POSLIT TON 
and RESOLUTION. 


@OMPUTATION is either perforni'd by 
Numbers, as in Vulgar Arithmetick, or by 
Species, as uſual among Algebraiſts. They are 
both built on the ſame Foundations, and aim 
at the ſame End, vis. Arickmetick Definite- 
ly and Particularly, Algebra Indefinitely and 
Univerſally ; fo that almoſt all Expreſſions 
that are found out by this Computation, and particularly Con-. 
cluſions, may be call d Theorems. But Algebra is particularly 
excellent in this, that whereas in Arithmetick, Queſtions are 
only refoly'd by proceeding from om Quantities to the 


Quantities ſought, Algebra pt mt a 
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21 
from the Quantities ſought as if they were given, to the 
Quantities given as if they were ſought, to the End that we 
may. ſome Way or other come to a Concluſion or Æquation, 
from which one may bring out the Quantity ſought, And 
after this Way the moſt difficult Problems are refolv'd, the 
Reſolutions whereof would be ſought in vain from only com- 
mon Arithmetick, Yet Arithmeiick in all its Operations is 


ſo ſubſervient to Agebra, as that they ſeem both but to make 


one perfect Science of Computing; and therefore I will explain 
them both together. | 

Whoever goes upon this Science, muſt firſt underſtand the 
Signification of the Terms and Notes, [or Signs] and learn 
the fundamental Operations, viz. Addition, Subſtraction, Mul- 
tiplication, and Diviſun; Extraction of Roots, Redattion of Fra- 
ctions, and Radical Quantities; and the Methods of ordering the 
Terms of e/Equations, and exterminating the unknown Quanti- 
ties, (where they arc more than one), Then let [the Learner] 
proceed to exerciſe [or put in Practice] theſe Operations, by 
bringing Problems to Æquations; and, laſtly, let him [learn 
or] contemplate the Nature and Reſolution of Æquations. 


Of the Signification of ſome Words and Notes. 


By Number we underſtand not ſo much a Multitude of U. 
nitics, as the abſtracted Ratio of any Quantity, to another 


Quantity of the ſame Kind, which we take for Unity. 


[Number] is threefold ; integer, fracted, and ſurd, to which 
laſt Unity is incommenſurable. Every one underſtands the 
Notes of whole Numbers, (o, 1, 2, 3, 4, 5, 6, 7,8, 9) and the 
Values of thoſe Notes.when more than one are ſer together, But 
as Numbers plac'd on the left Hand, next before Unity, denote 
Tens of Units, in the ſecond Place Hundreds, in the third 
Place Thouſands, &c, ſo Numbers ſet in the firſt Plate after 
Unity, denote. tenth Parts of an Unit, in the ſecond Place 
hundredth Parts, in the third thouſandth Parts, &@'c, and theſe 
are call'd Decimal Fractions, becauſe they always decreaſe in 2 
Decimal Ratio; and to diſtinguith the Integers from the Deci- 
mals, we place a Comma, or a Point, or a ſeparating Line : 
Thus the Number 732 £569 denotes ſeven hundred thirty two 
Units, together with five tenth Parts, fix centeſimal, or 
hundredth Parts, and nine milleſimal, or thouſandth Parts 
of Unity. Which are alſo written thus 732, L569 ; or 
thus, 732.569 ; cr alſo thus, 732 L569, and ſo the Number 
57104. 2083 fifty ſeven thouſand one hundred and four Units, 

. together 
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[3] 
together with two tenth Parts, eight thouſandth Parts, and 
three ten thouſandth Parts of Unity; and the Number 0,c64 
denotes ſix centeſimals and four milleſimal Parts. The Notes 
of Surds and fracted Numbers are ſet down in the follow- 
ing [Pages]. 

hen the Quantity of any Thing is unknown, or look d 
n as indeterminate, ſo that we can't expreſs it in Numbers, 
we denote it by ſome Species, or by ſome Letter, And if we 
conſider known Quantities as indeterminate, we denote them, 
for Diſtinction ſake, with the initial [or former] Letters of the 
Alphabet, as 4, b, c, d, &c. and the unknown ones by the fi- 
nal ones, z, y, x, &c. Some ſubſtitute Conſonants or great 
Letters for known Quantitics, and Vowels or little Letters for 
the unknown ones. | | 

Quantities are either Affirmative, or greater than nothing ; 
or Negative, or leſs than nothing, Thus in humane Affairs, 
Poſſeſhons or Stock may be call d affirmative Goods, and Debts 
negatide onen. And ſo in local Motion, Progreſſion may be 
call'd affirmative Motion, and Regreſſion negative Motion; 
becauſe the firſt augments,and the other diminiſhes [the Length 
of] the Way made. And after the ſame Manner in Geome- 
try, if a Line drawn any certain Way be reckon'd for Affir- 
mative, then a Line drawn the contrary Way may be taken 
for Negative: As if A B be drawn to the right, and B C to 
the left; and AB be reckon'd Affirmative, then B C will be 
Negative; becauſe in the drawing it diminiſhes AB, and te- 
duces it either to a ſhorter, as A C, or to none, if C chances 
to fall upon the Point A, or to a leſs than none, if BC be 
longer than AB from which it is taken [vide Fig. 1.) A 
negative Quantity is denoted by the Sign — ; the Sign ＋ is 
prefix'd to an affirmative one ; and + denotes an uncertain 
Sign, and I a contrary uncertain one. 

In an Aggregate of Quantities the Note + ſignifies, that 
the Quantity it is prefix d to, is to be added, and the Nate —, 
that it is to be ſubtracted, And we uſually expreſs theſe 
Notes by the Words Plus (or more) and Minus (or leſs). 
Thus 2+3, - or 2 more 3, denotes the Sum of the Numbers 
2 and 3, that is 5. And 5—3, or 5 leſs 3, denotes the Dif- 
ference which ariſes by ſubducting 3 from 5, that is 2: 
And —5 z ſignifies the Difference which ariſes from ſubduct- 
ing 5 from 3, that is 2; and 6—1-+3 makes 8. Alſo ab 
denotes the Sum of the Quantities 4 and b, and 4—b the Dif- 
ference which ariſes by ſubducting h from 4; and a—b-þc fig- 
nities the Sum of that Difference, and of the Quantity c. 

| B 2 Suppoſe 
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Suppoſe if a be 5, h 2, and c 8, then a+b will be 7, aml 
a—b 3, and a—b+c will be 11. Alſo 2434 is 54, and 
3b—2:—+34 is 2b ＋4; for 3þ—b makes 2b, and —1a+34 
makes 24, whoſe Aggregate, or Sum, is 1b-+ 24, and fo in o- 
thers. Theſe Notes -+ and — are called Signs, And when 
neither is prefix d, the Sign A is always to be underſtood, 
Multiplication, properly ſo call'd is that which is made by 
Integers, as ſeeking a new Quan, ſo many times greater 
than the Multiplicand, as the Multiplyer is greater than Uni- 
ty; but for wait of a better Word Multiplication is alſo made 
Uſe of in Fractions and Surds, to find a new Quantity in the 
ſame Ratio (whatever it be) to the Multiplicand, as the Mul- 
tiplier has to Unity. Nor is Multiplication made only by 


. abſtra Numbers, but alſo by concrete Quantities, as by Lines, 


Surfaces, Local Motion, Weishts. Cc. as far as theſe may 
be conceiv'd to cxpreſs [or involve] the ſame Ratio's to ſome 
other known Quantity of the ſame Kind, cſteem'd as Unity, 
as Numbers do among themſelyes. As if the Quantity A be 
to be multiply'd by a Line of 12 Foot, ſuppofing a Line of 


2 Foot to be Unity, there will be produc'd by that Multipli- F 


cation 6A, or fix times A, in the ſame manner as if A were 
to be multiply'd by the abſtract Number 6; for 6A is in the 
ſame reaſon to A, as a Line of 12 Foot has to a Line of 2 Foot, 
And ſo if you were to multiply any two Lines, AC and A D, 
by one another, take A B for Unity, and draw BC, and 72 
rallel to it DE, and AE will be the Product of this Multi- 
plication; becauſe it is to AD as AC, to Unity A B, [vide 
Fig. 2.] Moreover, Cuſtom has obtain'd, that the Geneſis or 
Deſcription of a Surface, by a Line moving at right Angles 
upon another Line, ſhould be called the Multiplication of 
thoſe two Lines. For tho' a Line, however multiply'd, can- 
not become a Surface, and conſequently this Generation of a 
Surface by Lines is very different from Multiplication, yet th 

agree in this, that the Number of Unities in either Line, =" 
tiply'd by the Number of Unities in the other, produces an 
abſtracted Number of Unities in the Surface comprehended 
under thoſe Lines, if the ſuperficial Unity be defin'd as it uſed 
to be, ve, a Square whoſe Sides are linear Unities. As if 
the right Line AB conſiſt of four Unities, and AC of three, 
then the Rectingle A D will conſiſt of four times three, or 
12 ſquzre Unities, as from the Scheme will appear, [vide 
Fig. 3] And there is the like Analogy of a Solid and a Pro- 
duct mide by the continual Multiplication of three Quanti- 


ies And hence it is, that the Words to multiply into, the 


Content, 
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Content, 2 Rectangle, a Square, a Cale, a Dimenſim, a Side, 
and the like, which are Geometrical Terms, are made Uſe of 
in Arithmetical Operations, For by a Square, or Rectangle, 
or a Quantity of two Dimenſions, we do not always — Hh 
and a Surface, but moſt commonly a Quantity of ſome other 
Kind, which is produc'd by the Multiplication of two other 
Quantities, and very often a Line which is produc'd by the 
Multiplication of two other Lines. And fo we call a Cube, 
or Parallelopiped, or a Quantity of three Dimen/ons, that which 
is produc'd by two Multiplications. We ſay likewiſe the Side 
for a Root, and uſe Ducere in Latin inſtead of Multiply; and 
ſo in others. 

A Number prefix d before any Species, denotes that Species 
to be ſo often to be taken; thus 24 denotes two 4s, 3b three 
b's, 15x fifteen xs. Two or more Species, immediately con- 
nected together without any Signs, denote a Product or Quan- 
tity made by the Multiplication of all the Letters together. 
Thus ab denotes a Quantity made by multiplying à by b, and 
abx denotes a Quantity made by multiplying 4 by h, and the 


Product again by x. As ſuppoſe, it 4 were 2, and h 3, and 
* 8, then ab would be 6, and abx 30. Among Quantities 


muſtiplying one another, take Notice, that the Sign x, or 
the Word by or into, is made Uſe of to denote the Product 
ſometimes ; thus 3X5, or 3 by or into 5 denotes 15; but the 
chief Uſe of theſe Notes is, when compound Quantities are 
multiply'd together; as if y—2b were to multiply y-þb ; the 
Way is to draw a Line over cach Quantity, and then write 


them thus, y—2b into y-+b, or y—2b x b. 

Diviſion is properly 8 which is made Uſe of for integer 
or whole Numbers, in find ing a new Quantity ſo much leſs 
than the Dividend, as Unity is than the Diviſor. But be- 
cauſe of the Analogy, the Word may alſo be uſed when a 
new Quantity is ſought, that ſhall be in any ſuch Ratio to the 
Dividend, as Unity has to the Diviſor, whether that Divi- 
for be a Fraftion or ſurd Number, or other Quantity of a- 
ny other Kind, Thus to divide the Line AE by the Line 
AC, AB being Unity, you are to draw ED parallel to CB, 
and A D will be the Quotient, [vide Fig. 4.] Moreover, it 
is call d Diviſſon, by reaſon of the Similitude [it carries with 


it] when a Rectangle is divided by a given Line as a Baſe, 


in order thereby to know the Height. 
One Quantity below another, with a Line interpos'd, de- 
notes a Quotient, or x Quantity ariſing by the Diviſion - 
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the upper Quantity by the lower. Thus ? denotes a Quan: 

tity ariſing by dividing 6 by 2, that is 3; and + a Quantity 

ariſing by the Diviſion of 5 by 8, that is one eighth Part of 


the Number 5. And 3 denotes a Quantity which ariſes by 


dividing 4 by b; as ſuppoſe 4 was 15 and þ 3, then 7 would 
denotes a Quantity ariſing 


denote 5- Likewiſe thus - 7 


by dividing ab—bb by ar; and fo in others, 
Theſe Sorts of Quantities are called Fraftions, and the u 


per Part is call'd by the Name of the Numerator, and t 


lower is call'd the Denominator. 
Sometimes the Diviſor is ſet before the divided Quantity, 


[or Dividend] and ſeparated from it by [a Mark reſembling] 
an Arch of a Circle. Thus to denote the Quantity which a- 


axx 


riſes by the Diviſion of Ii by a—b, we write it thus, Þ 


Te: a+) 
IF 


Altho' we commonly denote Multiplication by the imme- . ; 
diate Con junction of the Quantities, yet an Integer, [ſet] be. 
fore a Fraction, denotes the Sum of both; thus 3 + denotes | 


three and a half. | | 
If a Quantity be multiply'd by it ſelf, the Number of 
Fafts or Products is, for Shortneſs ſake, ſet at the Top of the 
Letter. Thus for aaa we write 4, for 4444 4*, for aadaa 4, 
and for aaabb we write abb, or 4'b* ; as, ſuppoſe if 4 were 
5 and b be 2, then 4a will be 5x5 x5 or 125, and 4“ will be 
X5X.5X5 or 625, and 4b? will be $X5X5X2X2 or 500, 
here Note, that if a Number be written immediately be- 


| tween two Species, it always belongs to the former; thus the 


Number 3 in the Quantity 2b, does not denote that bb is to 
be taken thrice, but that à is to be thrice multiply'd by it ſelf. 
Note, moreover, that theſe Quantities are faid to be of fo 
many Dimenſions, or of ſo high a Power or Dignity, as they 


conſiſt of Factors or Quantities multiplying one another; and | 
the Number ſet [on forwards] at the top [of the Letter] is 
called the Index of thoſe Powers or Dimenſions ; thus aa is 


—_— — — 
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has not here taken any Notice of the more modern Way of expreſ- 
ſing theſe Powers, by calling the Root, or a, the firſt [or ſimple] 
Power, a- the ſecond Power, a the third Pozer, c. And the 
Quantity 4, by whoſe Multiplication by it ſelf theſe Powers 
are generated, is called their Roor, wiz. it is the Square Root 
of the Square 4a, the Cube Root of the Cube aas, &:. But 
S when a Root, multiply'd by it ſelf, produces a Square, and that 
ng (Square, r * by the Root, produces a Cube, Cc. it 
$ will be (by the Definition of Multiplication) as Unity to the 
Root; ſo that Root to the Square, and that Square to the 
2 Cube, Cc. and conſequently the Square Root of any Quanti- 
he ty, will be a mean Proportional between Unity and that Quan- 
tity, and the Cube Root the firſt of two mean Proportionals, 
ty, ¶ and the Biquadratick Root the firſt of three, and ſo on. Where- 
2] fore Roots have theſe two Properties or Affections, firſt, that 
a- by multiplying themſelves they produce the ſuperior Powers 
2 2dly, that they are mean Proportionals between thoſe Powers 
and Unity. Thus, 8 is the Square Root of the Number 64, 
and 4 the Cube Root of it, is hence evident, becauſe 8 8, 
and 4x4x4 make 64, or becauſe as 1 to 8, ſo is 8 to 64, 
e- PFand 11s to 4 as 4 to 16, and as 16 to 64 ; and hence, if the 
Square Root of any Line, as AB, is to be extracted, produce 
tes it to C, and let BC be Unity; then upon 4 C deſcribe a Semi- 
circle, and at B erect a Perpendicular, occurring to [or meet- 
of ing] the Circle in D; then will BD be the Root, becauſe it 
ie is a mean Proportional between AB and Unity B C, [vide 
, Fig. 5. | 
ere Io 3 the Root of any Quantity, we uſe to prefix this 
be Note / for a Square Root, and this /g if it be a Cube Noot, 
and this V4 for a Biquadratick Root, Cc. Thus 64 de- 
de- notes 8, and y/3:64 denotes 4; and V4 denotes az and Vax 
the denotes the Square Root of ax ; and V3:44xx the Cube Root 
to of 4axx: As if à be 3 and x 12; then Vax will be 36, or 
elf. 6; and 2:44xx will be /3:1728, or 12. And when theſe 
{0 Roots can't be [exactly] found, or extracted, the Quantities 
ey Rare call d Surds, as Vax; or Surd Numbers, as 12. 
There are ſome, that to denote the Square or firſt Power, 
| 15 FF make Uſe of q, and of c for the Cube, qq for the Biquadrate, 
18 and gc for the Quadrato-Cube, &c, After this Manner for 
und the Square, Cube, and Biquadrate of 4, they write Aq, Ac, 
lo Aq, Cc. and for the Cube Root of abb, they write 


be, e:. Others make Uſe of other Sqrts of Notes, but 
they are now almoſt out of Faſhion, | 


hag The 
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[8] 
The Mark [or the Sign] == ſignifies, that the Quentities on 
each Side of it are equal. Thus x=b denotes x to be equal 
to b. i 

The Note :: ſignifies that the Quantities on both Sides of 
it are Proportional. Thus 4.b :: c. d ſignifies, that a is to 
[in the ſame Proportion] as c to 4; and 4.b.e:: c. d. f fog. 
nifies that 4, h, and e, are to one another reſpectively, as c, 4 
and f, are among themſelves; or that a to c, b to d, and e to, 
are in the ſame Ratio. Laſtly, the Interpretation of any 
Marks or Signs that may be compounded out of theſe, will 
eaſily be known by the Analogy [they bear to theſe}, Thu 
2 lbb denotes three quarters of 4 bb, and 3 ſignifies thrice 
— and 7Y ax ſeven times Vax. Alſo 


duct of x by - and — ng denotes the Product made by 


x denotes the Pro. 


e 


multiplying z* by 


4 


L 855 that is the Quotient ariſing by the 


Diviſion of see by 4 ge; and . ax, that which i 


24 V 


made by multiplying V by = , and [4 — the Quotient 2. 


riſing by the Diviſion of 7yax bye; and —-——— the 


Quotient ariſing by the Diviſion of 8 by the Sum of the F 


* 58 3Zaxx—x 
Quantities 24. cx. And thus —,—— denotes the Quo- 


4 ＋ * 
tient ariſing by the Diviſion of the Difference 3axx—x? by 


the Sum 4 T, and V34xx—X#" denotes the Root of that 


a+ x 


Quotient, & 24+ 36 2 denotes the Product of the 
a+x 


Multiplication of that Root by the Sum 24a-+3c. Thus alſo 
Ez4+bb denotes the Root of the Sum of the Quan-| 


tities 5 aa and bb, and . "pp 


5 . 
"Ls Hag, 4447.06 denotes that Root multiply'd by 


28 


pages and ſo in other Caſes, 


— -w 


# 


ra La bb denotes the Root 
of the Sum of the Quantities + a and V glb, and 


fr dS 2% „ n rere 


at ad , ms _ £2a  - 


* 


» 
47608 oþ 
PIT 

- 
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But note, that in Complex Quantities of this Na- 
ture, there is no Neceſſity of giving a particular Attention 
to, or bearing in your Mind the Signiſi ation of each 
Letter; it will ſuffice in general to underſtand, e. g. that 


7 La+V Tal ſignifies the Root of the Aggregate [or 


Sum] of Z Va cb, whatever that Aggregate may 
chance to be, when Numbers or Lines are ſubſtituted in the 
Room of Letters, And thus [it is as ſufficient to underſtand] 


that . Lee ſignifies the Quotient ariſing by 

4— V. ab LT” o a, | 
the Diviſion of the Quantity ga £4a-+bb by the 
Quantity 2 —v/ab, as much as if thoſe Quantities were 
ſimple and known, though at preſent one may be igno- 
rant what they are, and not give any particular Attention 
to the Conſtitution or Signification of each of their Parts. 
Which I thought I ought here [to inſinuate or] admoniſh, 
leaſt young Beginners ſhould be frighted [or deterr d] in the 
very Beginning, by the Complexneſs of the Terms. 


Of ADDITION. 


THE Addition of Numbers, where they are not com- 
pounded, is [eaſy and] manifeſt of it ſelf, Thus it is 
at firſt Sight evident. that 7 and g, or 7-+9, make 16, and 
11+15 make 26, But in [longer or] more compounded 
Numbers, the Buſineſs is perform'd by writing the Numbers 
in a Row downwards, or one under another, and ſingly col- 
lecting the Sums of the [ reſpective] Columns. As if the 
Numbers 1357 and 172 are to be added, write either of 
them (ſuppoſe) 172 under the other 1357, ſo that the U- 
nits of the one, viz. 2, may exactly ſtand under 


the Units of the other, viz. 7, and the ot er Num- 1357 
bers of the one exactly under the correſpondent y72 


ones of the other, viz. the | lace of Tens under —— 
Tens, viz. 7 under 5, and that of Hundreds. -4z.1, 1529 


under the Place of Hundreds of the other. wiz. 3. 


Then beginning at the right Hand, ſay, and y make g, 
which write underneath ; alſo 7 and 5 ke 12; the laſt of 


which two Numbers, viz, 2, write underneath, and reſerve 
in 


” | 
TD 


3 | 
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in your Mind the other, viz. x, to be added to the two next 
Numbers, viz. 1 and 3; then ſay 1 and 1 make 2, which 
being added to 3 they make 5, which write underneath, and 
there will remain only 1, the firſt Figure of the upper Row 
of Numbers, which alſo muſt be writ underneath ; and then 
you have the whole Sum, wiz. 1529. 

Thus, to add the Numbers 87899 f 13403 835 Þ 1920 
into one Sum, write them one under another, ſo that all 
the Units may make one Column, the Tens another, the 
Hundredths a third, and the Places of Thouſands a fourth, 
and ſo on. Then ſay, 5 and 3 mike 8, and 8 + 9 make 
17 then write 7 underneath, and the 1 add to the next 
Rank, ſaying 1 and 8 make 9, 9-+ 2 make 11, and 11 +9 
makes 20 ; and having writ the © underneath, 
ſay again as before, 2 and 8 makes 10, and 10 853 , 

9 make 19, and 19 + 4 make 23, and 23 13 - 
—+ $ make 31; then reſerving 3 [in your Memo- _n 
ry] write down 1 as before, and ſay again, 3 880% 
＋ 1 make 4, 4 + 3 make 7, and 7 + 7 make 
14, wherefore write underneath 4, and laſtly ſay, 114197 
1 + 2 make 3, and 3 + 8 make 11, which in 
the laſt Place write down, and you will have the Sum 
of them all. . | 

After the ſame Manner we alſo add Decimals, as in the 
following Example may be ſeen: | 


630,953 
51,0807 
305,27 __ 
937,3037 


Addition is perform'd in Algebraick Terms, [or Species] 
by connecting the Quantities to be added with their prope: 
Signs ; and moreover, by uniting into one Sum thoſethat can 
be ſo united. Thus 4 and h make a + b; à and — b mak: 
42 —- b; — 4 and —b make —a—b; 74 and 94 mak 
74 ＋ 94; - ac and by ac make — 4 Vac +bvac 
or bYac —avac ; for it is all one, in what Order ſ 
ever they are written. 

A ffirmati ve Quantities which agree in [are of the ſame Sor 
of ] Species, are united together, by adding the prefix d Num. 
bers that are multiply d into thoſe Species. Thus 7 4 ＋9 


make 164, And II be 15 be make 26 bc. Alſo 3 
1 


94 3 
22511 


1a | * 
＋5* make 8 © ; and 2Vac+ TVac make Vac; and 


6vVab —xx + 7 Vab—xx mike 13 ½½ xx 
And in like manner, 6y/ 3 + 7V mike 13y 3, More. 


over, ay ac + by ac make a + Vac, by adding toge- 
gether 4 and b as Numbers multiplying / ac. And fo 


2a+3zcS3axx—x? T 3a Jaxx x) 3 


ems atx 
54 T 3cV3axx — x? becauſe 24 + 3c and 34 make 
„ -14.Þ.X 


54 —+ 30. | ; 
Affirmative Fractions, that have the ſame Denominator, 
are united [or added together] by adding their Numera- 


tors, Thus + Ty 2 make I, 400 _ — * make = 
84 Vc 174 . cx 254 c 
188 — hn? E 62 — 
we 1 20 Eyes * 24 T Fr 24 +vVcx?: 
aa bx 8 aa+bx © 3 


and — ＋ — mak 


make — 2D 4 Va & and —bvax make — 45 Vax. 


But when a Negative Quantity is to be added to an Affir- 
mative one, the Affirmative muſt be dimimiſh'd by a Nega- 
tive one, Thus, 3 an] — 2 make 1 ; 05 5 and — 145 


make 7 — 2 Vac and bv ac make b—av ac. And 


note, that when the Negative Quantity is greater than the 
Affirmati ve, the Aggregate [or Sum] will be Negative. Thus 


| IT4Xx ex N a x 
2 and — 3 make —1; — 25 and 7 make — 55 


and 2 Vac and — Vac make — 5 VAC. OD 
In the Addition of a greater Number of Quantities, or 

more compounded ones, it wilt be convenient to * 
| ec 2 the 


ſ xa. ] 


the [Method or] Form of Operation we have laid down 
above in the Addition of Numbers. As if 17ax — 144 
+ 3, and 44 + 2 — 84x, and 74 — 9ax, were to be 
added together, diſpoſe them ſo in Columns, that the Terms 
that contain the ſame Species may ſtand in a Row one un- 
der another, viz, the Numbers 3 and 2 in one Column, 
the Species — 144, and 44, and 7 4, 

174 —148+3 in another Column, and the Species 
7 44 ＋2 774 and — 8 ax, and — ga 
* 4 jp in a third; then J add the Terms of 
wo 2 each Column by themſelves, ſaying, 
* — 3a+5 2 and 3 make 5, which I write un- 
derneath, then 74 and 4 make 114, 

and moreover — 14 4 make — 3 4, which I alſo write under- 
neath ; laſtly, — 9 ax,and — 8 4.x make — 17 4x, to which 
174 * added makes o. And ſo the Sum comes out — 3 4 


+ 5. After the ſame Manner the Buſineſs is done in the 
i | 


following Examples: 


12x + 74 libc - 7 44 


„„ +ayee OT. + 6/3 +-;| 


19x + 164 26bc — 5a 14x 


= 3 

7 4 3 

— 7372 

b 3 5 

— bxx +3x a © 
gx Tr eee, 


r —=6xx + ix — 227 — 444) Þ 4 
| 5 + 249) — 744) 


+ =" 
nem SSC 
£x* + 24x 
— 3* —24x* + 842 N + xx 
— 2x* + 5bx*? — 204 Va K 
— 4b — 744 Vaa +'xx 


Xbx* + A + * 204 Vas xx. 


Oi 


— . ant am. ans . a an i£s aims 2A. GD. 


7 


«© _—_— Py Ry © «a 
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Of SUBTRACTION. ' 


T HE Invention of the Difference of Numbers {that are] 
not too much compounded, is of it ſelf evident ; as if 
you take 9 from 17, there will remain 8. But in more 
compounded Numbers, Subtraction is perform'd by ſubſ-rib- 
ing [or ſetting underneath] the Subtrahend, and ſubtracting 
each of the lower Figures from each of the upper ones. Thus 
to ſubtra 63543 from 782579, having ſubſcrib d 63543, 
ſay, 3 from 9 and there remains 6, which write underneath; 
then 4 from 7 and there remains 3. which write likewiſe 
underneath ; then 5 from 5 and there remains nothing, which 


in like manner ſet underneath ; then 3 comes to be taken 


from 2, but becauſe 3 is greater [than 2] you muſt borrow 
from the next Figure 8, which ſet down, together with 2, 
makes 12, from which 3 may be taken, and there will re- 
main 9, which write likewiſe underneath ; and then when 
beſides 6 there is alſo 1 to be taken from 8, add the 1 to 
the 6, and the Sum 7 [being taken] from 8, there will be 
left 1, which in like manner write andergeath, 
Laſtly, when in the lower. [Rank] of Numbers 78 2579 
there remains nothing to be taken from 7, write 63543 
underneath the 7, and ſo you have the [ whole], 719536 
Difference 719036. 3 
But eſpecial Care is to be taken, that the Figures of the 
Subtrahend be [plac'd} or ſubſcrib d in their [proper or] ho- 
mogeneous Places; viz. the Units of the one under the U- 
nits of the other, and the Tens under the Tens, and ]ikewiſe 
the Decimals under the Decimals, Cc. as we have ſhewn-+n 
Addition. Thus, to take the Decimal o, 63 fiom the inte- 


ger 547, they are not to be diſpos'd thus 9 but thus 
547 


0,63» viz, ſo that the o's, which ſupplics the Place of U- 


nits in the Decimal, muſt be plac'd under the Units of the 
other Number. Then o being underſtood to ſtand in the 
empty Places of the upper Number, ſay, 3 from o. which 
ſince it cannot be, 1 ought to be borrow'd from the forego- 
ing Place, which will make 10, from which 3 is to be taken. 
and there remains 7, which write -underneath. Then that 
I which was borrow'd added to 6 makes 7, and this is to 
1 ? f be 


1 
1 * 4 o 1 
N 1 J : 
1 A 
"I ah 
1 * 


L144 | 


be taken from © above it ; but ſince that can't be, you muſt 
again borrow 1 from the foregoing Place to make 10; then 
7 from 10 leaves 3, which in like manner is to 
547 be writ underneath ; then that 1 being added to o, 
* © 0.63 makes 1, which x being taken from 7 leaves 6, 
e which again write underneath, Then write the 
54237 two Figures 54 (ſince nothing remains to be taken 
from them) underneath, and you'll have the 
Remainder 546,37. 


For Exerciſe ſake, we here fet down ſome more Exam- 
kles, both in Integers and Decimals : 


1673 1673 45807 35972 46,5903 308, 
154i 1580 9205 14,32 3078 25574 
132 93 4458609 21, 43,4223 282,96 


If a greater Number is to be taken from a leſs, you muſt 
firſt ſubtract the leſs from the greater, and then prefix a ne- 
gati ve Sign to it. As if from 1541 you are to ſubtract 1673, 
on the contrary I ſubtra& 1541 from 1673, and to the Re- 
mainder 132 I prefix the Sign —, 


In Alzebraick Terms, Subtraction is perform'd by con- 
necting the Quantities, after having chang'd all the Signs of 
the Subtrahend, and by uniting thoſe together which can be 
united, as we have done in Addition. Thus +74 from 
+ 94 leaves 94 — 74 or 24; — 74 from + 94 leaves 
+ 94a + 74, Or 164; + 74 from — 9 leaves — 94 —74, 
or — 164; and — 74 from — 94 leaves — 94 + 74, or 
— 24 ſo 3. from << leaves 2 

2 3 * ” cs 2 x 


— VAC; * from I leaves 3, — *. from 3 leaves 0 
9 9 9 7 7 


7 Vac from 2 ½.ac leaves 


gem 2. leaves J; If ves from — Ve 


5 b b 24 ＋ Vex 24 +vcx 
3 —254aV cx aa bæ b — aa 
eaves —— 3 — from — leaves 14— 
Aer 6:8 C 


from 24 +b leaves 24+b —a+b, or a+2b; 34 
r + «4c from 34 ſaves 342 — JAa% + 2% = 4c, 
1 | | | . or 


Ee BB ALY OSS = 


| aa—ab 44 K 4b , _ 

Or 2 Tz — ac 3 4 e C fro leaves 
5 ab add + ergy: "7 

aa+ab 244 © 1 or — . and 4 — Xx Va 

0 c | 


from a+ x Vax leaves a+ x — a + xVar, or 2xvax," 
and ſo in others. But where Quantities conſiſt of more 
Terms, the Operation may be manag'd as in Numbers, as in 

the following Examples : | 


12x + 74 '15bc + 2Wac sr TY 
Tx + 94 —11bc + 7Vac 6x7 — x 
5 — 24 26bc — 5 Vac 5 —6xx+5x 
WE a3 + 5 ny 
_ e 
þ 698 p 
74 FTE 
þ V3 +.. 


Of MULTIPLICATION. 


N UMBERS which ariſe [or are produc'd} by the Mul- 
tiplication of any two Numbers, not greater than , 
are to be learnt [and retain'd] in the Memory: As that 5 
into 7 makes 35, and that 8 by 9 makes 72, Cc. and then 
the Multiplication of greater Numbers is to be perform'd at- 
ter the ſam? Rule in theſe Examples 

If 795 is to be multiply'd by 4, write 4 underneath, as 
you ſee here. Then ſay, 4 into 5 makes 20, whoſe 
laſt Figure, viz. o, ſet under the 4, and reſerve the 
former 2 for the next Operation. Say moreover, 795 
4 into 9 makes 36, to which add the former 2, and + 


there is made 38, whoſe latter Figure 8 write un- 3180 


derneath as before, and reſerve the former 3. Laſt- 

ly, ſay, 4 into 7 makes 28, to which add the former 3 and 
there is made 31, which being alſo ſet un derneath. you'll 
have the Number 3180, which comes out by multiplying 
the whole 795 by 4. | 


Moreover, 
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Moreover, if 9043 be to be multiply'd by 2306, write 


either of them, viz. 2305 under the other 9043 as before, 


and multiply the upper 9043 firſt by 5, after the Manner 
ſhewn, and there will come out 45215 ; then 

by o, and there will come out ocoo ; thirdly, 9043 
by 3, and there will come out 27129; laſtly, 22 
by 2, and there will come out 18086. Then 2 
diſpoſe theſe Numbers ſo coming out in a de- 45215 
ſcending Series, [or under one another] ſo that vogo 
the laſt Figure of every lower Row ſhall ſtand 27729 
one Place nearer to the left Hand than the laſt 18085 8 
of the next ſuperior Row. Then add all theſe 20544115 
together, and there will ariſe 20844115, the 


Number that is made by multiplying the whole 9043 by 


the whole 2305. 
In the ſame Manner Decimals are multiply'd, by Integers, 
or other Decimals, or both, as you may ſee in the following 
Examples : 


7 254 50, 18 39025 
wp . 275 0,0132 
6516 25090 78050 

1448 25126 | 117075 
2099 6 10036 . 
1379950 505151300 


But note, in the Number coming out (or the Product] fo 


many Figures muſt be cut off to the right Hand for Decimals, 
as there are Decimal Figures both in the Multi plyer and 
the Multiplicand, And if by Chance there are not ſo many 
Figures in the Product, the deficient Places muſt be fill'd up 
to the left Hand with os, as here in the thir Example, 

Simple Algebraick Terms are multiply'd by multiplying 
the Numbers into the Numbers, and the Specics into the 
Species, and by making the Product Affirmati ve, if both 
the Factors are Affirmative, or both Negative: and Negative 
if otherwiſe, Thus 24 into 3b, or — 24 into — 3b make 
6ab, or 6ba ; for it is no Matter in what Order they are 
plac'd. Thus alſo 24 by — 3b, or — 24 by 3b make 
- 6ab, And thus, 24ac into 8bec make 16abcer- or 
I6abc*; and 7axx into — 1244 ͤ make —$44'x*; 
and — 16cy into 3142) make — 4968 ; and — 42 
unto 


bl 
- 


al 


CT 

into — 3 Yaz make 12 Va. And ſo 3 into — 4 make 
12. and — 3 into — 4 make 12. 

Fractions are multiply'd, by multiplying their Nome. 

tors by their Numerators, and their TW by * 


Denominators 3 thus on > make 3 ; and © Fr into - | 


62 

make 54, and 25 into 3 —- make 6 + — —+ 7, Or 6775 
Zacy 7257 IG — 4% 
and 255 into TE make 55 p . _ 
SL make — and * into 26 make 


6 
3 — — 
; 14 Alſo 3 into : 2 make 5˙ as may appear, if 3 be re- 


due d to the Form of a Fraction, viz. 3 by making Uſe of 
. I , 


Unity for the Denominator. And thus ——— into 


ab 


hy hp '> Whence note by the Way, that = 


cc 


and 15 are the ſame; as alſo . wo and — -bx, alſo 


FEI ves and 855 vVcx; and ſo in others. 

Radical Quantitics of the ſame Denomination (that i is, if 
they are both Square Roots, or both Cube Roots, or both 
Biquadratick Roots, Cc.) are multiply'd by multiplying the 
erms together [and placing them] under the ſame Radical 
dign. Thus 3 into an makes y/15 ; and the /a into 

cd makes N 545 into * makes 


535443 ad 1 inte © makes 12 5 


44 


ö wag, and 3 into 3by az makes cab 


— — 6x3 
hat is 644 and 2 1 makes 
12 * n Vac vaacc 


* — * a _— 


Li 


See the Chapter of Notation, 


[187] 1 
ie eee r 1 . 
4 IOee 


c 
2ddxy 5abex 


Oare 
| nie that conſiſt of ſeveral Parts, are multiply d by 
multiplying all the Parts of the one into all the Parts of the 
other, as is ſhewn in the Multiplication of Numbers. Thus, 
c— x into 4 makes ac—ax, and aa + 24 - be into 
4— makes 4* + 24ac—aab—3bac + bbc, For 
aa + 240 — be into — b makes — 4ab — 240 b + bbc, 
and into 4 makes 4* + 244c— abc, the Sum whereof is 
43 + 24ac —aab —3abec + bbc. A Specimen of this 
Sort of Multiplication, together with other like Examples, 
you have underneath;  _ | 


44 T 240 be 445 
a—b a-+bE 

— 4ab—2abc + bbs b 

a+ 2a4c—abc aa + ab 

4* + 244c —aab— 3alc + bbc aa ＋ 24 ＋ bh 
44 5 * + 249 — 244 
3 JJ 220 *F .44 
—4— a 4a) + 24 — 4 
44 ＋ 40 — 2 4299 + 4'y 


24 1 — 11 1" 4 24y — #443» 


—— —” 


* * = -= 


C C 
abb 
a+ 
24x ab aab 
c c Cc 
6AAax 43 
c | * 
G 2 24 * abb aab 
— — — — X —— — JF — 
4 [1 C C 


Uno] 
Of Div1510w, 


many times the Diviſor is contain d in the Divilend, 
as often ſubtracting, and writing ſo many Units in the 
Quotient; and by repeating that Operation upon O-caſion, 
as often as the Diviſor can be ſubtracted. Thus, to divide 
63 by 7, ſeek how many times 7 is contain'd in 63, and 
there will come out preciſely 9 for the Quotient; and conſe- 
quently 7 is equal to 9. Moreover, to divide 371 by 7 
prefix the Diviſor 7, and beginning at the firſt Figures of 
K Dividend, coming as near them as poſſi- 
ble, ſay, how many times 7 is contain d in * 
27, and you'll find 5; then writing 5 in 7) = (53 
the Quotient, ſubtra& 5 x 7, or 35, from 37, 2 


D. VISION is perform'd in Numbers, by ſeeking how 
al 


and there will remain 2, to which ſet the 21 


laſt Figure of the Dividend, viz. 1; and 00 
then 21 will be the remaining Part of the Di- 2 
vi lend for the next Operation; ſay therefore 
as before, how many times 7 is contain'd in 21 ? and the 
Anſwer will be 3; wherefore writing 3 in the Quotient, take 
3X7, or 21, from 21 and there will remain o. Whence it 
is manifeſt, that 53 is preciſely the Number that ariſes from 
the Diviſion of 371 by 7. 3 

And thus to divide 4798 by 
23, firſt beginning with the ini- 


tial Figures 47, ſay, how many 23) eden Kc. 
times is 23 contain d in 47? An- =: 
ſwer 2; wherefore write 2 in the 19 
Quotient, and from 47 ſubtraQ 0 
2 X 23, or 46, and there will re- 198 
main 1, to which join the next 184 
Number of the Dividend, wiz. 140 
9, and youll have 19 to work 138 
upon next. Say therefore, how — 
many times # 23 contain'd in — 
19? Anſwer o; wherefore write 1k 
© in the Quotient ; and from 19 * : 1299 
ſubtract © x 23, or o, and there 194 
remains 19,to which join the laſt - 169 


Number $, and you'l have 198 
to work upon next. Wherefore | 
_ 7, iu 


L 201 
in the laſt Place ſay, how many times is 23 contain'd in 198 
(which may be gueſs d at from the firſt Figures of each, 2 
end 19, by taking notice how many times 2 is contain d in 
19)? Tanſwer 8 ; wherefore write 8 in the Quotient, and 
from 198 ſubtract 8 x 23, or 184, and there will remain 
14 to be farther divided by 23; and fo the Quotient will 


be 2081+. And if this Fraction is not lik d, you may con- 


tinue the Diviſion in Decimal Fractions as far as you pleaſe, 
by adding always a Cypher to the remaining Number, Thus 
to the Remainder 14 add o, and it becomes 140. Then 
ſay, how many times 23 in140? Anſwer 6; write there- 
fore 6 in the Quotient; and from 140 ſubtract 6 Xx 23, or 
138, and there will remain 2; to which ſet a Cypher (or o) 
as before, And thus the Work being continu'd as far as you 
pleaſe, there will at length come out this Quotient, viz. 
208, 6086, &c. ö 


After the ſame Manner the 46,1) 3,5218 (o, dy 30 


Decimal Fraction 3,5218 is di- 
vided, by the Decimal Fraction ; gn 


46,1,and there comes out 0,07639, _ 2948 
Cc. Where note, that there 2766 
muſt be ſo many Figures cut off 22 
in the Quotient, for Decimals, as og 
there are more in the laſt Divi- — 


dend than the Diviſor: As in 


| O 
this Example 5, becauſe there are | _ 
6 in the I:ſt Dividend, viz, — 
3,521800, and 1 in the Diviſor 221 


6.1. | 
We have here ſubjoin'd more Examples, for Clearneſg 
ſake, viz, ; | 


9043) 20844115 (2305. 72,4) 2099,6 (29 
18086 | 1448 
27581 | . 6516 
27129 6516 
45215 0 
45215 23468 
0 


# 


30, 18) 


50 
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50,18) 137,995 (2,75 0,0132) 0,051513 (3,9025 
10036 396 
7035 1191 
7 7 1188 
25090 330 
25090 264 
nk © 660 


0 


N. B. The wording of this Rule in Sir [ſaac, ſeeming 4 little 
obſcure, this other equivalent Rule may be added, viz. Obſerve 
what is the Quality of that Figure in the Dividend under which 
the Place of Integer Units in the Diviſor does or ſhould ſtand ; 


for the ſame will be the Quality of the firſe Figure of the Quo- 


tient, e. g. 
f 345) „00468 (1 1 


In this Example, 5 being the Place of Integer Units in the 
Dividend,that ſet under the Dividend, ſo as to divide it, would 
fall under the Figure 8, which is the Place of Hundreds of Thou- 
ſandths in the Dividend ; therefore the Unit in the Quotient 
muit ſtand in the Place of Hundreds of Thouſandths ; and to 
make it do ſo, four Cyphers muſt be plac d before it, viz. , oocor, 
c. is the true Quotient. £ 


In Algebraick Terms Diviſion is perform'd by the Reſo- 
lotion of what is compounded by Multiplication, Thus, 40 
divided by & gives for the Quotient b. 64b divided by 24 
gives 2b ; and divided by — 24 gives — 3b, — 64 di- 
vided by 24 gives — 3b, and divided by — 24 gives 3b. 
i6abc3 divided by 2 ac gives 8bce. — 844 xt divided 


by — 1244xxX gives 74xx. Likewiſe - divided by A. 


5 

x e G — 214ccy* 1 
gives 1 divided by ; gives 4 77 divid 
Re % 2; 
ed by 75 Lives 1 divided by 3 gives 5 
and reciprocally 5 divided by — gives 2, or 3. 5 . 


divided 


ta J] 


. divided by 24 gives 5 25 


; and reciprocally divided by 


I&44% 


gives 24, Likewiſe 715 divided by v/ 3 gives ys, 


cc 
vabcd divided by vcd gives Vab. Vac by Vac gives 
Vaa,or 4. V 35 44 divided by 5 425 gives 7452. 


GD divided by — gives wth . egy y gabes 
LEES 3 c * 7o ae e 
divided by 2 — gives e e And ſo 

2 IOee . 4 


a + bVa& divided by a ＋ b gives Yax; and reciprocally 


divided by ax gives 4+b. And 7 -Vax diride 


. . "x . I 
by a+b Sives Vax, or divided by 4 gives n 


. 2 1 5 ; and reciprocally divided by 7 gives 4 But 


in Diviſtons of this Kind you are to take care, that th: 
Quantities divided by one another be of the ſame Kind, 
viz. that Numbers be divided by Numbers, and Species by 
Species, Radical Quantities by Radical Quantities, Nume- 
ratars of Fractions by Numerators, and Denominators by 
Denomanators ; alſo in Numerators, Denominators, an! 
Radical Quantities, the Quantities of each Kind muſt be 
woe by homogeneous ones [or Quantities of the ſam: 
ind.]. e 
" Now if the Quantity to be divided cannot be divided by 
the Diviſor [propos d], it is ſufficient to write the Diviſa 
underneath, with a Line between them. Thus to divide 


by c, write 25 and to divide a+ ex by 4, writ: 
.a+bvcx 444 f 
| » CT - 

Pl | a 


2x r Ax = C 
by Vcx gives © or 7 = 
c 


Vex. . And fo 4X * * divide 


vVex © ? x "0 And as +4 | 
Vaa2xx divided by Tat gives © +4 


Here. And 12y 5 divided by 4 7 gives 3V+. 
| Þ 


44 xu 


1 24 7 
But when theſe Quanticies are Fractions, multiply the 
Numerator of* the Dividend into the Denominator of the 

Diviſor, and the Denominator into the Numerator, and the 
firſt Product will be the Numerator, and the latter the De- 


nominator of the Quotient, Thus to divide - by— write 
59, that is, multiply a by 4 and b by c. In like Manner, 
Fi Low 2, an ee 

14 77 * n 


1544 Yax, and divided by 2c r gives 


dee - an 
15 4*x 4 
=. Aſter the ſame Manner, — divided 
gcc VA - | b * 


4 3 | 
deut watt wc de Fu 


7 And 3 divided by 5 gives 2 : And 3 divided by 5 
gives 1 And — Ver divided by 4 gives H ye, 
0 


40 ＋ be 
4 


Vex. And 


And a + bvcx divided by © gives 
T4 divided by 3 Ved gives — 4 —7 and divided by 
* a | 
cd. 2 gf ax* I /7 cam. 1163 
— 2— d - divided by - 2 
16 "_— 3 VE As 5 V7 2 2 65 
gives * 49 and ſo in others, 
A 3 compounded of ſeveral Terms, is divided by 


dividing each of its Terms by the Diviſor. Thus 44 + 


34x — xx divided by 4 gives 4 + 3 — . But when 


the Diviſor conſiſts alſo of ſeveral Terms, the Diviſion is 
perform'd as in Numbers. Thus to divide 47 + 2440 
—aab — 24abc + bbc by 4 — b, fay, how many times is 
4 contain'd in 2, viz, the firſt Term of the Diviſor in the 
firſt Term of the Dividend? Anſwer 24. Wherefore write 
44 in the Quotient; and having ſubtracted 4—b multiply d 
into 44, or a* — 4ab from the Dividend, there will remain 

2440 


— — — — — — — — — — 
. . bi 
9 


L 24 ] 
244c —3abc +bbc yet to be divided, Then ſay again, 
how many times 4 in 244c? Anſwer 2ac, Wherefore 
write alſo 24c in the Quotient, and having ſubtratted 45 
into 24c, or 244c — 2abc from the aforeſaid Remainder, 
there will yet remain — abc + bbc. Wherefore fay again, 
how many times 4 in — abe? Anſwer — be, and then 
write — bc in the Quotient; and having, in the laſt Place, 
ſubtracted + 2 — b into — be, viz. —abe + bbe from 
the laſt Remainder, there will remain nothing ; which ſhews 
that the Diviſion is at an End, and the Quotient coming 
out [juſt] 44 ＋ 240 —bc. 

But that theſe Operations may be duly reduc'd to the 
Form which we uſe in the Diviſion of Numbers, the Terms 
both of the Dividend and the Diviſor muſt be diſpos'd in 
Order, according to the Dimenſions of that Letter which is 

ofteneſt found or] judg d moſt proper for the [Eaſe of the] 
ration ; ſo that thoſe Terms may ſtand firſt, in which 
that Letter is of moſt Dimenſions, and thoſe in the ſecond 
Place whoſe Dimenſions are next higheſt ; and ſo on to thoſe 
wherein that Letter 1s not at all involy'd, [or into which it 
is not at all multiply'd] which ought to ſtand in the laſt 


Place. Thus, in the Example we juſt now brought, if the 


Terms are diſpos'd according to the Dimenſions of the Let- 
ter 4, the following Diagram will ſhew the Form of the 
Work, vi. | 


* 


25 1 4 — zabe be (44 ＋ 246 — be a 


4 — 44 


O + 24ac - 3a be 
2 440 —2abc 


— — 2 R 


— abe+ bbc 
— abc +bbc 


O O 


Where may be ſeen, that the Term 4, or a of three Di- 


menſions, ſtands in the firſt Place of the Dividend, and the 


24 40 


Terms 44, 


in which 4 is of two Dimenſions, ſtand in 


the ſecond Place, and ſo on. Ihe Dividend might alſo have 
„„ + gan ce 
* 45 


- 


ws «+ Ys, ends Rs, A. << D.A4M 


= 


2 wail co 


BW lk VV ww te 


. T4 
4 wr 44—23bea+bbc. 
Where the Terms that ſtand in the ſecond Place are united, 
by collecting together for placing by one another] the Fa- 


ors for Coefficients] of the Les [bore it is] of the 
fame Dimenſion, And thus, if the Terms were to be dif- 
pos d according to the Dimenſions of the Letter h, the Bu- 
ſineſs muſt be perform'd [or would ſtand] as in the folldlv- 
ing Diagram, the Explication whereof we ſhall here ſub- 
1 8 — 34e + 4 + 240 

mb + a) b 44 A 44 


cbb—ach 


— — — 


— 24 + 2 
— 4 YT 24ac 


— 240 + 24 ac 
— aa +4? 


—— A. m 


O 


O 0. 


Say, How many times is — 5 contain'd in cb? Anſwer 
— cb, Wherefore having writ — cb in the Quotient, ſub- 
tract —b + 4 x —cb, or bbc — abc, and there will re- 
main in the ſecond Place 2 To this Remainder 
add, if you pleaſe, the Quantities [that ſtand] in the laſt 

4 | 


Place, wiz. 24400 


and ſay again, how many times is —þ 
contain'd in — 255 b? Anſwer . 5. Theſe therefore 
being writ in the Quotient, ſubtradt — b + 4 multiply'd by 
Þ 2496 = 7294 and there will remain no- 
thing, Whence it is manifeſt, that the Diviſion is at an 
End, the Quotient coming out —cb + 24c + 44, 28 
before. 

And thus, if you were to divide aay* — 44c* + yye®* 
75 —29*0c—4* — 24 co—a* yy by yy—a4—cc 
I order [or place] the Quantities according to the [Dimen- 
ſions of the] Letter y, thus: 


E Y 


J 26 ] 
. | 4 * 4 4 
* 2 % EY” & £4 L 3-35 


x .: 


Here are added other Examples, in which you are to take 
Notice. that where the Dimenſions of the Letter, which 
this Method of] ordering ranges, don't always proceed in 
e ſame Arithmetical Progreion, but ſometimes inter- 
ruptedly, or] by Way of Skipping, in the defective Places 
we note [this Mark] &. 9 e 


Then I divide as in the following Diagram. 


— — 4 0 ' 
s —-AA 4 ( 4 + 244 7 + 4" 
— 7 — CC ＋ 4ACT, 
—24* 
F246 y acc 7 * 
p N 
© —+ aace7 
+4 7 — 24 , 
T 44cc — A ACE 
Q O 
«+b) * —bb (a—b 
44 ＋ ab A 
0 — ab | 
©. , © 


N=29 


>. 


7 


9 


L 27 J. 


lee 
1 *s vn ST 205 * 
X — 324% T345%— 54 | 


* — 249? + 4aaJy | > # 


7522 + aa) 


0 +245) —4$44)) 
+ 24 —4 44% T2495 


» — 4% 4 
— 244 47 — 34 
— 2449) T ile la 


ol O 2 


1.4 46% ＋ 55) 5 (44 —4by2 +bb 
as, Wer * + * 
4* +4*bv2-þ aabb 
— 2 bv2— aabb 
—4'b/2—2aabb - 46 N 


+ 745 ＋ 77 1 
. + aabb TAU Vz2＋ * 


O O 9 


Fome begin Diviſion from the laſt Terms, but it comes 
to the ſame Thing, if, inverting the Order of the Terms, you 
begin from the firſt, There are alſo other Methods of di- 
viding, but it is ſufficient to know the moſt eaſy and com- 
modious; 


Of EXTRACTION of RooTs. 


HEN the Square Root of any Number is to be ex- 
| tracted, it is firſt ro be noted with Points in every 
other Place, beginning from Unity ; then you are to write 
down ſuch a Figure for theQuotient, or Root, whoſe Square 
ſhall be equal to, or neareſt, leſs than the Figure or Fi- 
gures to the firſt Point. And [then] ſubtracting that Square, 
the other Figures of the Root will be found one by-one, by 
dividing the Remainder by the double of the Root as far as 


extracted, and each Time m_— from that Remainder the 


2 Square 


[28] 
Square of the Figure that laſt came out, and the Decuple of 


the aforeſaid Diviſor augmented by that Figure. 
Thus to extract the Root out of 998 56, firſt Point it af- 


ter this Manner, 99856, then ſeek a Number whoſe Square 
ſhall equal the firſt Figure 9, wiz. 3, and write it in the 
Quotient; and then having ſubtracted from 

9,3X3, or 9, there will remain o; to which 

ſet down the Figures to the next Point, viz. 99856 (316 
98 for the following Operation, Then taking 9 

no Notice of the laſt Figure 8, ſay, How many - 
times is the Double of 3, or 6, contain'd 098 

in the firſt Figure 92 Anſwer 1 ; where- 61 
fore having writ 1 in the Quotient, ſubtract 3766 
the Product of 1 x 61, or 61, from 98. and 3756 
there will remain 37, to which connect the —— 

laſt Figures 56, and you'll have the Number 0 

3756, in which the Work is next to be car- | 

Ty'd on, Wherefore alſo neglecting the laſt Figure of this, 
viz. 6, ſay, How many times is the double of 31, or 62, 
contain'd in 375, (which is to be gueſs'd at from the initial 
Figures 6 and 37, by taking Notice how many times 6 is 
contain'd in 37?) Anſwer 6; and writing 6 in the Quoti- 
ent, ſubtract 6626, or 3756, and there will remain o; 
whence it appears that the Buſineſs is done; the Root com- 
ing out 316. 


Otherwiſe with the Diviſors ſet down it will and thus: 


99856 (316 
e 


6098 

61 
62) 3756 
3756 _ 

O 


And ſo in others. 

And ſo if you were to extract the Root ont of 22178791, 
firſt having pointed it, ſeek a Number whoſe Square (if it 
cannot be [exactly] equall'd) ſtrall be the next leſs Square 
(or neareſt) to 22, the Figures to the firſt Point, and — 


W e „„ co oo» ö > ©. © Bw=n eee © to -= A twh wy 


"I YL OP ck ca SC 


* * 1 a 


f. 


@ a> 


C29] 


ind 56 $0 be 42 For 5X5, or 25, is greater than 223; and 


X4, or 16, 
— This therefore being 


writ in the Quotient, from 
22 take the Square 4c 4, or 
16, and to the Remainder 6 
ad join moxeover the next Fi- 


17, and you'll have 


05 dos whoſe Divifion by 
the double of 4 you are to 
obtain the ſecond Figure of 


| the Root, viz. neglecting the 


laſt Figure 7, ſay, how ma- 
ny times is 8 contain'd in 
61? Anſwer 7; wherefore 
write 7 in the Quotient, and 
from 617 take the Product of 
7 into 87, or 609, and there 
will remain 8, to which join 
the two next Figures $7, and 
you'll have 887, by the Di- 
viſion whereof by the double 
of 47, or 94, you are to ob- 
tain the third Figure; as ſay, 
How many times is 94 con- 


tain'd in 882 Anſwer o; 'whe 


eſs ; wherefore 4 will be the firſt Figure of the 
2319879 (4709,43637, Kc. 
I | 


617 
60 


— ſ—Y—w—ů—— 


88791 
84681 


4.11000 
376736 


3426400 
2825649 


—ů 


60075100 
56513196 


282566169 


— en. em. _ 


73624231 


refore write o in the Quoti- 


ent, and adjoin the two laſt Figures 91, and you'll have 
88791, by whoſe Diviſion by the double of 470, or 940, 


you are to obtain the laſt Figure, viz. ſay, 


How many times 


940 in 8879? Anſwer 9; wherefore write 9 in the Quoti- 
ent, and you'll have the Root 4709. | 

But fince the Product 9x 9409, or $4681, ſubtracted from 
$8791, leaves 4110, that is a Sign that the Number 4709, 
s not the Root of the Number 22178791 preciſely, but 
that it is a little leſs, And in this Caſe, and in others like 


it, if you deſire the Root ſhould approach nearer, you muſt 
proceed or] carry on the Operation in Decimals, by adding 


to the Remainder two Cyphers in each Operation. Thus 


| the Remainder 4110 having two Cyphers added to it. becomes 


411000 by the Diviſion whereof by the double of 4709, 
or 9418, you'll have the firſt Decimal Figure 4. Then 


having writ 4 


in the Quotient, ſubtract 494184, or 


376736 from 411000, and there will remain 34264. 


[ 385 J 


15 having added two more Cyphers, the Work may be car. 


ry'd on at Pleaſure, the Root at length coming out 
„ 3 

But when the Root is carry d on half-way, or above, the 
reſt of the Figures may be obtain d by Diviſion alone. As 
in this Example, if you had a Mind to extract the Root to 
nine Figures, after the five former 4709, 4 are extracted, the 
four latter may be had, by dividing the Remainder by the 
double of 4709,14 „ ee ee 

And after this Manner, if the Root of 32976 was to be 
extracted to ſive Places in Numbers: After the Eigures are 
pointed, write 1 in the Quotient, as [being the Figure] 
whoſe Square 1X i, or 1, is the greateſt that is contain d in 
3 the gn P = firſt ay ang 1705 © t 7 

aving. taken the Square of 1 from 3, . W 
there wil remain 2; then having Fs 379 76 (181,59 
the two next Figures, viz, 29 to it, © 
(viz. to 2) ſeek how many times the © — - 
double of 1, or 2, is contain'd in 22, 2) 229 
and you'll find indeed that it is con- 224 
tain'd more than 10 times; but you are 
never to take your Diviſor 10 times, 
no, nor 9 times in this Caſe ; becauſe 2. .. 
the Product of 9x 29, or 261, is great- 362)215 (59, &c. 
er than 229, from which it would-be £45k 
to be taken [or ſubtrafted), Wherefore write only 8. And 
then having writ 8 in the Quotient, and ſubtracted 8 x 28, 
or 224, there will remain 5; and having ſet down.to this 
the Figures 76, ſeek how many times the double of 18, or 
36, is contain d in 57, and you'll find 1, and ſo write 1 in 
the Quotient; and having ſubtracted 1x361, or 361 from 
576. there will remain 215. Laſtly, to obtain the remain- 
ang Figures, divide this Number 215 by the double of 181, 
or 362, and you'll have the Figures 59, which being writ 
in the Quotient, you'll have the Root 181,59. 

After the ſame Way Roots are alſo extracted out of De- 
cimal Numbers, Thus the Root of 329,76 is 18,159 ; and 
the Root of 3,2976 is 1,8159; and the Root of 0,032976 
is 0,18159, and ſo on. But the Root of 3297,6 is 57, 4247 
and the Root of 32,976 is 5,74247. And thus the Root 
of 9,9856 is 3,16. But the Root of 0,99856 is 0,999279, 
&c, as will appear from the following Diagrams : 


# 
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3297,60 (57,4247 9,9856 (3,16 
25 PE BS | 2 el 
10) 797 6) 98 
242 6x 
10 aan 62) 3756 
4576 __ 375 
1148) 28400 0 
22964 0 
11484) 543600 
222222 
114848) 8422400 
8039409 
382991 


00 (ed 


18) 1885 
3 
198) 18460 
1790I 

1998) 55900 

232854 
19984) 1593600 

1398929 _ 

199854) 19467100 
: 17986941 _ 


1480159 ! 


I will comprehend the Extraction of the Cubick Root, 
and of all others, under one general Rule, conſulting rather 
the Eaſe of the Praxis than the Expeditiouſneſs of it, leſt I 
ſhould [c00 much] retard [the Learner] in Things that are 
of no frequent Uſe, viz. every third Figure beginning 
from Unity is firſt of all to be pointed, if the Root [to be 
extracted] be a Cubick one; or every fifth, if it be a Qua- 
drato-Cubick [or of the fifth Power], and then ſuch a Fi- 

is to be writ in the Quotient, whoſe greateſt Power (i. e. 
whoſe Cube, if it be a Cubick Power, or whoſe Quadrato- 
Cube, if it be the fifth Power, Cr.) {hall either be equal 
n | 5 


32 ] 

to the Figure or Figures before the firſt Point, or next lef; 
[under them]; and then having ſubtracted that Power, the 
next Figure will be found by dividing the Remainder aug. 
mented by the next Figure of the Reſolvend, by the next 
leaſt Power of the Quotient, multiply d by the Index of the 
Power to be extracted, that is, by the triple Square, if the 
Root be a Cubick one; or by the quintuple Biquadrate 
Ii. e. five times the Biquadrate] if the Root be of the fifth 
Power, Cc. And having again ſubtracted the Power of 
the whole Quotient from the firſt Reſolvend, the third Fi. 
zure will be found by dividing that Remainder augmented 
by the next Figure of the Reſolvend, by the next leaſt Power 
of the whole Quotient, multiply d by the Index of the 
Power to be extracted, | 
Thus to extract the Cube Root of 13312053, the Num- 
ber is firſt to be pointed after this Manner, vix. 1 
Then. you are to write the Figure 2, whoſe Cube is 8, in the 
[firſt Place of] the Quotient, as which is the next leaſt 
N to the Eigures 13, [which is not a perfect Cube Num- 

r] or to the firſt Point; and having ſubtracted that Cube, 
there will remain 5; which being augmented by the next 
Figure of the Reſolvend 3, and divided by the triple Square 
of the Quotient 2, bj * 
ſceking how many times 5 52585 6257 

* 4, or 12, is con- 
at in 53, "ir gives Subtrad the Cube 8 
for the ſecond Figure of 
the Quotient, But ſince 
the Cube of the Quoti- Sub tract Cube 12167 
ent 24, vi. 13824 3 1587) rem. 11450 (7 
come out reat to 667" 
ſubtracted from the Fi- 8 3312053 
gures 13312 that precced anne, 
the ſecond Point, there 2 
muſt only 3 be writ in the Quotient: Then the Quotient 
23 being in a ſeparate Paper, [or Place] multiply d by 23 
gives the Square 529, which again multiply d by 23 gives 
rhe Cube 12167, and this taken from 13312, wif —5 
1145; which augmented by the next Figure of the Reſol- 
vend o, and divided by the triple Square of the Quotient 
23. Ie, by ſeeking how many times 3X529, or 1587, is 
contain'd in 11450, it gives 7 for the third Figure of the 
ne 


12) rem. 53 (4 or 3 


L 33 1 3 
the Square $6169, which again multiply'd by 237 gives the 
Cube 13312053, and this taken from the Reſolvend leaves 
o. Whence it is evident that the Root ſought is 237. 


And fo to extract the Quadrato-Cubical Root of 36 308205 
it muſt be pointed over every fifth Figure, and the * 3. 
whoſe Quadrato- Cube [or fifth Power] 243 is the next leaſt 
to 364, viz. to the firſt Point, muſt be writ in the Quotient, 
Then the Quadrato-Cube 243 
being ſubtracted from 364, . . 
there remains 121, which aug- 36430820 (32,5 
mented by the next Figure of | - 
the Reſolvend, viz. 3, and di- 
vided by five times the Biqua- 
drate of the Quotient, viz. by 33554432 
n: ſeeking how many times 5x81, 5242880) 28767885 (5 
3. Dor 405, is contain'd in 1213, N 
he it gives 2 for the ſecond Figure. That Quotient 32 being 
aſt Þ thrice multiply'd by it ſelf, makes the Biquadrate 1048576 
m- and this again multiply'd by 32, makes the Quadrato-Cube 
de, 3355443 2, which being ſubtracted from the Reſolvend leaves 
xt 2876388. Therefore 32 is the Integer Part of the Root, 
ure but not the true Root; wherefore, if you have a Mind to 
proſecute the Work in Decimals, the Remainder, augment- 
ed by a Cypher, muſt be divided by five times the aforeſaid 
37 Biquadrate of the Quotient, by ſeeking how many times 
5X1048576, or 5242880, is contain'd in 2876388,0, and 
there will come out the third Figure, or the firſt Decimal 8. 
And fo by ſubtracting the Quadrato-Cube of the Quotient 
32,5 from the Reſolvend, and dividing the Remainder by 
five times its Biquadrate, the fourth Figure may be obtain'd, 
And ſo on in Inſinitum. | 
When the Biquadratick Root is to be extracted, you may 
extract twice the Square Root, becauſe V is as much as y* 
y*.. And when the Cubo-Cubick Root is to be extrafted, 
nt vu may firſt extract the Cube-Root, and then the Square- 
23 Rot of that Cube-Noot, becauſe the „is the ſame ag 
1s z; whence ſome have call'd theſe Roots not Cubo-Cu- 
ve bick ones, but Qu2drato-Cubes, And the ſame is to be 
d Jobſerv'd in other Roots, whoſe Indexes ate not prime 
Numbers. 
i The Extraction of Roots out of ſimple Algebraick Quan- 
the] tities, is evident, even from [theNature or Marks of] Nota- 


ves tion it ſelf; as that /A is 2, and that Vaacc is ac, and 
the ; F that 


243 
405) 1213 (2 


| 
ö 
| 
| 
4 

| 
[ 
4 
ſ 
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that 30% r is 30 * , or 295% And that 


the double of the Quotient, oer 


[347 


that vgauce is 3 46, and that V49a"'xx is 44. And 


4 544 4 bb, aab 
alſo that V—, N. 7 = and. n F 
| 9aax x. 342 1 
and that 26bb is 555 and that + is +, and that 


| 


2 I8 2. and that /+4abb is Vab. Moreover, 
that b aacc, orb into Yaacc, is b into ac or abc. And 


b 5b 
| 4 SY. 
a+ D 1 8 2 oY 8 2abxx + 6bx 
c c a 9ac 


8144 
1 fay, theſe are all evident, becauſe it will appear, at firſt 
Sight, that the propos'd Quantities are produc'd by multi- 
plying the Roots into themſelves (as aa from 4 x 4, 4ace 
fzoin uc into ac, 94acc from 34c into 3 ac, &c.) But 
when Quantities conſiſt of ſeveral Terms, the Buſineſs is 

m'd as in Numbers, Thus, to extract the Square Root 
out of 44 + 24b -þ bb, in the firſt Place, write the Root of 
the firſt Term 44, — in _ 5 

tient, and having ſubtra | | 

pk aXa, hire will re- 4% ＋ 2b r ,t 
main 24b + bb to find the Re- . | 
mainder of the Root by. Say Co + 24 - bb 
therefore, How many times is + 2ab +bb 


— 2 


» 0 TM 


2 4, contain'd in the firſt Term of O 0 
the Remainder 24b ? 1 anſwer b 
[times], therefore write h in the Quotient, and having ſub- 


trafted the Product of h into 24 +b, or 24b +bb, there 
will remain nothing. Which ſhews that the Work is fi- 
niſh'd, the Root coming out 4 + b. | 

And thus, to extract the Root out of 4 + 64*b+ 54*bhb 
— 124b* ＋4 , firſt, ſet in the Quotient the Root of the 
frſt Term a, viz, aa, and having ſubtracted its Square 
aaXaa, or 4*, there will remain 64*b ++ 5aabb— 
T2ab* + 4b* to find the Remainder of the Root, Say 
therefore, How many times is 244 contain'd in 64*b? 
Anſwer 34 b; wherefore write 34b in the Quotient, and 
having ſubtracted the Product of 3 ab into 244 + 3ab, or 


. 64*b + 9aabb, there will yet remain — 44 abb — 12400 
"+ 46* to carry on the Work, Therefore ſay again, How 


many 
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many times is the double of the Quotient, viz: 244 + 64 
contain'd in — 44abb — 124b*, or, which is the ſame 
Thing, ſay, How many times is theUduble of the firſt Term 
of the Quotient, or 244, contain'd in the firſt Term of the 
Remainder — 444bb ? Anſwer — 2þb. Then having writ 
— 2 bb in the Quotient, and ſubtracted the Product — 2 bb 
into 244 + 6ab— 2bb, or —qaabb—12ab* + 4b*, 
there will remain _— Whence it follows, that the 
Root i844 + 3 ab — 2bb, | 


4* + 64' b+ 5aabb—12ab* +4b* (ad + 3ab—2bb 
4 * 


— 64'b + 5aabb —-124b* +4b+* 
0 +64'b + 44bb * 


69＋— —ññüö—ä—ꝓ: b!ßÜiñ l — 


0 —444bb— 124b + 4b* 
— 444 bb — 1246 + 4b* 


0 | O O 


And thus the Root of the Quantity x x —4x + 444 is 
x fa; and the Root of the Quantity y* + 4y i —8y +4 
is yy +239 —2 ; and the Root of the Quantity 16 4* — 
244axx + 9g9x* + 12bbxx— 164abb +4b* is 33x x— 
444 + 2bb, as may appear by the Diagrams underneath ; 


xx—ax ＋444 (x— $4 
xx 


— —— 


o —ax + 344 
O Q 


+ 164* 
a "ICE 2 act 2 1— 444 
9x 71209 Pt rags (3x + 2bb 
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571% X—83+4 O93 +255=2 2 
7 | | 
O 
$97 T4959 het! 
o 49 . 
24 — 82 +4 
. 


If you would extract the Cube Root of 4 + 3aab þ 
3abb + b, the Operation is [perform'd] thus: 


4 + 3aab + 34bb+b? (a+b 
- | 


34% 0 +34ab (b 


4 +3aab + 3Zabb+b*. | 
0 HER O a 


and ſet it down in the Quotient: Then, ſubtracting its Cube 
4 *, ſay, How many times is its triple Square, or 3 44, con- 
tain d in the next Term of the Remainder 34 4b? and 
there comes out h; wherefore write h in the Quotient, and 
ſubtracting the Cube of the Quotient, there will remain o. 
Therefore a + b is the Root. no IN 

After the ſame Manner, if the Cube Root is to be ex- 
trated out of z * +625 — 402 + 962 — 64, it will 
dome out 22 + 2z— 4. And ſo in higher Roots. 


Of the REDUCTION of FRAcTIONS and 
RADICAL | Quantities. ] 


HE Reduction of Fractions and Radical Quantities Is 

of Uſe in the preceding Operations, and is [of re- 
ducing them] either to the leaſt Terms, or ta the ſame De- 
nomination. ge EI 


of 


Extra&t firſt the Cube Root of the frt Term 45, viz, « 


Sy wv 
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Of the REDUCTION of FRACTIONS to the 
| leaſt Terms. | 


FRACTIONS are reduc'd to the leaft Terms by di- 
viding the Numerators and Denominators by the 


greateſt common Diviſor. Thus the Fraction 77 is reduc d 


by dividing both aac and bc by 


aa 
b 


. 203 y » . E © 8 
c; and 667 is reduc'd to a more Simple one re by divid- 


ing both 203 and 667 by 29 ; and 


to a more Simple one 


203ZAAC . 3 
667 b en 5 


64 —9acc , 
644 + 34 3 


—44 b + abb —þ? 
Aa—ab 


= by dividing by 2906. And fo 


244 — ZCC ME? a 
To by dividing by 3 4. And 
44 ＋ b 


—— by dividing by a—b. 
And after this Method, the Terms after Multiplication or 


Diviſion may be for the moſt part abridg d. As if you 


2. % e - di b ty 3 


were to multiply 0 by Tag” | ga 
| A I8aab* cc a 44 
there will come out 7 and by Reduction r 


But in theſe. Caſes, it is better to abbreviate the Terms be- 
tore the Operation, by dividing thoſe Terms [firſt] by the 
greateſt common Diviſor, which you would be oblig'd to do 
afterwards. Thus, in the Example before us, if I divide 
2ab* and hdd by the common Diviſor h, and 3ccd and 
9ace by the common Diviſor 3 cc, there will come out 


the Fraction 2090 to be multiply'd by 72 or to be divide 
ed by 15 there coming out 5 : 
ho 5 becomes © into i, or ©. And <* (vided by > 


as above. And ſo 7 


— 
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becomes 44 divided by b, or 1. And 2 into 


cx „ ar 
becomes ——, into -, or — —c, And 28 di. 
aatax x 1 * Ks 


vided by - becomes 4 divided by - , Or 12, 


Of the Invention of Diviſors. 


TO this Head may be referr'd the Invention of Diviſors, 
by which any Quantity may be divided. If it be a 
ſimple Quantity, divide it by its leaſt Diviſor, and the 
Quotient by its leaſt Diviſor, till there remain an indiviſible 
Quotient, and you will have all the prime Diviſors of [that] 
Quantity. Then multiply together each Pair of theſe 
Diviſors, each ternary [or three] of them, each quaterna- 
Ty, Cc. and you will alſo have all the compounded Divi- 
ſors. As, if all the Diviſors of the Number 60 are requir'd, 
divide 1t by 2, and the Quotient 3o by 2, and the Quotient 
15 by 3, and there will remain the indiviſible N 5. 
Therefore the prime Diviſors are 1, 2, 2, 3, 5; thoſe com- 
pos d of the Pairs 4, 6, 10. 15; of the Ternaries 12, 20, 
30; and of all of them 60. Again, If all the Diviſors 
of the Quantity 21 abb are deſir d, divide it by 3, and the 
Quotient 74bb by 7, and the Quotient abb by 4, and the 
Quotient bb by b, and there will remain the prime Quo- 
tient b. Therefore the prime Diviſors are 1, 3, 7, 4, b, b; 
and thoſe compos d of the Pairs 21, 34, 3b, 74, 7b, ab, bb; 
thoſe compos'd of the Ternaries 214, . 3ab, 30 b, 7ab, 
' 7bb, abb; and thoſe of the Quaternaries 21 4b, 21 bb, 
26% 7abb; that of the Quinaries 21 abb, After the ſame 
ay all the Diviſors of 24bb — 644 are 1, 2, 4, 
bb zac, 24, 2bb — bac, abb — 3aac, 2abb — 6aac, 
IF after a Quantity is divided by all its fimple Diviſors, 
it remains [fti]l] compounded, and you ſuſpect it has ſome 
compounded Diviſor, [order it or] diſpoſe it according to 
the Dimenſions of any of the Letters in it, and in the Room 
of that Letter ſubſtitute "ſucceſſively three or more Terms 
of this Arithmetical Progreſſion, wiz. 3, 2, 1, 0, — 1, — 2, 
and ſet the. reſulting Terms together with all their Di- 
viſors, by the correſponding Terms of the Progreſſion, 
rr 
6 al 


oo 


al 
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p. 
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and Negative. Then ſet alſo down the Arithmetical Pro- 
greſſions which run thro the Diviſors of all the Numbers 
proceeding from the greater Terms to the leſs, in the Order 
that the Ferms of the Progreſſion 3, 2, 1, 0, —1, — 2, pro- 
ceed, and whoſe Terms differ either by Unity, or by ſome 
Number which divides the higheſt Term of the Quantity 
propos d. If any Progreſſion of this kind occurs, that Term 
of it which ſtands in the ſame Line with the Term o of the 
firſt Progreſſion, divided by the Difference of the Terms, 
will compoſe the Quantity by which you are to attempt the 
Diviſion. | 

As if the Quantity be -» — xxx — 10x + 6, by ſubſti- 
tuting, one by one, the Terms of this Progreſſion 1, 0. — x, 
for x, there will ariſe the Numbers — 4, 6, ＋ 14, which, 
together with all their Diviſors, I plece right againſt the 
Terms of the Progreſſion 1, 0, — I. after this Manner: 


I] 4| 1-2-4 + 4+ 
oJ 61. 2. 3.6 | + 3- 
—1 114 1. 2.7. 14 | 2. 


Then, becauſe the higheſt Term x* is diviſible by no 
Number but Unity, I feek among the Diviſors a reſ=- 
fion whoſe Terms differ by Unity, and (proceeding from 
the higheſt to the loweſt) decreaſe as the Terms of the la- 
teral Progreſſion 1. 0.—1. And I find only one Progreſſion 
of this Sort, viz, 4-3- 2. whoſe Term therefore +3 I 
chuſe, which ſtands in the ſame Line with the Term o of 
the firſt Progreſſion 1, 0. —1. and I attempt the Diviſion 
by x + 3, and [find] it ſucceeds, there coming out * 

x + 2. | , | 
, Again, if the Quantity be 67 —7 — 2155 + 37 
+20, for y I ſubſtitute ſuceſſively 1.0, — 1. and the re- 
ſulting Numbers 7. 20. 9. with all their Diviſors, I place 
by them as follows : { 


11 7 1.7. | 7. 
O20 | I» 2. 4+ 5. 19. 20 | 4. 
— 1 9 1. 3. 9 [3 | 


And among the Diviſors I perceive there is this decreaſing 

Arithmetical Progreſſion 7.4.1. The Difference of the 

Terms of this Progreſſion, vis. 3, divides the higheſt Term 

ot the Quantity 6). Wherefore I adjoin the Term. +4, 
| w 
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which ſlands [in the Row] oppoſite to the Term o, divided 
by the Difference of the Terms, viz. 3, ſand 1 attempt the 

iviſion by y + 4, or, which is the ſame Thing, by 3 y+4g, 
and the. Buſineſs ſucceeds, there coming out 2y * — 350 


ST, 


— + = a 
; Ada 10 if the Quantity be 244 — 504 + 494 — 
1404 + 644 + 30, the Operation will be as follows : 


. * 
5 — —ͤ—ũ—ũ— Mike — — — 3 — « 


ö 2 | 42] 1.2. 3. 6. 7. 14. 21. 42 ＋ 3. ＋ 3. 47. 
| 14 231.23. +1.—1 +1. 
030 1.2.3. 5. 6. 10. 1 5. 30 —1.—5.—5. 
| 211297 1. 3.9. 11. 27.33 99. 297 


—3.—9.—11. 


Here are three Progreſſions, whoſe Terms — 1. — 5, 7 

divided by the Differences of the Terms 2, 4, 6, give th 
Diviſors to be try'd 42 — f, 4 — 4, and 2 — f. And the 
Diviſion. by the laſt Diviſor a — +, or 64 — 5, ſucceeds, 
there coming out 44 — 54* + 444— 204 — 6, 

If no Diviſor occur by this Method, or-none that divides 
the Quantity propos'd, we are to conclude, that that Quan- 
tity does not admit a Diviſor of one. Dimenſion, But per- 
haps it may, if it be a Quantity of more than three Di- 
menſions, admit a Diviſor of two Dimenfions. And if ſo, 
that Diviſor will be found by this Method. Subſtitute in 
that Quantity for the Letter [or Species] as before, four or 
more Terms of this Progreſhon 3, 2,1, 0, —1.— 2. — 3; 
Add and ſubtract ſingly all the Diviſars of the Numbers 
that reſult to or from the Squares of the correſpondent Terms 
of that Progreſſion, multiply'd into ſome Numeral Diviſor 
of the higheſt Term of the Quantity propos'd, and place 
Tight againſt the Progreſſion the Sums and Differences, Then 
note all the collateral Progreſſions which run thro' thoſe 
Sums and Difference. Then ſuppoſe I C to be a Term of 
ſuch a prime Progreſſion, and I B the Difference which a- 
riſes by ſubducting I C from the next ſuperior Term which 
ſtands againſt the Term 1 of the firſt Progreſſion, and A to 
be the aforeſaid Numeral Diviſor of the higheſt Term, and 
to be] a Letter which is in the propos'd Quantity, then 
All+BI+C will be the Diviſor to be try d. 

Thus ſuppoſe the propos d Quantity to be x + — x * — 5 xx 
+ 12x — 6, for x I write ſucceſſively 3, 2, 1, 0, —1, and 
the Numbers that come out 39. 6. 1.—6. —21, — 26. I dif- 

. Poſe [or place] together with their Diviſors in another Co- 
lumn in the ſame Line with them, and I add and * = 
4 | VNOTS 


— 
—— 
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Diviſors to and from the Squares of the Terms of the firſt 
Progreſſion, multiply d by the Numeral Diviſor of the Term 
*, which is Unity, viz, to and from the Terms 9. 4.1.0. 
1. 4, and | diſpoſe likewiſe the Sums and Nifferences on the 
Side, Then I write, as follows rhe Progreſſions which occur 
among the ſame. Then I make Uſe of rhe Termsof theſePro- 
greſſions 2 and — 3, which ſtand oppoſite to the Term o in 
that Progreſſion which is in the firſt Column, ſucceſſively 


3 1391. 3. 13. 39 | 6 | —30. —4-6.8. 10. 12. 22. 48 | 4. 6 
261. 2. 3. 64 —2. 1. 2. 3. 5. 6. 7. 10. —2. 3 
1 111. I | O. 2. 0. 0 
o 6. 2. 3. 6] Q | —6. —3.—2.—1. 1. 2. 3. 6 2—3 
—1 [21 r. 3. 7.21 | 1 | —20.—6.—2 0. 2. 4. 8. 22 4—5 
—2 | 26 1. 2. 13. 254 | —22.— 9. 2. 3. 5. 6. 17. 30 6—9 
, 
for T C, and I make Uſe of the Differences that ariſe by 


ſubtraQting theſe Terms from the ſuperior Terms o and o, 
viz. — 2 and + 3 reſpectively for + B. Alſo Unity for A; 
and æ for /. And ſo in the Room of AII+B/+C, I have 
theſe two Diviſors to try, viz. x x + 2x —2, and xx — 
3x +3, by both of which the Buſineſs ſucceeds, 

Again, if the Quantity 3y* — 60 +y* —8y3y —143 
＋ 14 be propos'd, the Operation will be as follows: Firſt, 
I attempt the Buſineſs by adding and ſubtracting to and from 
the Squares of the Terms of the Progreſſion 1. 0.—1, making 
Uſe of 1 firſt, but the Buſineſs does nor ſucceed, Where- 


3|170| 27 | u 
2] 38 1.2.1938 12 [16 . 10. 11. 13. 14.3 1.50 —7.— 1 
1] 101. 2. 5.10} 3 —7.—2. 1. 2. 4. 5. 8. 13 —. $ 
o 141.2. 7.144 0-14 —7.—2.— 1.1. 2.7.14 | —7, —I 
—1 1 10 | 1.2, 5. 10] 3 —7. — 2. 1. 2. 4 5.8.13 —7. —7 
—21190 12 —.—73 


fore, in the room of A, I make Uſe of 3, tlie other Diviſor 
of the higheſt Term; and theſe Squares being multiply'd by 
3, I add and ſubtract the Diviſors to and from the Products, 
viz. 12+ 3. O. 3, and I find theſe two Progreſſions in the re- 
ſulting Terms, —7, —7. —7. —7, and 11. 5, — 1. —7, 
For Expedition ſake, J had negleQed the Diviſors of the 
outermoſt Terms 170 and 190, Wherefore, the Progreſſi- 
ons being continu'd upwards and downwards, I take the next 
Terms, viz. — 7 and 17 at the Top, and — 7 and — 13 at 
Bottom, and I try if theſe 25 from the mow 

rs 
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bers 27 and 12, which ſtand againſt them in the 4th Co- 
lumn, [their] Differences divide thoſe [Numbers] 170 and 199, 
which ſtand againſt them in the ſecond Column, And the 
Difference between 27 and — 7, that is, 34, divides 170 
and the Difference of 12 and —7, that is, 19, divides 199, 
Alfo the Difference between 1 2 and 13, that is, 10, divides 
170, but the Difference. between 27 and 17, that is, 25, 
does not divide 190. Wherefore I reject the latter Progreſ- 
fion, According to the former, © C is —7, and I B is 
nothing ; the Terms of the Progreſſion having no Diffe- 
rence, Whercfore the Diviſor to be tryd AII +BI+C 
will be 3yy +7. And the Diviſion ſucceeds, there com- 
ing out) — 295 — 29 +2. | 5 | 

If after this Way, there can be found no Divifor which 
ſucceeds, we are to conclude, that the propos d Quintity 
will not admit of a Diviſor of two Dimenſions, The ſame 
Method may be extended to the Invention of Diviſors of 
more Dimenſions, by ſeeking in the aforeſaid Terms and 
Differences, not Arithmetical Progreſſions, but ſome others, 
the firſt, ſecond, and third Differences of whoſe Terms are 
in Arithmetical Progreſſion : But the Learner ought not to 
be detain'd about them. 

Where there are two Letters in the propos'd Quantity, and 
all its Terms aſcend to equally high Dimenſions ; put Unity 
for one of thoſe Letters, then, by the preceding Rules, ſeek 
a Diviſor, and compleat the deficient Dimenſions of this 
Diviſor, by reſtoring that Letter for Unity, As if the 
Quantity be 6) — % —2recyy + 3c) y + 2004 
where all the Terms are of four . br I put 1, 
and the Quantity becomes 65 —5 — 21 yy + 3) Þ+ 29, 
whoſe Diviſor, as above, is 3y + 4; and having compleated 
the deficient Dimenſion of the laſt Term by a [correſpon- 
dent] Dimenſion of c, you have 3y + 4c tor; the Divi- 
for ſought. So, if the Quantity be K —bx* —5bbxx 
+ 12b* x — 6b+, putting 1 for b, and having found x 
+ 2x — 2 the Diviſor of the reſulting Quantity & -* 
—txx+12x—6, | compleat its deficient Dimenſions 
by [reſpective] Dimenſions of h, and fo I have xx + 2b 
＋ 2bb the Diviſor ſought. | 
Where there are three or more Letters in the Quantity 
propes'd, and all its Terms aſcend to the ſame Dimenſions, 
the Diviſor may be found by the precedent Rules ; but 
more expeditiouſly af this Way: Seek all the Diviſors 
of all the Terms ii ich ſome [one] of the Letters is 


a 
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not, and alſo of all the Terms in which ſome other of the 
Letters is not ; as alſo of all the Terms in which a third, 
fourth, and fifth Letter is not, if there are ſo many Letters ; 
and ſo run over all the Letters: And in the ſame Line 
with thoſe Letters place the Diviſors reſpe&ively. Then 


ſee if in any Series of Diviſors going through all the Ler-. 


ters, all the Parts involving, only one Letter can be as often 
found as there are Letters (excepting only one) in the Quan- 
tity proposd ; and [likewiſe] if the — involving two 
rs [may be found] as often as there are Letters (except- 
ing two) in the Quantity propos d. If fo, all thoſe Parts 
taken together under their ¶ proper] Signs will be the Divi- 
for ſought. | 
As if there were propos d the Quantity 12x? — 14b xx 
+9 tt - 12 br — 6er + Scr + 8b) — 12bbe — 
4bec +6c* ; the Diviſors of one Dimenſion of the Terms 
85 — 12bbc—gbce+6c?, in which vx is not (found 
out by the preceding Rules) will be 2b — 3c, and 4b—6c; 
and of the Terms 12x* + gexx + 8ccx + 6c), in which 
b is not, there will be only one Diviſor 4.x + 3c; and of 
the Terms 12x* — 14 bez — 12bbx + 8b*, in which 
there is not ic, there will be the Diviſors 24 — b and 


a — 2b, I diſpoſe theſe Diviſors in the ſame Lines with 


Letters x, h, c, as you here ſee ; 


x|2b— 3c. 4b — 6c. 
$f 4 
c 2K — b. 4x — 2b, 


Since there are three Letters. and each of the Parts of the 
Diviſors only involve one of the Letters, thoſe Parts ought 
to Fe found twice in the Series of Diviſors. But the Parts 
4b, 6c, 2x, b of the Diviſors 4b — 6c and 2x —b, only 
occur once, and are not found any where out of thofe Divi- 
ſors whereof they are Parts. Wherefore I negle& thoſe Di- 


viſors. There remain only three Diviſors 2b — 3c, 4x + 3c, 


and 4 x — 2b, Theſe are in the Series going through all 
the Letters , b, c, and each of the Parts 2b, 3c, 4x, are 
found in them twice as ought to be, and that with the ſame 
Signs, if only the Signs of the Diviſor 2b — 2 be chang d, 
and in its place you write — 2b + 3c, For you may 
change the Signs of any Diviſor. I take therefore all the 
Parts of theſe, viz. 2b, 3c, 4 e [apiece] under their 
[proper] Signs, and the greg? . L2b+ 3c + 4x _—_ 
2 


- 
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be the Diviſor which was to be found. For if by this you 
divide the propos'd Quantity, there will come out 3 x x 
— 2bx + 2cc —4bb. . | 
Again, if the Quantity be 12x* —104ax* —9bx* 
—264* * + I2abx* + 6bbx* + 244* xx - 844 
— 8abbxx - 24l - 44 bx TGA - 124 x 
+ 18b*x +124" b 324 b — 120 I place the Divi- 
ſors of the Terms in which x is not, by x ; and thoſe 
Terms in which „ is not, by a ; and thoſe in which b is not, 
by b, as you here ſce. Then 1 perceive that all thoſe that 


> 


wad jad + CH ds % yz 1 2 — 8 


b. 2 b. 4b. aa + 3bb. 244 + 6. 444 ＋T 120. 
bb — 344. 260 — 644. 4bb — 1244, 

a | arr - 3E 2b. 122xx —gbx +6bb, 

„*. 2% 3 — 44. 63 —84. ZxXxX—44x. 6xxX—B8% | 

[2 ÞFax— 3 44. 4Xx + 24X— 044. 


x 


are but of one Dimenſion are to be rejected, becauſe the 
Simple ones, b. 2b. 4b, x. 2.x, and the Parts of the com- 
pounded ones, 3 * — 44. 6x— 84, are found but once in 
all the Diviſors; but there are three Letters in the propos'd 
. Quantity, and thoſe Parts involve but one, and ſo ought 
to be found twice, In like Manner, the Diviſors of two 
Dimenſions, aa ＋ 3bb, 244 + 6bb. 444 + 12bb, bh — 
3 44. and 4bb — 1244 I reject, becauſe their Parts 44. 
244, 44a. bb, and 4bb. involving only one Letter a or b, 
are not found more than once, Bur the Parts 2bb and 
644 of the Divifor 250 — 644, which is the only re- 
mining one in the Line with x, and which likewiſe involve 
only one Letter, are found again [or twice], viz. the Part 
2bb in the Diviſor 4xx — 3bx + 2bb, and the Part 644 
in the Diviſor 4 + 24x — 644. Moreover, theſe 
three Diviſors are in a Series ſtanding in the ſame Lincs 
with the three Letters x,a, b; and all their Parts 2bb, 
64, 4xx, which involve only one Letter, are found twice 
in them, and that under their proper Signs ; but the Parts 
3bx, 24x, which involve two Letters, occur but once in 
them. Wherefore, all the divers Parts of theſe three Divi- 
ſors, 2bb, 644, 4xx, 3bx, 24x, connected under their 
proper Signs, will make the Diviſors ſought, viz. 2616 
—Oaa+4xx—3bx+2ax, I therefore divide the MW 
Quantity propos d by this [Diviſor] and there ariſes 3 x * œ 
= 4AXxX = 244ab—— 6b), N 8 | 
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If all the Terms of any Quantity are not equally high, 
the deficient Dimenſions muſt be fill'd up by the Dimenſi- 
ons of any aſſum'd Letter; then having found a Diviſor 
by the precedent Rules, the aſſum' d Letter is to be blotted 


out. As if the Quantity be 12x —14bxx + 9xx 


—12bbx —6bx + 8x +8b* —12b* —4b + 6; afe 
ſume any Letter, as c, and fill up the Dimenſions: of the 
Quantity propos d by its Dimenſions, after this Manner, 
12x —14bxx +9cxx—12bbx —6bex + 8cex + 
80 —12bbe —qabcc+6c*. Then having found out 
its Diviſor 4x — 2b + 3c, blot out c, and you'll have the 
Diviſor requir'd, viz, 4x — 2b + 3. 

Sometimes Diviſors may be found more eaſily than by 
theſe Rules, As if ſome Letter in the propos'd Quantity be 
of only one Dimenſion, you may ſeek for the greateſt com- 
mon Diviſor of the Terms in which that Letter is found, 
and of the remaining Terms in which it is not found ; for 
that Diviſor will divide the whole. And if there is no 
ſuch common Diviſor, there will be no Diviſor of the 
whole. For Example, if there be propos d the Quantity 
* — 34x?) — Sa + 18A x —cx* + 4cxx + 
aacx —64*c—84*, let there be ſought the common 


Diviſor of the Terms — c + acxx + 84acx - 64 c, 


in which c is only of one Dimenſion, and of the remain- 
ing Terms x — 3ax* —84axx + 184 x — 84, and 
that Diviſor, viz. xxx + 24x — 244, will divide the whole 
Quantity, 

hut the greateſt common Diviſor of two Numbers, if it 
is not known [or does not appear] at firſt Sight, it is found 


| by a perperual Subtraction of the leſs from the greater, and 


of the Remainder from the [laſt Quantity] ſubtracted; and 
that will be the ſought Diviſor, which leaves nothing, Thus, 
to find the greateſt common Diviſor of the Numbers 203 
and 669, ſubtract thrice 203 from 667, and the Remainder 
58 thrice from 203, and the Remainder 29 twice from 58, 
and there will remain nothing; which ſhews, that 29 is the 
Diviſor ſought, 5 

After the ſame Manner the common Diviſor in Species, 
when it is compounded, is found, by ſubtracting either 
Quantity, or its Multiple, from the other ; if thoſe Quan- 
tities and the Remainder be order d [or rang d] according 
to the Dimenſions of any Letter, as is (hewn in Diviſion, 
and be each Time manag'd by dividing them by all their 


Viviſors, which are either Simple, or divide each of its 


Terms 
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Terms as if it were a Simple one. Thus, to find the greateſ 
common Diviſor of the Numerator and Denominator of thiz 
„4 — 34 — 844 ν ＋ 184 x — 82 
Fraction— . „ mul. 
tiply the Denominator by x, that its firſt Term may become 
the ſame with the firſt Term of the Numerator, Then ſub. 
tract it, and there will remain — 244 + 124* x — 84+, 
which being rightly order'd by dividing by — 24, it be 
comes x * —64* x + 44. Subtra@ this from the Den. 
minator, and there will remain —a xx — 24ax + 24 
which again divided by — a becomes x & + 242 — 244 
Multiply this by x, that its firſt Term may become the 
ſame with the firſt Term of the laſt ſubtracted Quantity 
«„ — GA + 445, from which it is to be [likewiſe] ſub 
tracted, and there will remain — 2 ax x — qgaax + 44 
which divided by — 2 4, becomes alſo x & + 24x — 244, 
And ſince this is the ſame with the former Remainder, 
and conſequently being ſubtracted from it, will leave no- 
thing, it will be the Diviſor ſought ; by which the propos! 
Fratimn, by dividing both the Numerator and Denomi 
nator by it, may be reduc'd to a more Simple one, wiz. ts 

XX — SAX + 444 
x —Ja = 
And ſo, if you have the Fraction «4 

62 +Higa*b—4a"cc—Ioaabee 

94* bh —-27aabc—babec+18be*® | 
its Terms muſt be firſt abbreviated, by dividing the Num: 
rator by 4a, and the Denominator by 3b : Then ſubtraQin 
twice 34* —gaac—2acc + 6c from 64 + 1644 


uy neee . „ 
44cc—10 bec, there wi remain . %, 


Which being order'd, by dividing each Term by 55 + 6: 
after the ſame Way as if 5b + 6c was a ſimple Quantity 
it becomes 244 — 2cc. This being multiply'd by 4, ſul 
tract it from 34 —944ac —24cc + 6c*, and there wi 
remain — 94ac + 6c*, which being again order'd by 
Diviſion by — 3c, becomes alſo 3a4—2cc, as befor 
Wherefore 3 44 — 2cc is the Diviſor ſought, Which b 
ing found, divide by it the Parts of the propos'd Fractio 


- 24* + 5aab | 
and you I have 3ab —9gbc . 


Nov 
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Now, if a comman Divifor cannot be found after this 
Way, it is certain there is none at all; unleſs, perhaps, it 
his Ude one of the Terms that abbreviate the Numerator and 
ul. MDenominator of the Fraction: As, if you have the Fracti- 
44 dd —ccdd — aacc + c£* 


} —— 


me" Aae = ze T 20) and ſo diſpoſe its Terms, 
according to the Dimenſions of the d, that the Numerator 


ny become er d d wa ak and the Denominator 


* i d * nth This muſt firſt be abbreviated, by di- 


iding each Term of the Numerator by 424 — cc, and each 
of the Denominator by 24 — 2c, juſt as if aa —cc and 
24—2c were ſimple Quantities ; and ſo, in Room of the 
Numerator there will come out 4d —cc, and in Room of 
he Denominator 24d — cc, from which, thus prepar'd, no 
ommon Diviſor can be obtain d. But, out of the Terms 
14 — c and 24— 2c, by which both the Numerator and 

cz ({Dcnominator are abbreviated, there comes out a Diviſor, 
2 4— c, by which the Fraction may be reduc'd to this, viz. 


EEE EE. Now, if neither the Terms 


a4—cc and 24— 2c had not had a common Diviſor, 
the propos'd Fraction would have been irreducible, 

And this is a general Method of finding common Di- 
viſors; but moſt commonly they are more expeditiouſly 
found by ſeeking all the prime Diviſors of either of the 

W Quantities, that is, ſuch as cannot be divided by others, 
inWand then by trying if any of them will divide the other with- 
| 42 —aab +abb——-þ* 


out a Remainder. Thus, to reduce 


aa—ab 
to the leaſt Terms, you muſt find the Diviſors of the Quan- 
Wity 44 — 4b, viz, 4 and a—b; then you muſt try whe- 
ther either 4, or 4—b, will alſo divide a* —aab + abb 
s without any Remainder, RIA 
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Of the ReEpucTION of FRACTIONS to 4 
common Denominator. 


\RACTIONS are reduc'd to a common Denominator 
by multiplying the Terms of each by the Denominatcr 


of the other. Thus, having - and - , multiply the Terms 
of one — by d, and alſo the Terms of the other — by b 


and they will become 7 and 2 whereof the common 


Denominator is b4. And thus 4 and 2 „or - and 8 


0 
ac 40 F 
become — and —, But where the Denominators have 2 
"Hers 


common Diviſor, it is ſufficient to multiply them alternate- 
| ” : 3 3 
Iy by the Quotients, Thus the Fraction = and _ are 

a n by multi plyi 1 | 
TEQUC 107 7 y multiplying Alternately 


by the Quotients c and d, ariſing by the Diviſion of the 
Denominators by the common Diviſor b. 

This Reduction is moſtly of Uſe in the Addition and 
Subſtraction of Fractions, which, if they have different De- 
nominators, muſt be firſt reduc'd to the ſame [Denomina- 


tor] before they can be added, Thus 5--+ = by Reduftia 


ad bc ad + bc ab 
54 bp ln” a and a + > becomes 


ac ＋ 4 1 4 d —- 4c 
ö And . — 55 becomes r 
And c* + x* 2 x* 


S% © 1 ER 
— cc - Xx becomes —.. 
4 CC — 


1 
3, or 1225, 
21 


21? 


2 | | 
Where there are more Fractions [than two] they are to 


added „ Thus. I on — br OO ax . 
be added gradually, I us, having ms a. * | 


424 | — 44 — 
from — take a, and there will remain 


add = and there will come out 34 773447 35 5 
30 3 4 
Ax 


i and there will re- 


a 06 27248 =2397 |. n you ll 
ZAAX —ZAXX ny 


from whence, laſtly, take aoey 


main 


„—3 firſt, you are to find the Aggregate of 25 viz; 


2, and then to take from it 7 and there will remain 25 


Of the REDUCTION of RADICAL [Quan- 
 Tities ] to their leaſt Terms. 


Radical [ Quantity, ] where the Root of the whole can- 
not be extracted, is perform'd by extracting the Root 
of ſome Diviſor [of it}, Thus Vaabe, by extracting the 
Root of the Diviſor a a, becomes av bc. And y48, by ex- 
tracting the Roof of the Diviſor 16, becomes 4/3. And 
V484aabe, by extracting the Root of the wap” 164 4, be- 
x 3 3 
comes 4% lc. And Gi. =, Me. 


424 — 44 b＋T4 U 


tracting the Root of its Diviſor 


4a amm 


= , by extracting the 


rang LS, 
c : ppar 
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Root of the Diviſor 2 becomes Ve amp. 
And 6/7, by extratting the Root of the Diviſor = be: 


comes =, or Po, and by yet extracting the Root 
of the . it ali 2/6. And fo 1 or 


a 2, by 8 the Root of the Denominator, becomes 
V ab. And VBa'b + 164*, by . N the Cube 
Root of its Diviſor 8 4, becomes 24 0b + 24. And 
not unlike [this] y a) a* x, by N the Square Root 


of its Diviſor 4 4, becomes V4 into 1 4 *, Or by extract. 
ing the Biquadratick Root of the Diviſor 4 we * becomes 


%. And ſo Va x* is changd into . 75 or 


into axv or into 8 


Moreover, this Reduction is not only of Uſe for abbre- 
viating of Radical Quantities, but alſo for their Addition 
and Subtraction, if they agree in their Roots when they art 
reduc d to the moſt ſimple Form; for then they may be 
added, which otherwiſe they cannot. Thus, 9/48 7 75 
by Redugtion becomes 4 03 +5 V3, that gi 93. And 


| 1 9% by Reduction becomes 4535 v3, that is, 


- 
v3. And thus, H * —.— b Ne 


- extracting what 3 is Rational in it, becomes == > Vab + 
—2b 


v ab, that is, vl. And WITS + 164% — 


3 | 2 3 
vVb* 24 b becomes 2420 h +24 —b Vb + 24, 
: 32 BF: 
that is, 24—bv/b 26. 
. Of 


to v5 becomes v 36 into 58. du is, 35. By 
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Of the KEbvcrioy of RADICAL. [Quanti- 
ries ] to the ſame Denomination. 


HEN you are to multiply or divide Radicals of = 
different Denomination, you muſt \firft] reduce them 

to the ſame Denomination, by prefixing that Radical Sign 
whoſe Index is the leaſt Number, which their Indices divide 


without a Remainder, and by multiplying the Quantities 


under the Signs ſo many times, excepting one, as that Index 


is — greater, For ſo vaxy 4ax becomes / 7 
6 * 


into rr "= 5 tkat 455 Vn. And va into Var 


| becomes 544 into vas, that is, Vas. And vs. in- 


; 


the as Reaſon, 2er becomes ns into be, that is, 
Vaabe. And 4½/ be —_— V 16as into 17365 that 


iv v/4Baube - And 20/b+ 6 T 77  becoines 1885 into 


. 26, that ls, 1 And ſo . 
46e 6 4b b X, Her 


comes 7,2, of 2 . en Won 7 N 1 
e r 1p col | | 


T Yet 
1 #&£ 


* 

. o 
- -——_y 
ww" — 


Of the, RepverioN of 9 to more 
Himple Radicals, by the Extra@ion off Root. 


0 0 — 


IHE Roots of 1 2 which are compoy'l of bk Jo, 2 
ra 


te egers and R ticks, extract t 
denote the YT Part_of any 88 and B Dt — 4 


greater Part of the Root; 9 . 5 Will be 


the Square of the leſſer Part, which is to 1. joyn'd to the 
H 2 greater 
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greater Part with the Sign of B. As if the Quantity be 
3 TVS, by writing 3 for A, and 8 for B, AA - BB =I. 1, 
and thence the Square of the greater Part of the Root 
2 thatis, 2, and the Square of the leſs 3, that 


is, Y Therefore the Root is 1 V. Again, if you are 
to extract the Root of / 32 — vV/ 24, by putting v32 fox A, 


and 24 for B, AA BB will =v8, and thence 


, and LE By that i is, 3vV2 and y'2 will be 


the Squares my the Parts of the Root, The Root therefore is 


518 — 72. After the ſame manner, if, out of 44 
244 a4 — xx you are to extract the Root, for A write a4, 
and for B 2.x Lai, and AA — BB res © er 


S © 54 


1 1 **. 1 if you have 44 + 54K — 
24% ax Tux, by writing a4+5ax for A, and 
24 VaR TAK for B. AA—BB will = 44 64 * 
+ 9aaxxXx, whoſe Root is 42 ME Tg Whence the Square of 
the greater Part of the Root will be 44+ 4a , and that of 
the lefſer Part ax, 'and the Root aa e V 
Laſtly, if you have 6 + /8— „ 12, — V4, putting 
6+Y$— A, and - VIV 2B, AA — B 
28; whence the greater Part of the. Root is 3+ v8 3+ vs, 
that is as above 1 +y/ 2, and the leſſer Part / 3, and conſe- 
quently the Root it ſelf 1+V2—v3. But where there 
ate more of this. ſort. of Radical' Terms, the Parts of the 
Rot may be ſooner found, by dividing the Product of any 
two of the Radicals by ſome third . which [hall] pro- 


duce a | Rational and In 5 Quotient For the Root of chat 
Quorient will be doub of he Part of - the Root ſought ts 
=4+ 


in the laſt Example, ESA „ W V2 


And — 27 4 6. Therefore the Parts of the Root 


40 17 125 labore. A be 2 100 


1 


Fl Ferrer T1 ot 2; toi Me yaa! wie Yo 577 7 a7 
aſi? O07 = 4 fr, — # On * , : a 0 * 1 11 R * 4 There 
' 


I-1E-1,2 8 ES ' 


— # # 2 — 
— = 


L333 
There is alſo a Rule of extraQting higher Roots out of 
Numeral Quantiries [conſiſting] of two Parts, whoſe Squares 
are commenſurable. Let there be the Quantity AB. And 
its greater Part A, And the Index of the Root to be ex- 
traced c. Seek the leaſt Number N, whoſe Power Ne is 
[may te] divided by AA — BB, without any Remainder, 


and let the Quotient be Q Compute ABN VN in 
the neareſt Integer Numbers, Let it be r. Divide AYQ 
by the greateſt rational Diviſor. Let the Quotient be 2, and 


let T7 in the next greateſt Integers be [called] t. And 

2s g a 21 , l 

— — uin be the Root ſought, if the Root can be 
yQ + $13 | 

extracted. 

Asif the Cube Root be to be extracted out of /968 + 253 
AA — BBE will = 343 3 and 7, 5, 7 will be its Diviſors 3 
therefore N / and Q = 1. Moreover, A +B x VQ, 
or 968 + 25, having extracted the former Part of the 
Root is a little greater than 56, and irs Cube Root in the, 
neareſt Numbers is 43 therefore r = 4 Moreover, AVQ, 
or y 968, by taking out whatever is Rational, becomes 


* 
5 


2242, Therefore 2 its Radical part is , and , 


25 
or 255 in the neareſt. Integer Numbers is 2, Therefore 
5 Ky — {TIC ' Ne; £5154 
22. Laſtly, es is 22, Viess—o is 1, and / Q, or 
V1, is 1, Therefore 2/2+1 is the Root ſought, if it can 
be · extracted. I try therefore by Multiplication if the Cube 
of 2/244 be y/ 963425; and it ſucceeds,” 


Again, if the Cube Root is to be extracted out of 63 — 
V4374, AA—BB will be — 250, whoſe Diviſors are 
$:5,5, 22 Therefore N=5 x 2= 10, and Q= 4 And 
f 5 . 


| 3 2 2 

VAT BxyQ, or 68 + V4374 * 2 in the neareſt Inte- 

ger Numbers is 7 Sr. Moreover, AYQ, or 684, by 
| b N ex- 
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extracting [or taking out] what is Rational, becomes 1361 
Therefore s = 1, and , or . — in the neareſt Inte. 

<4; 44 | | 
ger Numbers is 4 = t. Therefore t5— 4, VII- 


2c 6 3 
and * V4, or 2; and fo the Root to be try'd u 
e ; 


2 | . 
Again, if the fifth Root be to be extracted out 
of 29 ＋ 41 %; AA — BB will be — 3, and conſe. 
quently N = 3, Q=81, r=5, = , r=1, £5=v6, 


Vitss —n = V3, and va VSI, or v9; and fo t 
Root to be try'd is. k 


V9 

But if in theſe Sorts of Operations, the Quantity be 2 

Fraction, or its Parts have a common Diviſor, extract ſe. 

ately the Roots ot the Terms, and of the Factor 

s if the Cube Root be to be extracted out of 242 — 124, 

this, having reduc d its Parts to a common Denominator, 

will become 2 2 . Then having extracted ſeparate. 

ij the Cube Root of po Numerator and the Denominator, 

29 2—1 5 | 

there will come out 7 — Again, if you are to ex- 

7 2 
| 3 "Bl . 
tract any Root our of 3993 T 17678125; divide the 
Parts by the common Diviſor 7 3, and there will come out 


11 ＋ 125. Whence the propos d Quantity is v3 into 
11 + 125, whoſe Root will be found by extracting ſepe- 


rately the Root of each Fagor Vg, and 11 + 4/125. 


7 
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Of the Form of an AEQUATION. 


Quantities, equal to one another, or one Rank taken 


tor which are either two Ranks of 


equal to nothing, are to be confider'd chiefly after two 
Ways; either as the laſt Concluſions to which you come in 


the Reſolution of Problems; or as Means, by the Help where- 
of you are to obtain [other] final Æquations. An Aqua» 


tion of the former Kind is compos d only out of one unknoun 


Quantity involv'd with knuwn ones, If the Problem be 


determin'd, and . ſomething certain to be found out. 
But thoſe of the 

tities, which, for that Reaſon, muſt be compar d among one 
another, and ſo connected, that out of all there may emerge 


atter Kind involve ſeveral unknown Quan- 


a new Aquation, in which there is only one unknown 
Quantity which we ſeek ; [and] that Æquation muſt be 


Of 


transform'd moſt commonly various Ways, untill it becomes 


e moſt Simple that it can, and alſo like ſome of the fol- 
owing Degrees of them, in which x denotes the Quantity 
ought, according to whoſe Dimenſions the Terms, as you 
ſee, are order d, [or rang d] and p, , r, s, [denote] any o- 
ther Quantities from which, being known and determin'd, x 
is alſo determin'd, and may be inveſtigated by Methods 
hereafter to be explain d. | 


x =» Or, x—p=0. 

*r pr. Xx—Ppx—q=0. 

x r + gx +r. x —PXX - i ro. 

* br +qa* TTT. * —- pA — gr —rX - ro. 
&c. &c., 


After this Manner there fore the Terms of Aquations are 
to be reduc'd, [or order'd] according to the Dimenſions of 
the unknown Quantity, ſo that [thoſe] may be in the firſt 
Place, in which the unknown Quantity is of the moſt Di- 
menſions, as x, xx, x, x*, &, and thoſe in the ſecond 
Place, in which [z] is of the next greateſt Dimenſion, and 
ſo on. As to what regards the Signs, they may ſtand any 
how ; and one or more of the intermediate Terms may be 
ſometimes wanting. Thus, x X - bx So, or 
bb -, 18 an Æquation of the third Degree, * 

6 4 
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25 2 2˙ * ＋ 0, i an ¶Æquation of the fourth De. 


For the Degree of an Mquation is always eſtimated hy 
2 greateſt Dimenſion of the unknown Quantity, * 
any Regard to the known ones, or to the intermediate Term. 
But by the Defect of the intermediate Terms, the Æquatian 
is moſt commonly render d much more ſimple, and may be? 
ſometimes depreſs d to a lower Degree. For thus, X = 
qgxx+s5 is to be reckon'd an Æquation of the ſecond De. 
gree, becauſe it may be reſolv'd into two Aquations of the 
ſecond Degree. For, ſuppoſing x x = y, and y being a- 
cordingly writ for xx in that Æquation, there will come 
out in its ſtead yy=qy + x, an Xquation of the ſecond 
Degree; by the Help whereof when y is found, the Æqu- | 
tion xx — y alſo of the ſecond Degree, will give x, 

And theſe are the Concluſions to which Problems are t1 
be brought. But before I go upon their Reſolution, it wil 
be neceſſary to ſhew the Methods of transforming and re. 
ducing Æquations into Order, and the Methods of finding 
the final Æquations. I ſha!l comprize the Reduction of z 
Simple Aquation in the following Rules, 


r 


( ordering, [or managing] &c. a Simple 
05 Tauro. | 
Rurs I. FF there are any Quantities that deſtroy one 2 


nother, or may be joyn'd into one by AdditiW 1 
on or Subtraction, the Terms are that Way to be diminith'f ; 
{or reduc'd], As if you have 5b —3a+2z— 5a +3: 
take from each Side 2.x, and add 3a, and there will com 


by Ariking out the equivalent Quantities 225 — bb, be 


tos F 
To this Rule may alſo be referr'd the Ordering [or M. t 
nagement] of the Terms of an Aquation, which is uſually 
perform'd by the Tranſpoſition of the Members to the con- 
trary Sides under the contrary Sign. As if you had the 
Aquation 5b = 84 ＋ x, you are to find x; take from _ 
| Side 


2 


1 


Side 8 4, or, which is the ſame Thing, tranſpoſe 8 to the 
contrary Side with its Sign chang'd, and there will come 
out 50 - 8. After the ſame Way, if you have 
44 — 32 =ab—bb+by, and you are to find y; tranſ- 
poſe — 345 and ab — bb, fo that there may be the Ierms 
multiply d by y on the one Side, and the other Terms on the 
other Side, and there will come out 44 —-4b＋ 34 
+ by, whence you ll have y by the fifth Rule following, viz. 
by dividing each Part by 34 + b, for there will come out 


_— 2 =. And thus the &quation abx -þ a. 
Aar abb — 2abz— x, by due ordering and tranſ- 
1 44. — 4 — 44 
+ 5 _ 
7 | | aid 

Ru LE II. If there is any Quantity by which all the Terms 
of the Æquation are multiply'd, all of them muſt be divid- 
ed by that Quantity; or, if all ate diviled by the ſame 
Quantity, all muſt be multiply'd by it too. Thus, having 
15bb = 244b + 3bx, divide all the Terms by b. and 
you'll have 15b = 244+ 3x; then by 3, and you'll have 

þ 3 


2 | 2 ba x f 
5b =84+x; or, having I oe. multiply all 
b* bbzx 


by c, and there comes out — — = zx. 
| / 4 c 


Ru LE III. If there be any irreducible Fraction, in whoſe 
Denominator there is found the Letter [unknown], accord- 
ing to whoſe Dimenſions the [whole] Ægquation is to be 
order d [or rang d] all the Terms of the Æquation muſt be 
multiply'd by that Denominator, or by ſome Diviſor of it, 


As if the Aquation — +b—x be to be order d [or 
rang d] according to x, multiply all its Terms by 4 — x the 
Denominator of the Fraction —, and there comes out 


ax +Sab—bx—ax—xx, or ab —bxr=—zxx, and 
tranſpoſing each Part [you'll have] xx =bx — ab. And 


3 — 44h 


ſo if you have 3 
2c -c 


order d [or rang d] according to [the Dimenſions of] 3, 
multiply them by the * 2c — cc, or, at __ 
| | y 


Sec, and the Terms are to be 


[58 ] 3 
by its Diviſor 25 — c, that y may vaniſh in the Denomi- 
3 woe f 


nator, and there will come out — — =2JJ — 3c 


+ cc, and by farther ordering — . + 307 
S2 27 After the fame manner 7 — 4 2 x, by being 
multiply's by x, becomes a4 —ax = xx, and 2 
, end multiplying firſt by x x, and then by a +6 


5 
a ＋ — A 
14 1 
Ps "BEOS LAs 14S... aab ©: 


x*, 
6 8 

Ru LE IV. If that [particular] Letter, according to whoſe 
Dimenſions the Ægquation is to be order d [or rang d], be 
involv'd with an irreducible Surd, all the other Terms are 
to be tranſpos d to the other Side, their Signs being cee 
and each Part of the Æquation muſt be once multiply d by 
it ſelf, if the Root be a Square one, or twice if it be a Cu- 
bick one, Cc. Thus, to order the Rquation A 4 
＋ 4D x according to the Letter æ, tranſpoſe 4 to the other 
Side, and you have Vaa—xx=r—a ; and having 
ſquard the Parts 44 — 4 - 24 +44, or o 
5 22 2 WR 25 

xXX—4x, that is, x 4. So alſo Vaax + 24x K 
—a+x—=0, by tranſpoſing —a-+x, it becomes 


I 
Vaax + 2axx—x* x, and multiplying the Parts 
cubically aax T2 - —=4' —3aax + 34x%— 


x *.08 e 44x44. And ſo y a + Jy — 4V ay—)) 


having ſquar'd the Parts, becomes yy = ay + yy = a = 
and the Terms being rightly tranſpos d [it l 1 = 
-, or y=vay—yy. and the Parts being again 
ſquar d 55 4-959 and laſtly, by tranſpoſing 2yy = ay, 
Or 2) =A. 

Rurts V. The Terms, by help of the preceding Rules, 
being diſpos'd [or rang'd}] according to the Dimenſions of 
ſome one of the Letters, if the higheſt Dimenſion of that 
Letter be multiply'd by any known Quantity, the whole E- 
quation maſt be divided by that Quantity, Thus, 25 =& 

y 


2 nn 8 _— 2 IR—TSEZY 


r 4 .# 


1 a 
by dividing by 2, becomes y—=4 4. And n by di- 


1 3 ; 
viding by ry becomes x — 7. And OR 9 


—24 C 242 N 
+ aacc o, by dividing by 240 - cc, be- 


24c , +4 , —24"c 


comes — cc + aac © + 44 = o, . of 
| 24 c — cc 
,+4* +Faac 4*c 
MW Zens & x — AAX — 0 
2 4c -c 2 4 — e 


Ru E VI. Sometimes the Reduction may be perform d 
by dividing the Æquation by ſome compounded Quantity - 


| For thus, 5 T5 7 3bey—Vbe, is redued to this, 


dix. „y =2cy be, by transferring all the Terms to the 
fame Side thus, ) © 3* yy —3bcy+bbe =0,and dividing 


by 15 b, as is ſhewn in the Chapter of Diviſon; for there 
will come out yy + 2cy—bc= o. But the Invention of 
this Sort of Diviſors is difficult, and is more fully taught 
elſe where. 


RuLE VII. Sometimes alſo the Reduction is perform d 
by Extraction of the Root out of each Part of the Aqua- 
tion. As if you have xx 44 —bb, having extracted 
the Root on both Sides, there comes out x N -b. 
If you have xx + aa — 24x + bb, tranſpoſe 24x [to the 
other Side] and there will ariſe x x — 2ax +44a=bb, and 
extracting the Roots of the Parts x — 4 = +, or —b, or 


4 aA b. So alfo having xx = A — bb, add on each 


Side — 4x + 3 44, and there comes out xx —4x + 444 
2444 — bb, and extracting the Root on each Side *õ— 32 


=+v/$aa—bb, or x= *a-vViaa—bb. 
And thus univerſally if you have xz p. , x will be 


=.*p+v/Zpp.g, Where + p and q are to be affe ſted 
with = —— 2 as p and 9 in the former Æquation; 


but Z pp muſt be always made Affirmative. And this Ex- 
ample is a Rule according to which [or like to which} all 
Quadratick Æquations may be ET to the Form of _ 

| 2 ple 
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ple ones. Therefore, having propos d the AÆAquation yy = 
2* 


* * 
+ x, to extract the Root N compare = with p. 


. . WP - : 
that is, write T5 tor Lp, and - + xx for 4 pp · J, and 
8 


* * 


3 xx by 
there will ariſe J=— + VE + Xxx, or J= 3:73 


"EY 
V * + xx. After the ſame Way, the #quation yy — 


ay—2cy + 44 — , by comparing 2 — 2 with A and 
44 — c with 4, will give y=$a—c VA Ac. 


Moreover. the Biquadratick Xquation x*=—aaxx 
+ ab, whoſe odd Terms are wanting, by help of this 


Rule 3 XX -A +v 4% +ab?, and extract 


ing again the Root æ = W —taa + VIA T4. And 
ſo 1 in others, 

And theſe are the Rules for ordering one only Æquation, 
the Uſe whereof, when the Analyſt is ſufficiently acquainted 
with, ſo that he knows how to diſpoſe any propos d #qur- 
tion according to any of the Letters contain'd in it, and to 
obtain the Value of that Letter if it be of one Dimenſi ion, 
or of its greateſt Power if it be of more; the Compariſon 
of ſeveral Æquations among one another will not be diffi 

cult to him, which I am now going to ſhew, * 


O the en rene of” two or more Hu- 
TIONS into one, in order to exterminate the 
unknown Quantities, 


H EN in the Solution of any Problem, there are more 
Xquations than one to comprehend the State of the 
Queſtion, in each of which there are ſeveral unknoun 
Quantities ; : thoſe Æquations (two by two, if there are 
more than two) are to be ſo connected, that one of the un- 
known Quantities may be made to vaniſh at each of rhe 


Operations, and ſo produce a new Æquation. 'Thus, 8 


the rr uations 2 =) + 55 and K 27 + 2, by taking 0 
equal rs. oh mY an equa Fhings, "here will come out 
48 4 4 23. 
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x=3- And you are to know, that by each Æquation one 
unknown Quantity may be taken away, and conſequently, 
when there are as many #&quations as unknown Quantities, 
all may at length be reduc'd into one, in which there ſhall 
he only one Quantity unknown. But if there be more un- 
known Quantities by one than there are Æquations, then 
there will remain in the Aquation laſt reſulting two un- 
known Quantities ; and ik, there are more [unknown Quan- 
tities] by two than there are Æquations, then in the laſt 
reſulting Æquation there will remain three; and ſo on. 
There may alſo, perhaps, two or more unknown 

tities be made to vaniſh, by only two Aquations. As if 
you have ax—by—ab—az, and bx + by =bb + az; 
then adding Equals to Equals, there will come out 4& ＋ 
bx—ab + bb, y and ⁊ being exterminated, But ſuch Caſes 
either argue ſome Fault to lie hid in the State of the Que- 
ſion, or that the Calculation is erroneous, or not artificial 
enouzh. The Method by which one unknown Quantity 
may be [exterminated or] taken away by each of the Æqua- 
tions, will appear by what follows, 


The Extermination f an unknown Quantity by 
an Equality of its Values. 


HEN the Quantity to be exterminated is only of one 

Dimenſion in both Æquations, both its Values are 

to be ſought by the Rules alrcady deliver'd, and the one 
made equal to the other. 

Thus, putting a + x =b + y, and 2x+y—3b, that 
may be exterminated, the firſt Aquation will give a+ * 
), and the ſecond will give 3b— 2x . There- 
fore a + x—b—3b — 2x, or by [due] ordering x = 


4b—z 


3 | ' 

And thus, 2x n, and 5 + x =y, give 2#z=5 + x, 
I X=5, ü 

And ax — 2b) ab, and * bb, give 722 


| SY = ef and by [due] ordering [the Terms] [xx — 


þ 3 
1 2 or] arb s. 


Alſo 


Alſo 
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— ayy 
2 A and 5 N = 2a 


by taking away x, give my + Bi (2) = ———— 


bb — ay 
and by Redudion ) yy WED Pf 4 bbe => 
Iaftly, z+ y—#&=0, and 4) = xz, by taking aw 
l ay aa 
2, give x +y ( = s er xXx Þ+ X)=4J« 
\ The fame is alſo perform'd by ſubtraQing either of the Va.“. 
Jues of the unknown Quantities from the other, and making m 
the Remainder equal to nothing. Thus, in the firſt of the 
Examples, take away 3b — 2x from a me ——þb, and then 
822 b. 


will remain 4+ 3 — 4b O or * 


The Extermin ation of an unknown Quantity h 1 
ſubſlituting its Value for it. | 


138 at leaſt, in one of the Equations, the Quan 

tity to be exterminated is only of one Dimenſion 

its Value is to be ſought in that Æquation, and then to be 

ſubſlituted in its Room in the other Equation. Thu, 

having propos d 45 2 and xx + Y y- ax, {0 
3 


exterminate x, the firſt will give = x; wherefore I ſub. 


2 
1 7 | ; — 5 3 8 1 | 1471 ＋ 
itute in the ſecond by in the Room of x, and there comes E 


þ © | 2 2 PI 
out — + y5 = by — = and by Reduction ). — þy* + 
abi +b* So. ; 

But having propos d 45) + 44 , and yz —ay =o 


to take away 5, the ſecond will give = 7 - Where 
| — 


fore for y I ſubſlitute —< 
Z 


into the firſt, and there comes {ti 
4 3 2K 4 . on 


out — ==. And by Reduction, I! 


XX — 242 + AA 2— 4 2 


In 


X — 247 + 44 24 t 4 =0. 
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In the like manner, having propos d 2 =2, and cy + 


ax =cc, to take away z, I ſubſtitute in its Room * 7 


he ſecond Æquation, and there comes out cy + SI nes; 


— C 

"WM But a Perſon uſed to theſe Sorts of Computatians, will 

my oftentimes find ſhorter Methods [than theſe] - which the 
| h 


unknown Quantity may be exterminated. us, having 
2 ___ if equal Quantities are 
ing multiply d by Equals, there will come out equal Quantities, 


the Wiz. axx = 4bb, or x b. 
wr WW But I leave particular Caſes of this Kind to be found out 
by the Students as Occaſion ſhall offer. 


5 e eee eee at 


2 The Extermination of an unknown Quantity 
of ſeveral Dimenſions in each ÆAquation. 


HEN the Quantity to be [exterminated or] taken 
away is of more than one Dimenſion in both the E- 
quations, the Value of its greateſt Power muſt be ſought in 
hus, both; then, if thoſe Powers are not the ſame, the Æqua- 
to tion that involves the leſſer Power muſt be multiply'd by 
the Quantity to be taken away, or by its Square, or Cube, 
ſub ¶ ec. that it may become of the ſame Power with the other 
Equation. Then the Values of thoſe Powers are to be made 
mes Equal, and there will come out a new Aquation, where the 
greateſt Power or Dimenſion of the Quantity to be taken 
Aar is diminiſh'd. And by repeating this Operation, the 
Quantity will at length be taken away. 
| if you have xx + 5x — 3), and 2xy—3xx=4, 
47% to take away x, the firſt [#quation] will give xx = 


ere: 5 ＋ 35, and the ſecond = nt. I put 


mes {therefore 3 54 e, and ſo x is reduc'd to 


| only one Dimenſion, and ſo may be taken away by what 
0N, have before ſhewn, viz, by a due Reduction of the laſt 
&quation there com:s out 9y3y—15X= 2xy—4, Or 

Ia „ 


[4] 
Fam 2 I therefore ſubſtitute this Value for x in 


2) +1 
one of the Equations firſt propos d, (as in rx + . xXx=3))) 
1 6 20 
and there ariſes 2 +723) 2 . | 
"as 477 ＋ 60% + 225 T 21+15 * 
To reduce which into Order, I multiply by 4yy + 60 9) 
＋ 225, and there comes out 81) + 7235 + 16 ＋ 90 
Þ+ 40% + 75% + 300 = 12) * ＋ 180% +675 . a 
699 * —g0y ' + 72)) + 40) + 316 =0- 
Moreover, if you have ) =x 95+ 3x, and yy= xx 
—Xxy—3Z ; to take away ), I multiply the latter — 
by y, and you have ) =xxy — x39 - 3), Of as mam 
Dimenſions as the former. Now, by making the Values 
y equal to one another, I have xyy + 3x=x xy - 
— 35, where y is depreſs d to two Dimenſions. By thi 
therefore, and the moſt Simple _— of the Aquations fir 
propos'd yy =xx— ry—3, the Quantity y may be 
wholly taken away by the 2 Method as in the form:r 
Example, | | 
There are moreover other Methods by which this may 
be done, and that oftentimes more conciſely, As therefore, 


2 4 
if 75 = — "+ xx, and yy=2x) +=; that y my 
be extirpated, extract the Root y in each, as is ſhewn in the 


7th Rule, and there will come out y = 7 + 7 = + xx 


and J=x+ 675 Þ+ xx. Now, by making theſe two 


Values of equal, you'll have = —— 7 = + 2x = x + 
V 75 + xx, and by rejecting the equal Quantities 


2 r ai 

— + xx, there will remain -—= x, or xx = ax, and 
4 4 4 | 

K = fo 


Moreover, to take x out of the Equations x + » +2 
bY 


= 20, end xx + 53 + 2 1405 take away y from the 
* fil 


Kh 


af ©S Ki 


irt 
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firſt Equation, and there remains x +27 =20—y, and 


4 


ſquaring the Parts x x + 25 1 = 400— 40) ＋ Y, and 


Xx | 
taking away yy on both Sides, there remains xx ＋ yy + 


2 400 - 40)%½. Wherefore, ſince 400 — 40), and 
149 are equal to the ſame Quantities, 400 — 40% will = 
149, or y=6 +; and ſo you may contract the Matter in moſt 
other Equations, ; | 

But when the Quantity to be exterminated is of ſeveral 
Dimenſions, ſometimes there is requird a very laborious 
Calculus to exterminate it out of the &quations ; but then 
the Labour will be much diminiſh'd by the following Ex- 


amples made Uſe of as Rules. 


RuLE J. 
From axx+bx Tc , and fax+gx+ bo. 


x being exterminated, there comes out Wa 
ah -g — 2cf Xx ab + bh—cg x bf + agg + cf} 
36 33 On 


RULE II. 


From a * + b + cx +d So, and fxx + gx +b=0; 
2 x being exterminated, there comes out 

th—bg—2cf x abh + bh—cg— 24 f x bfb + 

ch—=dg xagg ff + 3 f NAH o. 


RULE III. 


From a bx e ee and fr T 2 
—+ == Qs 


x being exterminated. there comes out 
ah —bg — 2cf X ah* + bh—cg — 24f x b bh + 
g g +cffxchb —dgbhegg—2efb+3agh+bgg+dff 


xdfh + 2abh+3bgh—dfgheff xeff — bg—24b 
X efgg = 0. | | 


K ; Ruts 
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RuLe IV. 
From ax +bxx+cx+d=0, and fx* þoxt +þy 
| + | 


O. 


x being exterminated, there comes out 
ah —bg — 2c x adbh —achk + ak ＋ 0 b— 5 — 2 
x bdfh —ak + bh 2c g +3df Xaakk: 

+ cdh—ddg - cl + 2bdk * agg eff: 
+3aghb+bog+dff—3afk x A —3ak—bh+cg+0 
x befk + bk —2dg xbbfk : —bbk—34dh—Gi; 
* 4g eso. | 


For Example; to «exterminate x out of the Æquation 
xx+ 5 r — 3) =0, and Zxxr— 2xy+F4=0 : | 
reſpectively ſubſtitute in the firſt Rule for 4, b, c; f, 2 
and þ [theſe Quantities, .vie.] 1, 5, — 3); 3, — 2 an 
4 ; and duly obſerving the Signs + and —, there ariſts 


4+13+189x4 + D = * 15 + = 
X — 3ZJ) So, or 16 + 40% + 72 + 390 —90J* + 
699* O | 
By the like Reaſon that y may be expumg'd out of the 
que tions 55 — % —34=0, and yy + xy —xx ++} 
— 0, I ſubſlitute into the ſecond Rule for 4, b, c, d; f, g, l 
and x, theſe Quantities] 1, — , o, — 3x; I, #, — x2 
+ 3; and) reſpectively, and there comes out 3 — * + xx 
K -G zT TAT TN — 34 
+ ZXX XXX + 9X — zi — & —3X XK —3X =0 
1 hen blotting out the ſuperfluous Quantities and multiply- 
ing you have 279 —I5 xx +3x*%, —gxx+x*5, + 3* 
—18x* + 12x" = & And ordering (duely) x 5 + Zr 
— 45 Xr +27 O. | 
Hitherto [we have diſcours'd] of nog one un- 
known Quantity out of two Aquations, ow, if ſeveral 
are to be taken out of ſeveral, the Buſineſs muſt be done by 
degrees: Out of the Æquations ax = yz, x + y—2, and 
sx=y + 34; if the Quantity) is to be found, firſt, take 
out one of the Quantities x or z, ſuppoſe -x, by ſubſtiruting 


for-it,its Value (found by the firſt Æquation) in the ſe- 


cond 


ay 


\ 
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cond and third Æquatiois; and then you will have 


A 
+y=z, and VE =y +34 out of which take away 2. 


25 above. 


Of the Method of taking. away any Number of 
Surd Quantities out of _Aquations. 


T ltherto may be referred the Extermination of Surd 
Quantities, by making them equal to any [other] Let- 


. — 3 
ters. As if you have / — Vas —ay = 24 + Vayy, 
by writing t for Yay, and e for / aa —ay, and x for the 


vy you'll have the Æquations t ve 24 + x, tt=ay, 
5 =44—ay, and æ —4yy, out of which taking away 
by degrees t, v, and x, there will reſult an Aquation en- 
riſe urely free from Surdity. 


Hm a Queſtion may be brought to an Æquation. 


tle FTER the Learner has been ſome Time exerciſed in 
T} managing ani transforming Equations, Order requires 
„chat he ſhould try his Skill in bringing Queſtions to an E- 
xxMquation. And any Queſtion being propoſed, his Skill is 
— Wpzrticularly required to denote all its Conditions by fo many 
— WW Equations, To do which, he muſt firſt conſider whether 
me Propoſitions or Sentences in which it is expreſs d, be all 
= 0. of them fir to be denoted in Algebraick Terms, juſt as we 
ly-W expreſs our Conceptions in Latin or Greek Characters. And 
if fo, (as will happen in Queſtions converſant about Num- 
bers or abſtract Quantities) then let him give Nam-s'to 
both known and unknown Quantitics, as far as Occaſion 
un. requires. And the Conditions thus trai ſlated to Algebraick 
ral Terms will give as many Aquations as are neceſſary to 
by Wiolve it. 
nll As if there are required three Numbers in continual Pro- 
ile portion whoſe Sum is 20, and the Sum of their Squares 1403 
ng putting x, y, and z for the Names of the three Numbers 
c fought, the Queſtion will be trarſlated out of the Verbal to 
the Symbolical Expreſſion, 1 Ft 
3 


= 


The Queſtion in Werds. | The ſame in Symbols, 


There are ſought three Num- 
bers on theſe Conditions: 

That they ſhall be continu 
ally proportional. nn 

That the Sum ſhall be 20. 1 1495 +2 220. 

And the Sum of their Squares 


. 


And ſo the Queſtion is brought to [theſe] Aquations, 
viz, * =), # ＋ T5 D 20, and xx + yy +wy 
= 140, by the Help whereof x, y, and æ, are to be found by 
the Rules deliver'd above, RR. 

But you muſt note, That the Solutions of Queſtions are 
(for the moſt part) ſo much the more expedite and artificial, 
by how fewer unknown Quantities you have ar firſt Thus, 


in the Queſtion propos d, putting x for the firſt Numbet, 


K, Y, 2 


XX +) r = 140. 


and y for the ſecond, 22 will be the third Proportional; 


x 
which then being put for the third Number, I hring the 
Queſtion into Æquations, as follows: 


The Queſtion in Wor ds. Sym bolically. 


There are ſought three Num- 
bers in continual Propor- (x7, 
tion, | 


ER > Y ' 
Whoſe Sum is 20. ——＋ 422 _ 


And the Sum of their Squares FD 
140: e 


You have therefore the Æquations x + y 12282 
| * 


a 4 a 
| and * yy + _ 140, by the Reduction whereof * 


and y are to be determined. 

Take another Example. A certain Merchant encreaſes his 
. Effate y arly by a third Part, abating 100 l. which he ſpends 
yearly in his Family; and after three Years he finds his 
Eſtate doubled, Query, What he is worth? | 


To 


V 


11 2 108. 


ee If 
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To reſolve this, you muſt know there are [or lie hid] ſe- 
yeral Propoſitions, which are all thus found out and laid 
down, 


In Engliſh, Agebraicall/. 


A Merchant has an E- 
ſta te 


. 


Out of which the firſt 
Year he expends 100 /, * — 100, 


And augments the reſt by | x — 100 : AX — 409 
one third. 11 „ or.. 
3 3 
And the ſecond Leer ex- 4x — 400 4X — 700 
pends 100 l. þ 3 — 10, Or ; . 


And augments the reſt' 4x — 700 ., 4X — 770 16x— 2800 


by a third — — : * 9 2 Or Gr 
And ſo the third Year 16x— 2800 15x — 3700. 
* -expends 100 .:. 9 „ 
16x — 3700 16x — 3790 
And by the reſt gains 1 2 Of 
likewiſe one third Part 64 — 14800 
| 5 27 N 
And he becomes [at 64 1 4850 
length] twice as rich | —— — = 2X, | 
az at firſt — —— 27 


Therefore the Queſtion is brought to this Æquation, 
—_— = 2x, by the Reduction whercof you are to 
find ; viz. Multiply it by 27, and you have 64x — 14809 
=54 x; ſubtract 54x, and there remains o — 14800 
=0, or 10x=148c0, and dividing by 10, you have 
= 1480. Wherefore, 1480 l. was his Eſtate at firſt, as 
alſo his Profit or Gain ſince. 5 

Vou ſee therefore, that to the Solution of Queſtions which 
anly regard Numbers, or the abſtracted Relations of Quan- 
tities, there is ſcarce any Thing elſe required than that the 
Problem be tranſlated out of the Ergiiſh, or any other 


Tongue it is propos d in, into the Algebraical Language, that 


18, 


| 
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is, into Characters fit to denote our Conceptions of the Re. 
lations of Quantities. But it may ſometimes happen, that 
the Language [or the Words] wherein the State of the Que- 
ſtion is expreſs'd, nay ſeem unfit to be turn'd into the Al- 
gebraical Language; but making Uſe of a few Changes, 
and attending to the Senſe rather than the Sound of the 
Words, the Verſion will become eaſy. Thus, the Forms of 
Speech among [ſeveral] Nations have their proper Idioms ; 
which, where they happen, the Tranſlation out of one into 
another is not to be made literally, but to be determin'd by 
the Senſe. But that L may illuſtrate theſe Sorts of Problems, 
and make familiar the Method of reducing them to Aqua- 
tions ; and fince Arts are more eaſily learn'd by Examples 
than Precepts, I have thought fic to adjoin the Solutions of 
the following Problems, 18 


PrRorLEM I. Having given the Sum of two Numbers 
(a), and the Difference of their Squares (b), to find the 
Numbers ? | 

Let the leaſt of them be [call'd] x, the other will be 
a—x, and their Squares rx, and 44—24x+ xx the 
Difference, whereof 44 — 24 is ſuppos'd b. Therefore, 
44 — 24* b, and then by Reduction 44 —b — 24x, or 
_— p (= 2 — 2 —x. For Example, if the Sum of 
the Numbers, or 4, be 8, and the Difference of the Squares, 


or b, be 16; © 4— vil be (=4 = e and 


 a—X—5, Wherefore the Numbers are 3 and 5, 


PROBLTM IT. . To find three Quantities, x, y, and z, 
the Sum of any two of which ſhall be given. 
If che Sum of two of them, viz. xand y, be 4; of x and 
z,b; and of y and x, c; there will be had three Xquations 
to determine the three Quantities ſought, x, y, and z, viz, 
x +) = < x + T h, and y + Sc. Now, that twa 
of the unknown Quantities, viz. y and z may be extermi- 
nated, take away x on both Sides in the firſt and ſecond 
Aquation, and you'll have y A x, and z = b —- x, which 
Values ſubſtirute for y and ⁊ in the third [ Æquation], and 
there will come out a — x + b — x = c, and by Reducti- 


bon æ& =, and having found x, the Aquations 


above y 2 - &, and z = b=—— x, will give y and ⁊. 
5 = EXAMPLE. 


SOS 


ExamyLe. If the Sum of xandy beg, of x and z; 
10, and y and z,.13 ; then, in the Values of x, y, and x, 
write 9 for 4, 10 for b, and 13 for c, and you'll have a + 


b—c=6, and conſequently x . - =) 2 37 7 
24 - &) 6, and (-) =7. 


PROBLEM III. To divide a given Quantity into as many 
Parts as you pleaſe, ſo that the greater Parts may exceed the 
leaſt by [any] given Differences. 

Let (a) te a Quantity to be divided into four ſuch Parts, 
and its firſt or leaſt Part call x, and the Exceſs of the ſecond 
Part above this call b, and of the third Part c, and of the 
fourth 4; and x + will be the ſecond Part, & e the 
third, and x ＋d the fourth, the Aggregate of all which 
4x +b +c +4 is equal to the whole Line 4. Take away 
on both Sides b + c d, and there remains 4X = 4 — b 

a—b—c—4d 
+ | 

EXAMPLE. Let there be propoſed a Line of 20 Foot, ſo 
to be diviled into four Parts, that the Exceſs of the ſecond 
above the firſt Part ſhall be 2 Foot, of the third 3 Foot, 
and of the fourth ſeven Foot, and the four Parts will be 
1 ED, or 7 2 = 2g x+b 
=4, x+c=5, andx+d—9g. After the ſame Man- 
ner a Quantity is divided into more Parts on the ſame 
Conditions. 


PROBLEM IV. A Perſon being willing to diſtribute 
ſome Money among ſome Beggars, wanted eight Pence to 
give three Pence a peice to them ; he therefore gave to each 
two Pence, and had three Pence remaining over and above, 
To find the Number of the Beggars. ry 

Let the Number of the Beggars be x, and there will be 
wanting eight Pence to give all 3x [Number of] Pence, he 


has therefore 3 x — 8 Pence; out of theſe he gives 2 x 


Pence, and the remaining Pence x — 8 are three, That is, 
X—8=3, OI c Iles | 3 


— 24, or & = 


| PRo- 
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 PrRoBt.em V. If two Poſt-Boys, A and B, at 59 Miles 
Diſtance from one another, meet in the Morning, of whom 
A rides 7 Miles in two Hours, and B 8 Miles in three Hours, 
and h ſets out one Hour later than A; to find what Num- 
ber of Miles A will ride before he meets B. 

Call that Length x, and you'll have 59 — x, the Length 
of B's Journey. And ſince A travels 7 Miles in two Hours, 


he will make the Spice x in 5 Hours, becauſe 7 Miles: 218 


MW _VÞ mw: ral © £5 


Hours : : x Miles : =y Hours. And fo, ſince Brides 8 Miles 
in 3 Hours, he will deſcribe his Space Cor ride his Journey] 


59—# in 23 
5 


Hours. Now, ſince the Difference 


of theſe Times is one Hour, to the End they may become te 


equal, add that Difference to the ſhorter Time Io 2 


and you'll have 1 + = PS ol by Reduction 


—— 7 


35 — . For, multiplying by 8 you have 185 — 3x = 
— Then multiplying alſo by 7 you have 1295 — 21 * 


= 16x, or 1295 =27x. And, laſtly, dividing by 37, 
there ariſes 3 4 Xs , Therefore, 35 Miles is the Diſtanee 
that A muſt ride before he meets B. 


T he ſame more generally, ' 


Having given the [Velocities] Celerities [or Swiftneſles] 
. of two moveable Bodies, 4 and B, tending to the ſame 
Place, together with rhe Interval [or Diſtance] of the Places 
and Times from and in which they begin to move ; to de- 
termine the Place they ſhall meet in. 

Suppoſe, the Velocity of the Body A to be ſuch, that it 
ſh11 paſs over the Space c in the Time f; and-of the Body 
B to be ſuch as thall paſs over the Space d in the Time g; N Di 
and that the Interval of the Places is e, and þ the Interval MW 
of the Times in which they begin to move, Gs 


Casr I, Then if both tend to the ſame Place, [or the ; 
ſame Way] and A be the Body that, at the Beginning of = 
the Motion, is fartheſt diſtant from the Place they tend by cg 
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call that Diſtance æ, and ſubtract from it the Diſtances, and 
cs chere will remain x —e for the Diſtance of B from the 
m Place Ei tends to. And fince A paſſes through the Space c 
s. in the Time f, the Time in which it will paſs over the 


* Space æ will be 4 becauſe the Space c is to the Time f, 


rs, 28 the Space x to the Time fx And ſo, fince B paſſes the 
2 Face d in [the Time] g, the Time in which it will paſs 

the Space x—e will be — ' Now ſince the Difference | 
" of theſe Times is ſuppoſed h, that they may become equal, 
Y] add h to the ſhorter Time, viz to the Time E if B begins 


ne 8 nd you't have e be — , and by 


2 2, Fee 
Reduction eee Or —F = Xo dat bj 


„ move firſt, add h ES , and you 


| ans and by Reduction 


Cast U. If the moveable Bodies meet, and x, as be⸗ 
fore, be made the initial Diſtance of the moveable Body 
A, from the Place it is to move to, then c — x will be the 
initial Diſtance of the Body B from the ſame Place ; and 


Ede Time in which A will deſcribe the Diſtance, and 


e the Time in which B will deſcribe its Diſtance 
e- r. To the leſſer of which Times, as above, add the 


Difference þ, viz. to the Time 7 * Dine 
ind fo you'l have 8 bete, and by Redudion 


oke e ed „ | * 


CA 


r0: og + df — L bens 
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EXAMpIE I. If the Sun moves every Day one 
and the Moon thirteen, and at a certain Time the Sun be 
at the Beginning of (uncer, and, in three Days after, the 
Moon in the Beginning of Aries, the Place of their next 
following Canjunction is demanded. Anſwer in 104 Deg, 
of Cancer. For ſince they both are going towards the ſame 
Parts, and the Motion of the Moon, which is farther diſtant 
from the Conjunction, hath a later Epocha, the Moon will 
be 4, the dun B, and 22 — 7 the Length of the Moon's 
Way, which, if you write 13 for c, 1 for f, d, and g, 90 


for e and z for ö, will become 3 LN 
ee cal 13 K —IX 1 


that is, 225 or 1003 Degrees; and then add theſe De- 


grees to the Beginning of Aries, and there will come out 
Io; Deg. of Cancer. 


ExaMPLe II. If two PoſtBoys, A. and B, being in 
the Morning 59 Miles aſunder, ſet out to meet each other, 
and 4 goes 7 Milcs in 2 Hours, and B 8 Miles in 3 Hours, 
and B begins his Journey 1 Hour later than 4, it is de- 
manded how far A will have gone before he meets B. An- 


ſwer, 35 Miles. For ſince they go towards each other, and 


A ſets out , 8 will be the Length of his Jour- 
ney; and writing 7 for c, 2 for f, 8 for d, 3 for g, 59 for 
e, and 1 for b, this will become D 1 that 
li, + 773 + 2 
PRO TEN VI. Giving the Power of any Agent, to find 
how many ſuch Agents will perform a given Effect 4 in a 
given Time . e r ad | 
Let the Power of the Agent be ſuch that it can produce 
the Effect c in the Time d, and it will be as the Time d to 
the Time b, fo the Effect 5 which that Agent can produce 
in the Time 4 to the Effect which he can produce in the 
Das i which then will be f., Again, as the Efe o 
be | on 2 
e 


Se ea ..i. 


w—z  - 


Fm © n © ov 


* 


there will ariſe x = — 
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I and thus the Number of the Agents will 
be be” F 
ExAMPLE. If a Scribe can in 8 Days write 15 Sheets, 
how many ſuch Scribes muſt rhere be to write 405 Sheets in 
9 Days? Anſwer 24, For if 8 be ſubſtituted for d, 15 for 


c, 405 for 4, and 9 for b, che Number 7 vill become 


2 pat'is, 3240 
on? that is, 1355 or 24. 


PRoBLEM VII. The Forces of ſeveral Agents being 
given, to determine x the Time, wherein they will joyntly 


perform a given Effect d. 


Let the Forces of the Agents A, B, C be ſuppoſed, which 
in the Times e, f, g can produce the Effects a, b, c reſpective- 


ly ; and theſe in the Time æ will produce the Effevl = 


bx cx | ax bx cx 2 
T, ; Wherefore is — T= —— 4, and by Re- 
2 | "Shaft i + rc 
duction — & C * 

3 


1 Three Workmen can do a piece of Work 


| in certain Times, vis. A once in 3 Weeks. B thrice in 8 


Weeks, and C five times in 12 Weeks. It is deſired to 
know in what Time they can finiſh it joyntly ? Here then 
are the Forces of the Agents A, B, C, which in the Times 
3, 8. 12 can produce the Effects 1, 3, 5 reſpetively, and 
the Time is ſought wherein they can do one Efes. Where- 
fore, for a, b, e, d, e, f, g write 1, 3,5, I, 3, 8, 12, and 


, e or 4 of a Week, that is, 
[allowing 6 working Days to a Week, and, 12 Hours to 
each Day] 5 Days and 4 Hours, the Time wherein they will 
Joyntly finiſh it. 1 ie 

PrRoBLEM VIII. So, to compound unlike Mixtures of 
two or more Things, that the Things mix'd together may 
have a given Ratio to one another, | 


L 2 | Let 
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Let the given Quantity of one Mixture be d A + eB + 
fC, the fame Quantity of another Mixture g A+k B + KC, 
and the ſame of a third I 4 + B * nC, where A, B, 2 
denote the Things mix dd, and d, e, f, g, U, Cc the propor- 
tions of the ſame in the Mixtures. wk let pA+FqB+rc 
be the Mixture which muſt be compos'd of the three Mix- 
tures ; and ſuppoſe æ, 5, and z/ to be the Numbers, by which 
| If the three given Mixtures be reſpectively multiply d, their 

Sum will become pA +4qB + rC. 


dx AtFexB+fxc 
Thereoreisg + 134A +byB + 50 =pA+qB+rc. 
TIN A+ mB + nal 
And then making dx + fas s ex + by + mz 
= q, and Fab by + ear, by Reduction x = 
8 
r 
p— on + og oo gmby 3 r— ky—nz 
g5T E29 f 
by Reduction give 4 4 = e 
Zane, "pon 
e ien 
0 — 1 
« for ep — 49, þ for — » for eg —dh, J for 
fq—er, cores —f ms and 3 for {het will become 


» And again, the, Xquations 


(=9)'= 


, which, if abbreviated by writing 


5 $ 
I Xe and by Reduction * n Having 


found 5 put _ 2 =), and. x. 


ot EXAMPLE. 1 there were three Mixtures of Metals melt- 
ed down together ; of the firſt of which a Pound [Averdu- 
pois] contains of Silver Z 12, of Braſs 3 1, and of Tin 33; 
of the ſecond, a Pound contains of Silver 3 1, of Braſs 3 12, 
of Tin Z2; ; and a Pound of the third contains of Braſs 
714.0 1 Tim; 2, and no Silver; and let theſe Mixtures be 
To to de compounded, that a Pound of the Compoſition 
may contain of Silver Z4, of Braſs 3 9, and of Tin 33: 
For d, e, f; E, b, I; hu n; Þ,9,7, write 12, 1, 33 1, 12, 
3 ; o, 14, 2 4, 9, 3 reſpective „, and a will be (=ep— 
d —=1X4—12X9) =—104, and g SN — 12 
12X14—1 X 0) = 1168, and ſo ==143, 4 =24, © 


MS as \8(ﬀÞþao tr Ss bat 


| 
b 
2 


T 


9 4 
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N Ja — 29 
——40, and = 33. And therefore z (=== =" = 


— 3432 + 3432 „ 
— =O; = — * — 
= l 0 een p 
— and x (= — . — ” = EY. Where- 


5 12 — 88 
fore, if there be mix'd r Parts of a Pound of the ſecond 
Mixture, . Parts of a Pound of the third, and nothing of 
the firſt, the Aggregate will be a Pound, containing four 
Ounces of Silver, nine of Braſs, and three of Tin, 


PROBLEM IX. The Prices of ſeveral Mixtures of the 
ſame Things, and the Proportions of the 2 mix d to- 
gether being given, to determine the Price of each of the 
Things mix d. 

Of each of the Things A, B, C, let the Price of the 
Mixture dA g B +1C be 2 of the Mixture eA+hB 
C the Price q, and of the Mixture AI BNC the 
Price r, and of thoſe Things A, B, C let the Prices x, y, z 
be demanded, For the Things A, B, C ſubſtitute their Prices 
2, K, and there will ariſe the fquations dæ +g y+ Iz 
=P, ex TY +mz—q, and fx ITA == ; from 
which, by proceeding as in the foregoing Problem, there 

. Ja A - & + Þs 


will in like manner be got wr and 
gs &. | 


EXAMpLE. One bought 40 Buſhels of Wheat, 24 Bu- 
ſhels of Barley, and 20 Buſhels of Oats together, for 15 
Pounds 12 Shillings. Again, he bought of the ſame Grain 
26 Buſhels of Wheat, 30 Buſhels of Barley, and 50 Buſhels 
of Oats together, for 16 Pounds. And thirdly, he bought of 
the like kind of Grain, 24 Buſbels of Wheat, 120 Buſhels 
of Barley, and 100 Buſhels of Oats together, for 34 Pounds. 
It is demanded at what Rate a Buſhel of each of the Grains 
ought to be valued, Anſwer, a Buſhel of Wheat at 5 Shil- 
üngs. of Barley at 3 Shillings, and of Oats at 2 Shillings, 
For inſtead of d, g, I; e, b, 1; f, l, n; p, 9, r, by writing 
reſpetively 40, 24, 20; 26, 30, 503 24, 120, 100; 154, 
16, and 34, there ariſes « (Sep- dg = 285 — 40 
* 16) == 234+, and ( dm — eg 40 X 50— 26 K 20) 
1480, and thus > =— 576, 5 = 500, r 


| 
and d = — 2400. Then « (= 555 = | 


__ $62560— 288000 1 21.) . (=* Br 
8064003552000 r 1 7 
—234; + 148) = =o x (= Pong 4 


d 

. 1 
IRE L2) =I. Therefore a Buſhel of Wheat colt | « 
f 


8 | 
4 bb, ba 5 Sillings, a Buſhel of Barley , i, or 3 Shilling, 
and a Buſhel of Oats A ſb, or 2 Shillings, 


. PRonLEM X. There being given the ſpecifick Gravity I ' 
both of the Mixture and the [two] Things mix d, to find 
the Proportion of the mix'd Things to one another. 0 


Let e be the ſpecifick Gravity of the Mixture 4 + B, a the 
ſpecifick Gravity of A, and b the ſpecifick Gravity of B; Wt: 
and ſince the abſolute Gravity, or the Weight, is compoſed of 
the Bulk of the Body and the ſpecifick Gravity, a 4 will be 
the Weight of 4, bB of B, and e A+eB the Weight > 
the Mixture 4 + B ; and therefore a4 +bB—eA+eb;Wt 
and from thence 4 1 —eA=eB—dB; and confequent!y WU 
emb:a—e:; AB | 4 


ExAMPLE, Suppoſe the Gravity [or ſpecifick Weight] 7 
of Gold to be as 19, and of Silver as 10%, and [King 
Heros Crown as 17; and [6:2]: :19: 3 (e—=b: a—t 

:: A: B): : Bulk of Gold in the Crown : Bulk of Silver, ! 
190: 31 (:: 19 x 10: 10:X3::4xe—b:bxa—i* 
: : as the Weight of Gold in the Crown, to the Weight u 
Silver, and 221: 31 : : as the Weight of the Crown to tle by 
Weight of the Silver. 


PROBLEM XI. If the Number of Oxen 4 eat up ti te 
Meadow b in the Time c; and the Number of Oxen 4 e p. 
up as good a Piece of Paſture e in the Time f, and the GraiWth 

uniformly ; to find how many Oxen will eat up tY!WA 
ike Paſture g in the Time h. | : 

IF the Oxen à in the Time c eat up the Paſture b; tha 


by Proportion, the Oxen 35 in the ſame Time c, or th 


Oxen 17 in the Time f, or the Oxen 55.6 in the Time! 


= Hr | | ui 


* 
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will eat up the Paflure e ; ſuppoſing the Graſs did not-grow 
at all] after the Time c. But fince, by reaſon of the 
wth of the Graſs, all the Oxen d in the Time f can eat 
2: up only the Meadow e, therefore that Growth of the Graſs 
nun che Meadow e, in the Time f— c, will be © muck es 


alone would be ſufficient to feed the Oxen d — 77 the 
Time f, that is as much as would ſuffice to feed the Oxen 


olt -n the Time b. And in the Time 5— , by Pra- 


5 portion, ſo much would be the Growth of the Graſs as 


ity would be ſufficient to feed the Oxen Se into df, es 


| þ bb 
und 5 bdfh—ecah - bdef + aece A cider 
bf —bech © 


* to the Oxen 5 and there will come out 

hol punt PEELED, che Number of Oxen which 

e che Paſture e will fuffice to feed in the Time 4. And fo by 

ity lin] TN for 5767 2 will ſuffice to feed the Oxen 
gbafh—ecagh—bdegf + ecfga . > | 
W 

ae Time 5. . 


i ExAup TA. H 12 Oxen eat up 3+ Acres of Paſture in 
„ 4 Weeks, and 21 Oxen eat up 10 Acres of like Paſture. in 
— Ws Weeks ; to find how many Oxen will eat up 36 Acres in 
a Weeks? du * that 1 — — — 
ne gh - ecagh - bdegf + ecfga 
J Wo . 4. a hh Ai 

er fobſlicating I . befh —bcel | 
the Numbers 12. 3, 4, 21, 19, 9, 36, and 18 for the Let- 
p tie ters 4, h, c, d, e, f, g, and h reſpectively; but the Solution, 
perhaps, will be no Jeſs expedite, if it be brought out from 
Oral the firſt Principles, in Form of the precedent literal Solution. 
p te A if 12 Oxen in 4 Weeks eat up 3+ Acres, then by Pro- 
portion 36 Oxen in 4 Weeks, or 16 Oxen in 9 Weeks, or 
8. Oxen in 18 Weeks, will eat up 10 Acres, on Suppoſition 
that the Graſs did not grow. But ſince by reaſon of the 
Growth of the Graſs 21 Oxen in 9 Weeks can eat up only 
10 Acres, that Growth of the Graſs in 10 Acres for the laſt 
5 Weeks will be as much as would be ſufficient to 1.5 5 

18 xen, 
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Oxen, that is the Exceſs of 21 above 16 for 9 Weeks, or, 
what is the ſame Thing, to feed + Oxen for 18 Weeks, 
Andin 14 Weeks (the Exceſs of 18 above the firſt 4) the 
Increaſe of the Graſs, by Analogy, will be ſuch, 'as to he 


| ſufficient to feed 7 Oxen for 18 Weeks: Add theſe 7 Oxen, 


which the Growth of the Graſs alone would ſuffice ro feed, 
to the 8, which the Graſs without Growth after 4 Weeks 
would feed, .and the Sum will be 15 Oxen. Aud, laſtly, if 
10 Acres ſuffice to feed 15 Oxen 18 Weeks, then, in 
Proportion, 24 Acres would ſuffice 36 Oxen for the ſame 
Time. 3 


PROBLEM XII. Having given the Magnitudes and Mo- 


tions of Spherical Bodies perfectly elaſtick, moving in the 


ſame right Line. and meeting one another, to determine 


their Motions after Reflexion. | 


The Reſolution of this Queſtion depends on theſe Condi. 
tions, that each Body will ſuffer as much by Re. action as 
the Action of each is upon the other, and that they muſt 
recede from each other after Reflexion with the ſame Velo- 
city or Swiftneſs as they met before it. Theſe Things being 


ſuppos d, let the Velocity of the Bodies A and B, be 4 and 


b reſpectively; and their Motions (as being compos d of 
their Bulk and Velocity together) will be 2 A and b B. And 
if the Bodies tend the ſame Way, and A4 moving more 
ſwiftly follows B, make x the Decrement of the Motion 
a A, and the Increment of the Motion bB arifing by the 
Percuſſion; and the Motions after . will be 44 
and b B +x; and the Celerities — 2 = 
whoſe Difference is == to 4— b the Difference of the Ce. 
lerities before Reflexion. Therefore there ariſes this Aqua- 


ton ee EEE ab, and thence by Re- 


duction x becomes = 4 = which being ſub- 
| aA—Xx . 0B +: 
e 
there comes aut e for the Celerity of 4, 
and ee for the Celetity of B after Re 


* | But 


Rituted for x in the Celerities 


— 


CA 4 


But 


L 81 ] 


But if the Bodies meet, then changing the Sign of b, the 


aA—aB—2bB 


Velocities after Reflexion will be FRY nr. and 
264 * 2 ; either of which, if they come out, by 


Chance, Negative, it argues that Motion, after Reflexion, to 
tend a contfary Way to that which A tended to before Re- 
flexion, Which is alſo to be underſtood of As Motion in 


| the former Caſe, 


ExAup LE. If the homogeneous Bodies [or Bodies of 
the ſame Sort] 4 of 3 Pound with 8 Degrees of Velocity, 
and B a Body of 9 Pounds with 2 Degrees of Velocity, 
tend the ſame Way ; then for A, a, B, and b, write 3,8, 9, 


and 2 ; and £ THEE) becomes —1, and 


A＋ 
( EE becomes 5, Therefore A will re- 
turn back with one Degree of Velocity after Reflexion, and 
B will go on with 5 Degrees. 


PRoBtLEM XIII. To find 3 Numbers in continual Pro- 
portion, whoſe Sum ſhall be 20, and the Sum of their 
Squares 140 ? | | 

Make the firſt of the Numbers = x, and the ſecond == y, 


and the third will be 2 , and conſequently x + J+22 


=20; and xx+yJy + Wh = 140, And by Reduction 


Now to exterminate x, for 4, b, c, d, e, f, g, h, in the third 
Rule, ſubſtitute reſpectively 1,0, yy — 140, o,; t, y 


— 20, and yy: and there will come out — 5) ＋ 280 * 


T2 —40y x 260% — 40%: ＋ 3, K* — 239 
) — 40% + 4c“: o; and by Multiplication 
1600 y* 2 857 =0, or 65. Which is found more 
ſhort by another Method before, but not ſo obvious as this. 
Moreover, to find x, ſubſtitute 6+ for y in the Æquation 


xx ＋ 2 4% o, and there will ariſe xx — 13+ x 
M + 425 
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+424 S, or xx = 13+ # — 422, and having extracted the 
Root x— 65 +, or —V3+; viz. 63 + V3+ is the 
greateſt of the three Numbers fought, and 62 and y3-. 
the leaſt, For x denotes a 15s either of the extreme 
Numbers, and thence there will come out two Values, either 


of which may be x, the other being =. 


The ſame otherwiſe, Putting the Numbers æ, y, and 4 


as before, you'll have x+1+Y = 20, or xx = 1 1 
s * ny 
„, and extracting the Root & =10—£y + 


V100—10y—Zyy for the firſt Number: Take away 
this and y from 20, and there remains = 10 — Ly — 


I- 10y—Zyy the third Number. And the Sum 
of the Squares ariſing from theſe 3 Numbers is 400 
- 409, and fo 400 — 40) = 140, or y == 6. And ha- 
ving found the mean Number 6+, ſubſtitute it for y in 
the firſt and third Number above found ; and the firſt will 
become 64 + 3, and the third 61 — V3, as before. 


PROBLEM XIV. To find 4 Numbers in continual Pro- 
portion, the 2 Means whereof together make 12, and the 2 


Extremes 20. 
Let x be the ſecond Number, and 12— x will be the 


third, . the firſt ; and "#2 2 


and conſequently — + = — 2 = 20» And 


by Reduction * = 122 — 305, or * 26 + 52, Which 
being found, the other Numbers are given from thoſe 
above. | 


PROELTM XV. To find 4 Numbers continually propor- 
tional, . whereof the Sum à is given, an] [alſo] the Sum of 
their Squares b, 

Altho we ought for the moſt Part to ſeek the Quantities 
requir'd immediate ly, yet if there are 2 that are ambiguous, 
that is, that involve both the ſame Conditions, as here the 
2 Means and 2 Extremes of the 4 Proportionals) the beſt 
Way is to ſcek other Quantities that are not ambiguous, 

+. by 
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by which theſe may be determin'd, as ſuppoſe their Sum, 
or Difference, or Rectangle. Let us therefore make the Sum 
of the 2 mean Numbers to be g, and the Rectangle r, and 
the Sum of the Extremes will be a—s, and the Rectangle v, 
becauſe of the Proportionality, Now that from hence theſe 
Numbers may be found, make æ the firſt, and y the ſecond, 
and s —»y will be the third, and 4a—s — x the fourth, and 
the Rectangle under the Means 5y— yy r, and thence one 
Mean y =2s Vu x, the other 5 —j= 5 -u. 
Alſo, the Rectangle under the Extremes ax - - r, 


and thence one Extreme 1 9 4 
6 7 


and the other : — * . —ſu a NC., 
2 04 : 
The Sum of the Squares of theſe 4 Numbers is 255 — 


245 ＋44— 47, which is b. Therefore y—= +55 — 2 
as + 444 -b, which being ſubſtituted for , there come 
out the 4 Numbers as follows : 


The 2 Means bb vVib—iis+tac—3as 
n Mm I-44. 
I= 
. 
5 2 
Yet there remains the Value of f to be found. Where- 
fore, to abbreviate the Terms, for theſe Quantities ſub- 


ſitute, and the 4 Proportionals will be 


The 2 Extremes 


and make the ReQangle under the ſecond and fourth equal 
to the Square of the third, ſince this Condition of the Queſti- 


on is not yet ſatisfy'd, and you'll have — 


Eg up pp. Make alſo the Reftangle 


F M 2 under 
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under the firſt 155 5 equal to the Square of the ſecond, 


and you'll have © + 241 + nd HY — 2 = 21 


+ ps + po. Take the firſt of theſe Æquations from the 
latter, and there will remain q5s—p4--ps=2Pps, or 9 
2 ur Reſtore now v4b—Z55 + tas —144 in the 
Place of p, and / $b—#& 55 in the Place of J. and you'll 
have 19 ·b— 475 = 8 2 vVib—$5s + tas —+Lag, 


and by ſquaring 1=—%1+$44—4b, or 82. 


r ww # 244 — 2b; which being found, the 4 Num. 


bers Gogh are given from what has been ſhewn above. 


PrRoBLEM XVI. If an annual Penſion of the [Number 
of ] Pounds 4, to be paid in the five next following Years, 
be bought for the ready Money c, to find what the Com: 
pound Intereſt of 100 J. per Annum will amount to? 

Make 1 — x the Compound Intereſt of the Money x for 
a Year, that is, that the Money 1 to be paid after one Year 
is worth x in ready Money: and, by Proportion, the Mo- 
ney à to be paid after one Year will be worth ax in ready 
Money, and after 2 Years [it will be worth] 4 æ, and 
after 3 Years ax*, and after 4 Years ax*, and after 5 
Years a2. Add theſe 5 Terms, and you'll have ax* * 
ax* tax +axxÞax=c, or X T* T* ＋ þ 


* = 7 an Aquation of 5 Dimenfions, by Help of which 


"—_ x is found by the Rules to be taught hereafter, put 
xX:1::100:y, and y—1co will be the Compound Inte- 
reſt of 100 L per. A. 

It is [will bet ſufficient to have given theſe Inſtances in 
Queſtions —— only the Proportions of Quantities are to 
be conſider d, without the Fofitions of Lines: Let us naw 
proceed to the Solutions of Geometrical Problems. f 


. » TW 9 rr 
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How Geometrical Queſtions may be reduc'd to 
Aquations. 


Eometrical Queſtions may be reduc'd ſometimes to K+ 
quations with as much Eaſe, and by the ſame Laws, 
u thoſe we have propos'd concerning abſtracted Quantities, 
As if the right Line AB be to be cut [or divided] in mean 
and extreme Proportion [or Reaſon] in C, that is, ſo that 
RE, the Square of the greateſt Part, ſhall be equal to the 
Rectangle BD contain'd under the whole, and the leaſt 
Part; having put AB—a, and B CS x, then will AC= 
4—x, and xx into 4—x ; an Æquation which by Re- 
dudion gives x = — 4 ＋ V4. [Vide Figure 6. 

But in Geometrical · [Cafes or] Affairs which more fre- 
quently occur, they ſo much depend on the various Poſiti- 
ons and complex Relations of Lines, that they require ſome 
farther Invention and Artifice to bring them into Algebraick 
Terms, And tho' it is difficult to preſcribe any Thing in 
theſe Sorts of Caſes, and every Perſon's own Genius ought 
to be his Rule [or Guide] in theſe Operations; yet TI] en- 
deavour to ſhew the Way to Learners, You are to know 
therefore, that Queſtions about the ſame Lines, related after 
any definite Manner to one another, may be variouſly 
pos d, by making different Quantities the | Que/ita] or 
Things ſought, from different [Data] or T hings givers. But 
of what Data or Quæſita ſoever the Queſtion be propos'd, 
is Solution will follow the ſame Way by an Analytick Se- 
ries, without any other Variation of Circumſtance beſides 
the feign d Species of Lines, or the Names by which we 
” on to diſtinguiſh the given Quantities from thoſe 
ouzhe. | 

As if the Queſtion be of an Jſoſceles'CBD inſcrib'd in a 
Circle, whoſe Sides BC, BD, and Baſe CD, are to be com- 
par d with the Diameter of the Circle AB, This may ei- 
ther be propos'd of the Inveſtigation of the Diameter from 
the given Sides and Baſe, or of the Inveſtigation of the 
Baſis from the given Sides and Diameter; or laſtly, of 
the Inveſtigation of the Sides from the given Baſe and Dia- 
meter; but however it be propos d, it will be reduc'd to an 
Equation by the ſame Series of an Analyſis. [Vide Figure 7.] 
Fiz, If the Diameter be ſought, I put AB x, C D Da, 
and B Cor BD=b. Then (having drawn AC) by _— 

g | | | A 
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of the ſimilar Triangles ABC, and CB E, ABR will be to 
BC::BC:BE, or x:b::b:BE. Wherefore, BE — 


2. Moreover, C E is 2 CD, or to 34; and by reaſon of 
the right Angle CE B, CEq B Eq, B , that is, 4 aa þ 


54 


— —bb, Which XAquation, by Reduction, will give the 


Quantity æ ſought. | 

But if the Baſe be ſought, put ABS e, CD x, and 
BCor BD —b. Then (AC being drawn) becauſe of the 
ſimilar Triangles ABC and CBE, there is AB: BC:: 


BC: BE, or c: b:: b: BE. Wherefore BE ==; and 
alſo CE=ECD, or £x. And becauſe the Angle CE B is 
right, CEqT+BEq =BCq, that is, 3 4 * + == bh 


an Æquation which will give by Reduction the ſought Quan- 
But if the Side BC or BD be ſought, put AB —c, CD =4 
and BC or BD—x. Aid (AC being drawn as before) 
by reaſon of the ſimilar Triangles ABC and CBE, AB 
js to BC;:BC:BE, orc: x::x:BE Wherefore BE 
8 Moreover, CE is = CD, or £4; and by reaſon 


8 7 
of the right Angle CEB, CEa+BEq=BC4q, that is 
144 ＋ — xx; and the Æquation, by Reduction, will 


give the Quantity ſought, viz. x. 

You ſee therefore that in every Caſe, the Calculus, by 
which you come to the Æquation, is the ſame every where, 
and brings out the ſame AÆguation, excepting only that | 
have denoted the Lines by different Letters according as | 
made the Data and Ouaſita [different. And from diffrem 
Data and Quæſita there ariſes a Diverſity in the Reduction 
of the Æquation found: For the ReduQion of the qua- 


tion 4 aa + > =bb, in order to obtain x — + 8 


g V 4 b | — ad 

the Value of 4B, is different from the Reduction of the 
- 

; Aquation 4 4 = bb, in order to obtain _ 


Vcc, the Value of CD; and the Reduction of tie 


Aqui: 


KC 


I— 
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Equation 40 a + 75 =XX very different to obtain x 22 


Hie Tic Vet. the Value of BC or BD: (as well 


25 this alſo, 4 44 75 = bb, to bring out c, 4, or b, ought 


to be reduc d after different Methods) but there was no Dif- 
ference in the Inveſtigation of theſe Æquations. And hence 
it is that [ Analyſts] order us to make no Difference between 
the given and ſought Quintities. For ſince the ſame Com- 
putation agrees to any Caſe of the given and ſought Quan- 
tities, it is convenient that they ſhould be conceiv'd and 
compar d without any Difference, that we may the more 
rightly judge of the Methods of computing them; or ra- 
ther it is convenient that you ſhould imagine, that the 
Queſtion is propos d of thoſe [Data and Quæſita] given and 
ſought Quantities, by which you think it is moſt eaſy for 
you to make out your Æquation. 

Having therefore any Problem propos'd, compare the 
Quantitics which it involves, and making no Difference be- 
tween the given and ſought ones, conſi ler how they depend 
one upon another, that you may know what [QuantitiesP 
if they are aſſum'd, will, by proceeding Synthetically, give 
the reſt, To do which, there is no need that you ſhould at 
firſt of all conſider how they may be deduc'd from one ano- 
ther Algebraically ; but this general Conſideration will ſuf- 
ice, that they may be ſome how or other deduc'd by a di- 
re& Connexion — one another}, 

For Example, If the Queſtion be put of. the Diameter of 
the Circle 4 D, and the three Lines 4B, BC, and CD 
inſerib d in a Semi-circle, and from the reſt given you are 
to find BC; at firſt Sight it is manifeſt, that the Diameter 
AD determines the Semi-circle, and then, that the Lines 
AB and CD by Inſcription determine the Points B and C, 
and conſequently the Quantity ſought BC, and that by a 
direct Connexion; and yet after what Mumer B C is to be 
had from theſe Data [or given Quantities] is not ſo evident 
to be found by an Analyſis. The ſame Thing is alſo to be 
underſtood of AB or CD if they were to be ſought from 
the other Data. [Vide Figure 8.] Now, if D were to 
te found from the given Quantities AB, BC, and CD, it 
Is _— evident it could not be done Synthetically ; for 
the Diſtance of the Points A and D depends on the Angles 


B and 
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B and C, and thoſe Angles on the Circle in which the given 
Lines are to be inſcrib'd, and that Circle is not given with. 
out knowing the Diameter A D. The Nature of the Thing 
therefore requires, that A D be 5 not Synthetically, 
but by aſſuming. it [as given] to make thence a Regreſſion 
to the Quantitics given. 
When you ſhall have throughly perceiv'd the different 
Orderings [of the Proceſs] by which the Terms of the Que 
ſtion may be explain'd, make Uſe of any of the Synthetical 
"gang. by aſſuming Lines as given, from which you can 
orm an eaſy Proceſs to others, tho' [the Regreſſion] to 
them may be very difficult. For the Computation, tho it 
may proceed thro' various Mediums, yet will begin [origi- 
nally] from thoſe [or ſuch] Lines; and will be ſooner per- 
form'd by ſuppoſing the Queſtion to be ſuch, as if it was pro- 
pos d of thoſe Data, and ſome Quantity ſought that would 
eaſily come out from them, than by thinking of the Que- 
ſtion [in the Terms or Senſe] it is really propos d in. Thus, 
in the propos d Example, If from the reſt of the Quantities 
given you were to find AD: When I perceive that it can- 
not be done Synthetically, but yet that if it was done fo, [ 
could proceed in my Ratiocination on it in a direct Con. 
nexion [from one Thing] to others, I aſſume AD as given, 
and then I begin to compute as if it was given indeed, and 
ſome of the other Quantities, viz. ſome of the given ones, 
as AB, BC, or CD, were ſought, And by this Method, 
by carrying on the Computation from the Quanrities aſ- 
ſum'd after this Way to the others, as the Relations of the 
Lines [to one another] direct, there will always be ob- 
tain'd an &quation between two Values of ſome one Qu in. 
tity, whether one of thoſe Values be a Letter ſet down as a 
[on or] Name at the Beginning of the Work 
or that Quantity, and the other a Value of it found out 
by Computation, or whether both be found by a Computa- 
tion made after different Ways. 

But when you have compar'd the Terms of the Queſtion 
thus gencrally, there is more Art and Invention requir'd to 
find out the particular Connexions or Relations of the Lines 
that ſhajl accommodate them to [or render them fit for] 
Computation, For thoſe Things, which to a Perſon that 
does not ſo thoroughly confider them, may ſeem to be im. 
mediately and by a very near Relation connected together, 
when we have a Mind to expreſs that Relation Algebrai- 
cally, require a great deal more round-about Proceeding, 


and 
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and oblige you to begin your Schemes anew, and carry on 
your Computation Step by Step; as may appear by finding 
BC from AD, AB, and CD. For you are only to proceed 
by ſuch Propoſitions or Enunciations that can fitly be repre- 
ſented in Algebraick Terms, whereof in particular you have 
ſome from [ Excl.) Ax. 19. Prop. 4. Book 6, and Prop. 47. 
of the firſt. 

In the firſt Place there fore, the Cilculus may be aſſiſted 
by the Addition and Subtraction of Lines, ſo that from the 
Values of the Parts you may find the Values of the whole, 
or from the Value of the whole and one of the Parts you 
may obtain the Value of the other Part. 

In the ſecond Place, the Calculus is promoted by the 
Proportionality of Lines; for we ſuppoſe (as above) that 
the Rectangle of the mean Terms, divided by either of the 
Extremes, gives the Value of the other; or, which is the 
fame Thing, if the Values of all four of the Proportionals are 
firſt had, we make an Equality [or Æquation] between the Re- 
cangles of the Extremes and Means. But the Proportionality 
of Lines is beſt found out by the Similarity of Triangles, 
which, as it is known by the Equality of their Angles, the 
Analyſt ought in particular to be converſant in compari 
them, and conſequently not to be ignorant of Eucl. Prop. 5, 
13, 15, 29, and 32 of the firſt Book, and of Prop. 4, 5, 6, 
7, and 8 of the ſixth Book, and of the 20, 21, 22, 27, and 
31 of the third Book of his Elem. To which alſo may be 
added the 3d Prop, of the ſixth Book, wherein, from the 
Proportion of the Sides is inferr'd the Equality of the An- 
ples, and e contra. Sometimes likewiſe the 36 and 37th 
Prop, of the third Book will do the ſame Thing, 

In the third Place, [the Caijculus] is promoted by the Ad- 
dition or Subtraction of Squares, viz. In right angled Trian- 
gles we add the Squares of the leſſer Sides to obtain the 
Square of the greater, or from the Square of the greater Side 


we ſubtra& the Square of one of the leſſer, to obtain the 


Square of the other 
And on theie few Foundations (if we add to them 
Prop. 1. of the 6th Elem. when the Buſineſs relates to Super- 
ficies, as alſo ſome Propoſitions taken out of the x;th and 
12th of Euclid, when Solids come in Queſtion, the whole 
Analytick Art. as to right-lined Geometry, depends, More» 
over, all the Difficulties of Problems may be reduc'd to the 
ſole Compoſition of Lines out of Parts, and the Similarity 
of Triangles ; fo that there is * Occaſion to make Uſe — 
Other 
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other Theorems ; becauſe they may all be reſolv'd into theſe 
two, and conſequently into the Solutions that may be drawn 
from them. And, for an Inſtance of this, I have ſabjoin'd 
a Problem about letting fall a Perpendicular upon the Baſe 
of an oblique-angled Triangle, [which is] folv'd without 
the Help of the 47th Prop. of the firſt Book of Eucl. But 
altho* it may he of [great] Uſe not to be ignorant of the 
moſt ſimple Principles on which the Solutions of Problems 
depend, and tho' by only their Help any e may 
be ſolvd; yet, for Expedition fake, it will be convenient 
not only that the 47th Prop. of the firſt Book of Excl. whoſe 
Uſe is moſt frequent, but alſo that other Theorems ſhould 
ſometimes be made Uſe of. 

As if [for Example] a Perpendicular being let fall upon 
the Baſe of an oblique angled Triangle, the Queſtion were 
(for the ſake of promoting Algebraick Calculus) to find the 
Segments of the Baſe ; here it would be of Uſe to know, 


that the Nifference of the Squares of the Sides is equal to 


the double Rectangle under the Baſe, and the Diſtance of the 


Perpendicular from the Middle of the Baſis. 

If the Vertical Angle of any Triangle be biſected, it will 
not only be of Uſe to know, that the Baſe may be divided 
in Proportion to the Sides, but alſo, that the Difference of 


the ReQangles made by the Sides, and the Segments of the 
Baſe is equal to the Square of the Line that biſects the 


Angle. 

Ie the Problem relate 'to Figures inſcrib'd in a Circle, 
this Theorem will frequently be of Uſe, vis. that in any 
quadrilateral Figure inſcrib d in a Circle, the Rectangle of 
the Diagonals is equal to the Sum of the ReQangles of the 
oppolite Sides. 

The Analyſt may obſerve. ſevera! Theorems of this Nature 
in his Practice, and reſerve them for his Uſe ; but let him 
uſe them ſparingly, if he can, with equal Facility, or not 
much more Difficulty, hammer out the Solution from more 
fimple Principles of Computation, | 

Wherefore let him take eſpecial Notice of the three Prin- 
les firſt propos d, as being more known, more ſimple, more 
Meral, but a few, and yet ſufficient for all [Problems], 
and let him endeavour to reduce all Difficulties to them be- 
fore others, | l 

But that theſe Theorems may be accommodated to the 
Solution of Problems, the Schemes are oft times to be far- 
3 
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they cut others, or become of an aſſign d Length; or by 


drawing Lines parallel or perpendicular from ſome remarka- 


ble Point, or by conjoining ſome remarkable Points ; as alſo 
ſometimes by conſtructing after other Methods, according ag 


the State of the Problem, and the Theorems which are 


made Uſe of to ſolve it, ſhall require, As for Example, 
If two Lines that do not meet each other, make given 

gles with a certain third Line, perhaps we produce them ſo, 
that when they concur, or mcet, they ſhall form a Triangle, 
whoſe Angles, and conſequently the Reaſons of their Sides, 
ſhall be given ; or, if any Angle is given, or be equal to 
any one, we often complete it into a Triangle given in Spe- 
cie, or ſimilar to ſome other, and that by producing ſome of 
the Lines in the Scheme, or by drawing a Line ſubtending an 
Angle, If the Triangle be an oblique angled one; we often 
reſolve it into two right angled ones, by letting fall a Per- 
pendicular, If the Buſineſs concerns aki [or many 
ſided] Figures, we reſolve them into Triangles, by drawing 
Diagonal Lines; and fo in others; always aiming at this 
End, wiz. that the Scheme may be reſolv'd either into given, 
or ſimilar, or right angled Triangles, Thus, in the Exam- 
ple propos d, I draw the Diagonal BD, that the Trapezium 
ABCD may be reſfolv'd into the two Triangles, ABD a 
right angled one, and BDC an oblique angled one. [Vide 
Figure 9] Then I reſolve the oblique angled one into two 
right angled Triangles, by letting fall a Perpendicylar from 
any of its Angles, B C or D, upon the oppoſite Side; as from 
B upon C D producd to E, that BE may meet it perpen- 
dicularly. But ſince the Angles BAD and BCD make in 
the mean while two right ones (by 22 Prep. 3 Elem.) as 
well as BCE and BCD, I perceive the Angles BAD 
and BCE to be equal ; conſequently the Triangles BCE 


and DAB to be ſimilar, And fo I ſee that the Computa- 


tion (by aſſuming A D. AB, and BC as if CD were ſought) 
may be thus carry'd on, viz, AD and AB (by reaſon of 
the rigat angled Triangle 4B D) give you BD. AD, 
AB, BD, and BC (by reaſon of the ſimilar Friangles 
ABD and CEB) give BE and CE. BD and B; E (by 
reaſon of the right angled Triangle BE D) give ED; and 
ED—EC gives CD. Whence there will be obtain'd an 
EÆquation between the Value of CD ſo found out, and the 
[ſmall Algebraick} Letter that denot:s it. We may alſo 
(and for the greateſt Part it is better ſo to do, than to fol- 


low the Work too far in one continued Sexics) begin the 
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Computation from different Principles, or at leaſt promote 
it by divers Methods to any one and the ſame Concluſion, 
that at length there may be obtain d two Values ot any 
the ſame Quantity, which may be made equal to one ano- 
ther. Thus, AD, AB, and BC, give BD, BE, and CE 
as before; then CD CE gives ED; and, laſtly, BD, 
and ED (by reaſon of the right angled Triangle BED) 
give BE. You might alſo very well form the Computation 
thus, that the Values of thoſe Quantities ſhould be ſought 
between which any other known Relation interceeds, and 
then that Relation will bring it to an Aqtation, Thus, WM you 
fince the Relation between the Lines BD, DC, BC, and MWQu 
CE, is manifeſt from the 1 2th Prop. of the ſecond Book of / 
the Elem. viz. that BDq—BCq —CDqz=2CDxXCE: Wand 
I feek BDq from the atſum'd AD a. AH; and CE from ua 
the aſſum d AD, AB, ani RC, And, laſtly, aſſuming CD Wing 
] make BDS BC (DS CDN CE. After ſuch Wl 
Ways, and led by theſe Sorts of Conſultations, you ought the 
always to take care of the Series of the Analyfis, and of the bel 
Scheme to be conſtructed in order to it, at once. clu 
Hence, I believe. it will be manifeſt what Geometricians me 
mean, when they bid you imagine that to be already done f 
which is ſought, For making no Difference between the de 
known and unknown Quantities, you may aſſume any of Wu! 
them to begin your Computation from, as much as if all Ine 
had [indeed] been known by a previous Solution, and you Who! 
were no longer to conſult the Solution of the Problem, but be 
only the Proof of that Solution. Thus, in the firſt of the Wire 
three Ways of computing already deſcribed, altho' perhaps W= 
AD be really ſought, yet 1 imagine C D to be the Quan- Wis 
tity ſought, as if 1 had a mind to try whether its Value Ne. 
Geriv'd from AD will coincide with [or be equal to] its Ws. 
Quantity before known, So alſo in the two laſt Methods, ch 
I don't propoſe, as my Aim, any Quantity to be ſought, 
but only ſome how or other to bring out an Æquation from Wy 

the Relations of the Lincs: And, for ſake of that Buſineſs 
I aflume all [the Lines] AD, AB, BC, and CD as known, Noi 

as much as if (the Qucſtion being before ſolv'd) the Buſi- 
neſs was to enquire whether ſuch and ſuch Lines would ſa- in 
tisfy the Conditions of it, by [falling in or] agreeing with MW" 
any Æquations which the Relations of the Lines can exhi- 
bit. 1 enter d upon the Buſineſs at firſt Sight after this 
Way, and with ſuch [Sort of] Conſultations ; but when I 
arrive at an Æquation, I change my Method, and endeavour 
| | to 
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to find the Quantity ſought by the Reduction and Solution 
of that Æquation. Thus, laſtly, we aſſume often more 
Quantities as known, than what are expreſs d in the State of 
the Queſtion. Of this you may ſee an eminent Example 


in the 42d of the following Problems, where I have aſſamd 


a, b, and c, in the Æquation a + bx +c x* y for deter- 
mining the Conick Section; as alſo the other Lines r, s, t. v, 
of which the Problem, as it is propos'd, hints nothing. For 
you may aſſume any Quantities by the Help whereof it js 
poſſible to come to Æquations; only taking this Care, that 
vo obtain as many Aquations from them as you aſſume 
 W Quitities really unknown, 
After you have conſulted your, Method of Computation, 
and drawn up your Scheme, give Names to the Quantities 
that enter into the Computation, (that is, from which be- 


laſt you come to an Æquation) chuſing ſuch as involve all 
the Conditions of the Problem, and ſeem accommodated 
before others to the Buſineſs, and that ſhall render the Con- 
cluſion (as far as you can gueſs) more ſimple, but yet not 
more than what ſhall be ſufficient for your Purpoſe, Where- 
fore, don't give proper Names to Quantities which may be 
denominated from Names already given. Thus, from a 
whole Line given and its Parts, from the three Sides of a 
right angled Triangle, and from three or four Proportionals, 
ſome one of the leaſt conſiderable we leave without a Name, 
becauſe its Value may be deriv'd from the Names of the 
reſt, As in the Example already brought, if I make 4D 
=x, and AB 4. I denote BD by no Letter, becauſe it 
is the third Side of a right angled Triangle A BD, and con- 


ſequently its Value is xx — aa. Then if I ſay BC b, 
fince the Triangles DAB and BCE are fimilar, and thence 
the Lines AD: AB:: BC: CE proportional, to three 
whereof, viz. to AD, AB, and BC there are already 
Names given; for that reaſon I leave the fourth CE with- 


out a Name, and in its room I make Uſe of 2 difcover'd 


; from the foregoing Proportionality, And fo if DC be called 
I give no Name to DE, becauſe from its Parts, DC and 


b 
| CE, orc and 7. its Value c + 2 comes out. [Vide Fi- 
| g e 10, ] | 
' 
, 


ing aſſum' d the Values of others are to be deriv'd, till at 


But 
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But while I am talking of theſe Things, the Problem it 
almoſt reduc'd to an Æquation. For, after the aforeſail 
Letters are ſet down for the Species of the principal Lines 
there remains nothing elſe to be done, but that out of thoſe 
Species the Values of other Lines be made out according to 
a preconceiv'd Method, till afrer ſome foreſeen Way they 
come to an Æquation. And I can fee nothing wanting in 
this Caſe, except that by [means of] the right angled Tri. 
angles BCE and BDE I can bring wy Want Value of 

; 44 
BE, ViIke B Cq 0 C Eq (or bb — 2 = B Eq ; as alſo 
SY 24bC _aabb 
B Dq—DE9q (or ENS Bn Cp 755 


4 abb 
270 1th 
abc 


2 f / 
5 which 
* | 


B Eg. And hence blotting out on both Sides 


have the Aquation b b Xx x - 44 — Cc 


| +44 | 
being reduc'd, becomes x = + bb x + 24bc. 


cc 
But ſince I have reckon'd he, ME Methods for the $. 
Jution of this Problem, and thoſe not much unlike ſan 
another] in the precedent [Paragraphs], of which thu 
taken from Prop. 12. of the ſecond Book of the Elem. be- 
ing ſomething cleverer than the reſt, we will here ſubjoin it 
Make therefore AD=x, AB=a, BC=b, and CD, 


and you'll have B Dg.=xx—4a, and CE 25 as befor, 


Theſe Species therefore being ſubſtituted in the Theorem fo 
BDq —BCz—CDq=z2CD xCE, there will ariſe xx= 


| ad 
2, and after Reduction, & = -+ bbs 


| . + cc 
+ 24bc, as before. 

But that it may appear how great a Variety there is i 
the Invention of Solutions, and that it is not very difficult 
for a prudent Geometrician to light upon them, I hare 
thought fit to teach [or ſnew] other Ways of doing t! 
fame Thing, And having drawn the Diagonal BD, if in 
room of the Perpendicular B E, which before was let fil 
from the Point B upon the Side D C, you now let fall a Pe 


44 — bb— 2 


pendicular from the Point D upon the Side BC, or fron 


© =, +. teahg AQ ©, m 


SY 


— - 


— r fot gum ala es «<< wt cs —y — 


950 


the Point C upon the Side B D, by which the oblique angled 
Triangle BCD may any how be reſolv'd into two right 


thods I have already deſcrib'd to an Æquation. And there 
are other Methods very different from theſe ; as if there are 
drawn two Diagonals, AC and BD, BD will be given by 
affuming AD and AB ; as alſo AC by aſſuming AD and 
CD; then, by the known Theorem of Quadrilateral Fi- 
cures inſcrib d in a Circle, viz, That AD x BC+ AB x 
CD is = AC x BD, youll obtain an Æquation. [ide Fi- 
gere 11.] Suppoſe therefore remaining the Names of the 
Lines AD, AB, BC, CD, viz. x, 4, b, c, BD will be = 


Irr- 44, and AC V ec, by the 47th Prop. of 


the firſt Elem. and theſe Species of the Lines being ſubſti- 
tuted in the Theorem we juſt now mention'd, there will 


come out xb + 4c VX x Var 48 The Parts 
of which Aquation being ſquar d and reduc'd, you'll again 

＋4 4 | | * 
have & = + bb x + 2abc. 


Tec 
But, moreover, that it may be manifeſt after what Man- 


ner the Solutions drawn from that Theorem may be thence 
reduc'd to only the Similarity of Triangles, erect B H per- 
pendicular to BC, and meeting AC in , and there will be 
form'd the Triangles BCH, B D A ſimilar, by reaſon of 


the right Angles at B, and equal Angles at C and D, (by 


the 21. 3« Elem.) as alſo the Triangles BCD, B HA [which 
ze alſo] ſimilar, by reaſon of the equal Angles both at B, 
(u may appear by taking away the common Angle DB H 
from the two right ones) as alſo at D and A (by 21. 3 
Elem.) You may ſee therefore, that from the Proportiona- 
iy B D: AD: : BC: HC, there is given the Line HC; 
as alſo AH from the Proportionality B D: CBE: : AB 
: AH, Whence ſince AH HCS AC, you have an - 
quation, The Names therefore aforeſaid of the Lines re- 
mining, viz. x, 4, b, c, as alſo the Values of the Lines AC 


and BD, viz. xx —cc and xx —aa, the firſt Pro- 
— „and the ſecond 


portionality will give HC = 


v xx —44 | 
Whence, by reaſon of AH 
+ HC 


1 . * CA 
will give AH = = . 
XX=—=AA 


angled Triangles, you may come almoſt by the ſame Me- 


WW 

1 

% 

| ; 
4% 
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bx T4 


*+HC= 4G youll have Vzx—as 


Aquation which (by multiplying by vx - 44, and by 
fquaring) will be reduc'd to a Form often deſcrib'd in the 
preceding Pages. : 

But that it may yet farther appear what a Plenty of So- 
lutions may be found, produce BC and AD till they meet 
in P, and the Triangles AB F and CDF will be ſimilar, 
becauſe the Angle at F is common, and the Angles A 
and CDF (while they compleat the Angle CD A to two 
right ones, by 13, 1. and 22, 3 Elem.) are equal. [Vide 
Figure 12.] Wherefore, if beſides the four Terms which 
compoſe the Queſtion, there was given AF, the Proportion 
AB: F:: CD: CF would give CF. Alſo AF— AD 
would give DF, and the Proportion CD:DF:: AB: BT 
would give BF; whence (ſince B F- CFS BC) ther 
awould ariſe an Xquation, But ſince there are aſſum'd two 
unknown Quantities as if they were given, there remains 
another Aquation to be found. I let fall therefore BG at 
right Angles upon AF, and the Proportion AD: AB:: 
AB: 4G will give AG ; which being had, the Theorem 
in the 13, 2 Eucl. viz, that BFq + 2F AG = ABq+ 

AFq will give another Æquation. 4, b, c, x remaining 
therefore as before, and making AF —y, you'll have (by 


infiling on the Steps already lid down) 7 = CF. y—x= 


DF. — 2 BE. And thence 2 —b, 


C 4 


the firſt Æquation. Alſo = will be = AG, and conſe- 


ICE ES Yo ith 
the ſecond Æquation. Which two, by Reduction, will give 


the Æquation ſought, viz, The Value of y found by the firſ 


3 2 8 which being ſubſtituted in the ſe- 


cond, will give an Æquation, from which rightly order 


quently 


Egquation is 


7 — 


44 
will come out x* = + bb x + 2abc, as before. 
| Tec 


And 


1 PRI vv oct 


/ 


L 97 ] 


And fo, if AB and DC are produc'd till thty meet one 
another, the Solution will be much the ſame, unleſs perhaps 
it be ſomething eaſter, Wherefore 1 will ſabjoyn another 
by Wl Specimen of this [Problem] from a Fountain unlike 
the MW the former, viz. by ſeeking the Area of the Quadrilateral 

Figure propos d, and that doubly. I draw therefore the 
- Diagonal B D, that the Quadrilateral Figure may be re- 
ect ſolv d into two Triangles. Then uſing the Names of the 


lar, Lines x, 4, b, c, as before, I find BD = //xx—aa, and 
tay xx —a4 (= +AB x BD) the Area of the Triangle 


1 ABD. : Moreover, having let fall B E perpendicularly upon 
ihc you'll have (by reaſon of the ſimilar Triangles AB D, 
* BCE) AD: BD :: BC: BE, and conſequently BE — 5 
BE | be 


er / 44. Wherefore alſo 2 VX —44 (=+CDx 
"0 Wh ZE) will be the Area of the Triangle BCD, Now, by 
at adding theſe Area's, there will ariſe whey Xx —an, 


em the Area of the whole Quadrilateral, After the ſame Way, 
+ by drawing the Diagonal AC, and ſeeking the Area's of the 
ing Triangles AC D and ACB, and adding them, there will 
by Wh again be obtain'd the Area of the Quadrilateral Figure 


= — xx cc. Wherefore, by making theſe Area's 
„aqua, and multiplying both by 2x, you'll have ax + bc 
Vxx—aa = cr +ba vVxx—cc, an Æquation which, 
e. by ſquaring and dividing by aax — cc x, will be reduc'd to 


+ 44 
| the Form already often found out, x* + bb x + 2abc. 
, + ce 
Hence it may appear how great a Plenty of Solutions may 
be had, and that ſome Ways are much more neat than o- 
thers, Wherefore, if the Method you take from your firſt 
Thoughts,for ſolving a Problem, be but ill accommodated to 
Computation, you muſt again conſider the Relations of the 
Lines, till you ſhall have hit on a Way as fit and elegant as 
poſſible. For thoſe Ways that offer themſelves ar firſt Sight, 
may create ſufficient Trouble, perhaps, if they are made Ute 
of, Thus, in the Problem * 8 been upon, — 
w 
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would have been more difficult than to have fallen upon the 
following Method inſtead of one of the precedent ones 


(om Figure 13.] Having let fall BR and CS perpendicy. 


ar to AD, as alſo CT to BR, the Figure will be reſoly 
into right angled Triangles, And it may be ſeen, that 4D 
and AB give AR, AD and CD give SD, AD — AR 
—SD gives KS or TC, Alſo AB and AR give BR, 
CD and SD give CS or TX, and BR—TR gives BT, 
Laſtly, BT and TC give BC, whence an Aquation will be 
obtain'd. But if any one ſhould go to compute after this 
Rate, he would fall into larger [and more perplex d] Alge- 
braick Terms than are any of the former, and more difficul 
to be brought to a final Aquation. | 

So much for the Solution of Problems in right lined Geo- 
metry ; unleſs it may perhaps be worth while to note more. 
cover, that when Angles, or Poſitions of Lines expreſs'd by 
Angles, enter tlie State of the Queſtion, Lines, or the Pro- 
portions of Lines ought to be uſed inſtead of Angles, viz, 
ſuch as may be deriv'd from given Angles by a Trigonome- 
trical Calculation ; or from which being found, the Angles 
ſought [will] come out by the ſame Calculus, Several In- 
ſtances of which may be ſeen in the following Pages. 

As for what belongs to the Geometry of Curve Lines, 
we uſe to denote them, either by deſcribing them by the 
local Motion of right Lines, or by uſing Æquations indef. 
nitely expreſſing the Relation of right Lines diſpos'd [in 
order] according to ſome certain Law, and ending at the 
Curve Lines. The Antients did the ſame by the Sections of 
Solids, but leſs commodiouſly. But the Computations that 
regard Curves deſcrib'd after the firſt Way, are no otherwiſe 
perform'd than in the precedent Pages.] As if AKC bea 
Curve Line defcrib'd by K the Vertical Point of the Square 
AK, whereof one Leg AX freely ſlides through the Point 
A given by Poſition, while the other Ko of a determinate 
Length is carry d along the right Line 4D alſo given by 
Poſition, and you are to find the Point C in which any 
right Line CD given [alſo] by Poſition ſhall cut this 
Curve: | draw the right Lines AC, CF, which may repreſent 
the Square in the Poſition ſought, and the Relation of the 
Lines (without any Difference [or Regard] of what is given 
or ſought, or any Reſpect had to the Curve) being conſi- 
der d, I perceive the Dependency of the others upon C F and 
any of theſe four, viz. BC, BF, AF, and AC to be Syn- 
therical, two whereof I therefore aſſume, as C Fg 4, and 

; . CB 
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CB x, and beginning the Computation from thence, I 
| ——— 4 
preſently obtain BF — Vaa—zxx, and MB a IR 


Va xx, 
by reaſon of the right Angle CB F, and that the Lines BF 
BC: : BC: AB ate continual Proportionals. Moreover 
from the given Poſition ot CD, AD is given, which 1 
therefore call b, there is alſo given the reaſon of BC to 


BD, which J make as d toe, and you have B D 7. and 
AB =b—— [Vide Figure 14.] Therefore þ — 7 = 

& x 5 8 
9 =, an Equation which (by ſquaring its Parts and 
multiplying by 44—#x) will be reduc'd to this Form, 
„ 2bdex? Tier- a0 +aabbdd. 


e 
KF dd Tee 


Whence, laſtly, from the given Quantities 4, b, d, and e, 
x may to be found by Rules hereafter to be given, and at 
that nterval [or Diſtance] x or BC, a right Line drawn 
parallel to AD will cut CD in the Point ſought C. 


Now, if we don't uſe Geometrical Deſcriptions but E- 
quations to denote the Curve Lines by, the Computations 
will thereby become as much ſhorter and eaſter, as the gain- 
ing of ' thoſe Xquations can make them. As if the Inter- 
ſetion C of the given Ellipſis 4CE with the right Line 
CD given by Poſition, be ſought. To denote the Ellipfis, I 

7 


take ſome known Aquation proper to it, as Fx -A x 


7 
=7), where x is indefinitely put for any Part of the Axis 
Abor AB, and y for the Perpendicular bc or BC termi- 
nated at the Curve; and r and ꝗ are given from the given 
Fpecies of the Ellipſis. [Vide Figure 15.) Since therefore 
CD is given by Poſition, A D will be alſo given, which 
call az and B D will be a—x ; alſo the Angle ADC will 
be given, and thence the Reaſon of B D to BC, which call 
to e, and BC (y) will be =ea—ex, whoſe Square 


et 4 - 2c + eexx will be equal to rx— x. And 
O 2 thence 
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| ꝛdee x T == ddee 
thence by Reduction there will ariſe xx - = FS "1 
| 5 


dee T rar f 22 


2 - 
ce + 7 

Moreover, altho' a Curve be denoted by a Geometrical 
Deſcription, or by a Section of a Solid, yet thence an Xqua- 
tion may be obtain'd, which ſhall define the Nature of the 
Curve, and conſequently all the Difficulties of Problems 
propos'd about it may be reduc'd hither. 0 

Thus, in the former Example, if AB be called x, and 


BC y, the third Proportional BF will be 27 , whoſe Square, 

together with the Square of BC, is equal to C Eg, that i, 
4 

I TI =aa; or y! + xxyy=aaxx, And this is an 


Aquation by which every Point C of the Curve A KC, x 
greeing or correſponding to any Length of the Baſe (and 
conſequently the Curve it ſelf) is defin'd, and from whence 
conſequently you may obtain the Solutions of Problems pro- 
pos'd concerning this Curve, | 
 Afﬀcer the ſame Manner almoſt, when a Curve is not given 
in Specie, but propos d to be determin'd, you may feign an 
Mquation at Pleaſure, that may generally contain its Na- 
ture, and aſſume this to denote it as if it was given, that 
from its Aſſumption you can any Way come to Aquations 
by which the Aſſumptions may be determin'd ; Examples 
whereof you have in ſome of the following Problems, which 
I have collected for a more full Illuſtration of this Doctrine, 
and which I now procecd to deliver, 


or x 


PRo- 


22 = © hy | 
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PROBEEM I. 


Having a finite right Line BC 2 from 5 
A, CA are 


whoſe Ends the two right Lines 

drawn with the given . ABC, ACB; to 
find AD the OS the Concourſe A, [or 
the Point of their Meeting] above the given 
Line BC. | Vide Figure 16. 


Ake Bc =a, and AD=y ; and ſinoe the Angle AB D- 

is given, there wil] be given (from the Table of Sines' 
or Tangents) the Ratio between the Lines AD and B D which 
make as d to e. Therefored:e:: AD : BD, Where- 


8 fre BD = 4. In like Manner, by reaſon of. the given 
EU | 

; Angle ACD there will be given the Ratio between AD. 
nd and DC, which make as d to f, and you'll have pc. 
1 

o- 


en bat by enultiphying bach Parts of the Feen by d, and 
bf filing by e+/, becomes yrs 


= | PROBLEM IL 


ch WW The Sides AB, AC of the Triangle ABC being 
de, given, and alſo the Baſe BC, which the Per- 
pendicular AD [let fall] from the Vertical 
Angle cuts in D, to find the Segments BD and 
DC. [ Vide Figure 17.] 


ET AB=a, AC=b, BC=c, and B DA, and DC 

will =c— x. Now ſince A Bg—B Dg (aa—xx) = 

ADg; and AG — DC- ce t 268 - MA) = A Dg; 
youll have a44—zyt=bb—cc+2cx—xx; which 


Reduction becomes . 


bt BD DC c thatis, 7 Z=. Which . 


n 


—Um—:k 2 . 
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But that it may appear that all the Difficulties of all Pro. 
blems may be reſolv d by only the Proportionality of Lines, 
without the Help of the 47 of 1 Excl. altho not without 
round about Methods, I Lc fit to ſubjoyn the follow. 
ing Solution of this problem over and above. From the 
Point N let fall the Perpendicular D E upon the Side 4, 
ahd the Names of the Lines, already given, remaining, 100 I 
have AB: R D:: BD: 3E. 


41 1 nn, And B A—BE Abel 


AD: 45 AB, and conſequently E A x AB(aa—xx) 
= 4Da. _ fo, by reaſoning about the Triangle AC U, 
there will be found again A Dq =bb—tic+ 20 — uA 


Wbence you o vill obtain as before e or] 


5 


— o 


a * 
. JLIYZ 8 = 


PROBLEM 10. 


The Area and Perimeter of the right ” angled 
Triangle ABC being Ek 2 oy the © . 
theme BC. [ide Figure 18 5 


„ 


ET the "ant? be [called] ia, the Area bb, make BC 


=, and AC=y then will AB — Vzz—)) Jy ;, whence 
again the Perimeter” (BC + AC 2 AB)'is x + » + 


vx x , and the Area (E ACx AB) is z Vxx—1) 
—bb. Therefore . * 1 Tn = 4, and 3) 
var = bh... 3% I} "> 

, 200 


©'The Wer, of theſe Equations _ 15 N 3 J= 


A. 


wherefore I write Va. for * r in the formin ho 
tion, that the Aſymmetry may be taken away; and there 
ä FOmes out x 3 1+ „5 S4, or multiplying by 55 and or- 
dering (the Xquation] 5524 xy — 2bb. Moreover, 


trom the Parts of the former quation I take away x +), 


and there remains Vr - =4—x—y, and ſquaring 
the Parts to take away again the Aſymmetry, there comes 
out æ X — Jy = 44 — 24X — 24y + xx + 2x3 +7), 
which or der d and divided by 2, becomes 11 =4)—*) 


+ 44 
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+ 43x — 544. Laſlly, making an Equality betu een the 2 
Values of yy, I have 1 —X3—2bb=ay==xy + ax 


a > 2 
144, which reduc'd becomes 32 — — = 


The ſame otherniſe. 


let; the Perimeter = = 4, the Area = bb, and B Cx. 
and ACS AB=24=x, Now ſince x2 (BCg) 8 
40 + Ag, and 4bb = 2 ACx AB, TAI will will 


AG + ABA 2ACXx AB —to the Square of ACH AB 


= to the Square of eee c te That is, 
2 * 444 — 4 + xx, rd becomes 


A | 297} 
* 


PaoVLEM 'TF. 


Having given the Area, Perimeter, and one 0 
the Angles A of any Triangle ABC. to deter- 
mine the reſt. [Vide Figure 19.]J * 


ET the Perimeter be' S, and the Area = bb, and from 
either of the unknown Angles, as C, let fall the Perpen- 
dicular C D to the oppoſite Side AB ; and by reaſon of the 
given Angle A, AC will be to CD in a given Ratio, ſup- 


poſe as d to e. Call therefore AC &, and CD will = 


by which divide the double Area, and there will * out 


Ak. Add AD (viz A= 5g, or 2 


Vad ee) and chere will come be ＋ 3 7 * 


dd - ee, to the Square whereof add C Dq, and as will 


4b*dd = 
oy Be: | x + Vd =. Moreover, 


from the Perimeter take! away ACand 4B, and there will 


ariſe - 


1590 b* dd 
4bbq  40*d 


ce eexx 


make 1 
the 
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the Square _ found; and negleQing the Equivaleny 
4abbd 


DI" 
2. * by aſſuming 4af for the given Term 


44 4. Au, and by reducing become 
LL 


you'll have ＋* vVdd—ee = 44 — 24% — 


OED] or 226 V 


The ſame Equation would have come * alſo by ſeeking 
the Leg 4B ; for the Sides 4Band AC are indifferenth 
alike to all the Conditions of the Problem. Wherefore if 


AC be made -f , 4B will =f + 


8 and reciprocally ; and the Sum of theſe 27 
fubtrated from the Perimeter, leaves the third Side BC= WM" 


4— 2. | | k 
Having given the Altitude, Baſe, and Sum of 
the Sides, to find the Triangle. a 


the dum of the Sides Sc, and their Semi-difference— x; 

the greater Side as B C , and the leſſer AC= 
6. Subtract CDq from CB, and alſo from AC, and 
hence will BD = v ce + - 262 +z&—44, and thence 
AD Vcc-ꝛc +22 —4a, Subtract alſo 4B from BD, 
and AD will again = Vee + 262 + zz —aa—2 
Having now ſquared the Values of AD, and order'd the 
Terms, there willariſe bb-þe2.=bv/7c Tac Ter 
Again, by ſquaring and reducing into Order, you'll obtain 
cer bez = bbec — bas — þ4, And z=b 


Vi- — =” 'Whence the Sides are given. 


Es the Altitude CD 4, half the Baſis 45 b, half 


PRO- 


t tos 3 


PROBLEM VI. 


aving given the Baſe AB, and the Sum of the 
Sides AC BC, and alſo the Vertical Angle 
C, to determine the Sides. [ Vide Figure 2c.] 


Ake the Baſe — «, half the Sum of the Sides = b, and 
half the Difference r, and the greater Side BC will be 
=b+ x, and the leſſer 4C = b— x. From either of the 
unknown Angles A let fall the Perpendicular A D to the 
oppoſite Side BC, and by reaſon of the given Angle C there 
will be given the Ratio of AC to CD, ſuppoſe as d to e, 


and then CD will = TR Alſo, by 11, 2 Elem; 


A- ABq+BC „ 2bb + 2xx—aa x 
2f BC , that is, 2 2 9 


„ad fo you have an Æquation between the Values of CD, 
And this reduc'd, x becomes — 22 + 2b - 24 bb. 


| 2d +2e 
whence the Sides are given. 

If the Angles at the Baſe were ſought, the Conclufion 
would be more neat, as draw E C biſecting the given Angle 
and meeting the Baſe in E; and AB: AC+BC (:: AE 
40) :: Sine Angle ACE : Sine Angle AEC; and if from 
the Angle A EC, and alſo from its Complement BEC you 
xy 5 the Angle C, there will be left the Angles A BC 

B AC. 


PROBLEM VII. 


Having given the Sides of any Parallelogram 
AB, BD, DC, and AC, and one of the Di- 
agonals BC, to find the other Diagonal A D. 
[Vide Figure 21.J 


ET E be the Concourſe of the Diagonals, and to the 
Diagonal BC let fall the Perpendicular AF, and by 

the 13. 2 Elem. ALS = CF. And alſo 
P 40 
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AG —AEtEQ cg. Wherefore fince EC=4BC a 


2 EC 
| AG— AB9+ BG A- Abe 
and having reduc'd, AD V 2 ACq + 2ABq—BCzq. 
Whence, by the by, in any Parallelogram, the Sum d 

the Squares of the Sides is equal to the Sum of the Square, 
of the Diagonals. 


PRoBLEM VIII. 


Having given the Angles of the Trapeziun 

ABCD, alſo its Perimeter and Area, to deter- 
mine the Sides, | Vide Figure 22.] 

1 

Roduce 7 two of the Sides AB and DC till they meet 

in E, and let AB x, and BC—y, and becauſe al 

the Angles are given, there are given the Ratio's of B( 

to CE and BE, which make d to e and f; and CE will be 

7. and BE — . and conſequently AE — x + 7 

There are alſo given the Ratio's of AE to AD, and d 

AE to DE; which make as g to d, and as htod; and 


AD will W e and ED= ETD, and conſe. 


1 
quently (Db. E- and the Sum of all the 


Sides x + y + 2 1 + EP 2, which, finceit 


is given, call it 4, and the Terms will be abbreviated by 


writing P for the given 1+ 27 - and 2 for the given 


r 
1 N on b 
1 the 
1 * + jo and you'll have the Æquation l 
2. 

Moreover, by Reaſon of all the Angles given, there is 
given the [Ratio or] Reaſon of BCq to the Triangle BCE, 


which make as m to n, and the Triangle BCE==— Yy 
There is #lſo given the Ratio of AEq to the i 


4 
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ADE; which make 22 »tod; and the Triangle ADE 
eil be = SEEN TIT, wpherefore, | fince the 


d m 


Area AC, which is the Difference of thoſe Triangles, is 


giren, let it be hb, and = D 
”m 


will be =bb. And ſo you have two Æquations, from [or 
by] the Reduction whereof all is determin d. Vix. The 


Equation above gives N. and by writing- 


— for & in the laſt, there comes out 


5 i 
drraa— 2dqray+dagyy + 2aſry — 2fgyy + . _ 
— re ee EE re er n—n——_ a ” 7 — 


am 


= there ariſes yy =2ty Tt, ry = t Tit + tv 


PROBLEM IX. 
Jo ſurround the Fiſb-Pond ABCD with a Walk 


ABCDEFGH of a given Area, and of 


the ſame Breadth every where. [Vide Fi- 
gure 23.) | 


| ET the Breadth of the Walk be x, and its Area 4 4. 
j And, letting fall the Perpendiculars AK, BL, B M, 
(N, CO, DP, D, Al, from the Points A, B, G D, to 
the Lines EF, FG, G H, and HE, to divide the Walk into 
the four Trapezia IK. LM, NO, P ©, and into the four 
| Parallelograms AL, BN, CP, DJ, of the Latitude x, and 
of the ſame Length with the Sides of the given Trapezium. 
Let therefore the Sum of the Sides (A B + BC+ CD + 
| DA) Sb, and the Sum of the Parallelograms will be 


| =bs, | 


P 2 More- 


6—— — 9 = or.» w 


W : 
_—__ ** 
— =q 


, 
. 
4 


— 
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Moreover, having drawn AE, BF, CG, DH; ſing 
1 is = AK, the Angle AE1 will be — Angle AEx 
=EIEK, ox + DAB. Therefore the Angle AE I is given, 
and conſequently the Ratio of A to IE, which make az 


d to e, and IE will be = © 


1 
or £ x, and the Area of the Triangle AE will be S 72 
But by reaſon of equal Angles and Sides, the Triangle, 
AE and AEK are equal, and conſequently the Trapezi. 


e & * 


um IX (= 2 Triang. AEI) — = In like manner, by 


putting BL:LF::d :f, and CM: MNG: : d: g, and DP 
:DH:: d: h. (for thoſe Reaſons are alſo given from the 
given Angles B, C and D) you'll have the — LM 


| fxx ': 73H hx x CAA 
==" NO= 4 and P O — FI Wherefore 2 


=_ 75 ＋ 45 -+ We or 155 by writing p for e +f 
+ g Ab will be equal to the four Trapeziums /K + LM 
+NO+P O; and conſequently 1175 + b will be equal 
to the whole Walk 44. Which Equation, by dividing al 
the Terms by P and extracting its Root, x will become 


Multiply this into £ 41 


y 
WIRES 249 F449, And the Breadth of th 
Walk being thus Fond, it is eaſy to deſcribe it. 


PROBLEM X. 


From the given Point C, to draw the right Lint 
CF, which | together] with two other right 
Lines AE and AF given by Poſition, 14 
compre bend [or conſtitute} the Triangle AEF 

e 4 given Magnitude. | Vide Figure 24. 

RAW CD parallel to 4 E, and CB and E G perpen- 

dicular to AF, and let A Da, CB Ab, and AF 

=#, and the Area of the Triangle AE FP cc, 7 

mag, þ . | on 


3; RE 1 I 
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reaſon of the proportional Quantities DE MFG Et 
— . .* * . . — 

AE) :: CB: EG, that is, pare will be 

ke. Multiply this into 3 AF, and there will 

- . 


bxx : 
come out — TI> the Quantity of the Area A EF, which 


is cc. And ſo the &quation being order'd [rightly] x x 


Las —— ego. © 3 LY 2ccab 

After the ſame Manner a right Line may be drawn thro 
2 given Point, which ſhall divide any Triangle or Trapezi- 
um in a given Ratio. 


PRoBLEM XI. 


To determine the Point C in the given right 
Line DF, from which the right Lines AC 
and BC drawn to two other Points A and B 
given by Poſition, ſhall have a given Diffe- 
rence. [ Vide Figure 25. ] 


ROM the given Points let fall the Perpendiculars 4D 
and B F to the given right Line, and make AD — a, 


BEF=b, DF=c, DC=x, and AC will = vaa+ xx, 
FC=x—c, and BC=vbb+xx—2cx+ce, Now 
let their given Difference be d, AC being greater than BC'x 
Vid will = Vb T 2c Pee. And 
ſquaring the Parts aa + xx + dd —- 2d V aa+ xx =bb 
+ xx—2cx+cc, And reducing, and for Abbreviation 
ſake, writing 2ee inſtead of the given [Quantities] 44 
+dd—bb—cc, there will come out ee+cxr=d x 


Vaa+ xx. And again, having ſquared the Parts e. + 
ꝛcee x Feexx=ddaab+ ddxx. And the Aquation 
2eecx Te —agdd | 


dd—cc , 
3 + ve*dd —aad* + aaddce 


dd - cc * 


i 


being reduc'd x x = 
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The Problem will be refolv'd after the fame Way, if the 
Sum of the Lines AC and BC, or the Sum of the Difference 
of their Squares, or the Proportion or Rectangle. or the 
Angle comprehended by them be given: Or alſo, if inſtead 
of the right Line DC, you make Uſe of the Circumference 
of a Circle, or any other Curve Line, ſo the Calculation (in 


this laſt Caſe eſpecially) relates to the Line that joyns the 
Points A and B. 


PROBLEM XII. 


To determine the Point Z, from which if four 
right Lines ZA, ZB, ZC, and ZD are drawn 
at given Angles to four right Lines given by 
Poſition, viz. FA, EB, FC, GD, the Rectan- 

gle of two of the given Lines ZA and ZB, 
and the Sum of the other two ZC and Z} 
may be given, [ Vide Figure 26.] 


Fun among the Lines chuſe one, as FA, given by Poſi- 
tion, as alſo another, Z A, not given by Poſition, and 
which is drawn to it, from the Lengths whereof the Point 
Z may be determin'd, and produce the other Lines given 


by Poſition till they mect theſe, or be produc'd farther out i 
if there be O-cafion, as you ſee [here], And having made 

EA—x, and AZ—y, by reaſon of the given Angles of 
the Triangles A EH, there will be given the Ratio of AE 


to 4H, which make as p to 3, and AH will be — "| 


Ald AZ, and Z H will be = » 1 And thence, ſince 


by reaſon of the given Angles of the Triangle JI Z B, there 
is given the Ratio of HZ to BZ, if that be made as u to 


+ 9x | a : 
p youll have ZB EL. Moreover, if the given EF 


be called a, AF will = 4— x, and thence, if by reaſon of 


the given Angles of the Triangle AFI, AF be made 


to Al in the ſame Ratio as p tor, A will become 


2 Take this from AZ and there will remain 


Iz 
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r by reaſon of the given Angles of 


Z A- 


Ratio as m to p, Z C will become eee After 


m 
the ſame Way, if you make EGS. AG: AK: 1:5. 
and . there will be obtain; d Z D — 
A = 


Now, from the State of the Queſtion, it the Sum of the 
two [Lines] ZC and ZD, POE + ED 
be made equal to any given one; and the Rectangle of the 
other two 2 2 de made — gg, youll have two E- 
quations for determining x and y. By the latter there comes 
out = , and by writing this Value of x in 
the room of that in the former Æquation, there will come 


G rn 


nl Ef; and by Reduction 75 = P 72 


w_ arenen, and for 


p | — I 

r Abbreviation fake, writing 26 for E72 g 

ER ggmns—ggpn n 
. "IA r * 

; | ee ele en ae 17 = 


2A, or y=h+ VPDATII. And ſince y is known 
"* by means of this Aquation, the Aquation 22 — 


will give x, Which is ſufficient to determine the Point ⁊. 
Alfter the ſame Way a Point is determin'd [or may be de- 
CF _— from which other right Lines may be drawn to 

more or fewer right Lines given by Poſition, ſo that the Sum, 
of or Difference, or Rectangle of ſome of them may be given, 
ide Jer may be made equa] to the Sum, or Difference, or Rectan- 
me ele of the reſt, or that they may have any other aſſign'd 
zin Conditions. a 


Ia | PRO. 


the Triangle /CZ, if you make 1Z to Z C in the ſame 


2 
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PROBLEM XIII. 


To ſubtend the right Angle EAF with the right 
Line EF given in Magnitude, which ſhall 
paſs ——_ the given Point C, [ which ſhall 
be] equidiſtant from the Lines that compre- 
bend the right Angle (when they are produc'd), 


LY 


[ Vide Figure 27.] 


Omplete the Square AB CD, and biſe& the Line Ep 

in G. Then call CB or CD, a; E G or FG, b; and 
CG, x; and CE wil & —b, and CF —=x+b. Then 
ſince . e hag „BF will = v zxz+2bx+bb—as 
Laſtly, by reaſon of the ſimilar Triangles CDE, FBC, 
CE: CD:: CF: BF, or x—b:a::ixÞb: 
vVxx+2bx+bb—aa, Whence ax +ab= x —b x 
xx + 2bx +bb 44. Each part of which Aquation 


comes out xx =44a+bb+va* +4aabb ; and conſe. 


quently a S Has TN feats. And CG being 
thus found, gives CE or CF, which, by determining the 
Point E or E, fatisfics the Problem. | 


| The ſame otherwiſe; - 


Let CE be , CD a, and EF=b ; and CF will 
be =x b., and BF=vxx+bb+ 2bz—aa. And 
then ſince CE: CD:: CF: BF, orx:4::x+b: 
vax + 2bx+bb—aa, ax +4b will be =xx_ 
4xx+2bx+bb—aa. The Parts of this Equation 
being ſquar'd, and the Terms reduc'd into Order, there 


will come out x+ + 2bx' 65 r- aaabaaabee 


a Biquadratick Xquation, the — of the Root of 
which is more difficult than in the former Cafe, But it 
| may 


6 


may be thus inveſtigated ; put 1 + 24 T bb ** — 


—244 
244 br TA —=aabb+4*, and extracting the Root on 


both Sides xx +bx—aa=>+ AVA ＋ b. 

Hence I have an Opportuvity of giving a Rule for the 
Election of Turms for the Calculus, viz, when there hap- 
pens to be ſuch an Affinity or Similitude of the Relation of 

| two Terms to the other Terms of the Queſtion, that you 
ſhould be oblig'd in making Uſe of either of them to bring 
out Æquations exactly alike; or that both, if they are made 
; Uſe of together, ſhall bring out the ſame Dim nſions and 
i; WM the ſame Form in the final Æquation, (only excepting per- 
8 haps the Signs + and —, which will be eafily [and rea- 
. ay] ſeen) then it will be the beſt Way to make Uſe of 
” W- neither of them, but in their room to chuſe ſome third. 
» WH which ſhall bear a like Relation to both, as ſuppoſe the half 
Sum, or half Difference, or perhaps a mean Proportional 
or any other Quantity related to both indifferently and 
without a like [before made Uſe of]. Thus, in the prece- 
dent Problem, when I ſee the Line E F alike related to both 
AB and AD, (which will be evident if you alſo draw E F 
in the Angle BAH) and therefore I can by no Reaſon be 
perſwaded why E D ſhould be rather made Uſe of than 
BF, or AE rather than AF, or CE rather than CF for 
the Quantity ſought : Wherefore, in the room of the Points 
ns C and F, from whence this Ambiguity comes, (in the for- 
he mer Solution) J made Uſe of the intermediate [Point] G, 
which has [or bears] a like Relation to both the Lies AB 
and 4 D. Then from this Point G, I did not let fall a Per- 
pendicular to AF for finding the Quantity ſought, becauſe 
I might by the ſame Ratio have let one fall to A D. And 
u WT flicrefore ] let it fall upon neither CB nor CD, but propos'd 
vil WCG for the Quantity ſought, which does not admit of a 
And like; and fo 1 obtain d a Biquadratick Xouation without 
the odd Terms. 
| might alſo (taking Notice that the Point G lies in the 
Periphery of a Circle deſcrib'd from the Center A, by the 
Radius EG) have let fall the Perpendicular G K upon-the 
Diagonal AC, and have ſought AK or CK, (as which bear 
alſo a like Relation to both AB and AD) and ſo I ſhould 
ave fall'n upon a Quadratick Mquation, vie, yy= 37 
Tb, making AK , AC=e, and AG bb. And 
K being ſo tound, there muſt have been erected the | er- 
pendicular 


F 
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pendicular XG meeting the aforeſaid Circle in G, thro 


which CF would paſs. 
Taking particular Notice of this Rule in Prob. 5 and 6, 


where the Sides BC and AC were to be determin'd, I ra- 
ther ſought the Semi- difference than either of them. Bar 
the Uſefulneſs of this Rule will be more evident from the 


following Problem, 


PROBLEM XIV. 


Io 40 inſcribe the right Line DC of 4 given 
Length in the given Conick Section DAC 
that it may paſs through the Point G given 
by Poſition. (Vide Figure 28. ] 


ET AF be the Axis of the Curve, and from the Points 

D, G. and C ler fall to it the Ferpendiculars DH, GE, 

and CB. Now to determine the Poſition of the right Line 
DC, it may be propos'd to find out the Point D or C; but 
ſince theſe are related, and ſo alike, that there would be the 


like Operation in determining either of them, whether | Ml 7 
were to ſeek CG, CB, or AB; or their likes, DG, DH, o- 
A; therefore I look after a third Point, that regards ) 
and C alike, and at the ſame time determines them, And! 
ſee F to be ſuch a Point. [ 
Now let AES, EG, D Cc, and EF—x; 1 


and beſides, ſince the Relation between AB and BC in the 
Æquation, I ſuppoſe. given for determining the Conick 

Section, ler AB r, B CS, and FB will be x— 4+, M0 
And becauſe G E: EP:: CB: PB, FB will again be = 4} 
72> Therefore, x — 4 + 2 = Theſe Things being 
thus laid down, take away x, by the made. that denotes 62 
[or expreſſes] the Curve. As if the Curve be a Parabola tho 


expreſs'd by the Æquation * =yy, write 2 for x ; and "390 


there will ariſe 2 —a + =, and extracting the Root 


Yr 


OS 22 + ar—rz Whence it is wo 
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that 7 pp + 44r —4r% is the Difference of the double 


Value of y, that is, of the Lines + BC and — DH, and 
conſequently (having let fall DK perpendicular upon CB) 
chat Difference is equal to CK. But FG:GE:: DC: 
CK, that is, rr: b: 2c: ns + 447 — 47, 
And by multiplying the Squares of the Means, and alſo the 
Squares of the Extreams into one another, and ordering 
the Products, there will ariſe & = 
——_ „ 4 

qbbrz' — N rr T7 

2 —, an Aquation 


of four Dimenſions, which would have riſen to one of 
eight Dimenſions if I had ſought either CG, or CB, or 
AB. 


— 


PROBLEM XV. 


To multiply or divide a given Angle by a given 
Number. | Vide Figure 29. | 


N any Angle F 4G inſcribe the Lines AB, BC, CD, 
DE, Oc. of any the fame Length, and the Triangles 
ABC, BCD, CDE, DEF, &c. will be Jloſceles, and con- 
ſequ-ntly by the 32. 1. Excl. the Angle CB D will be — 
Angle A+ ACB—2 Angle A, and the Angle DCE — 
Angle A+ ADC= 3 Angle A, and the Angle EDF— 
A+ AE D = 4 Angle A, and the Angle FEG = 5 Angle 
A, and ſo onwards. Now, making AB, BC, CD, &c. the 
Radii of equal Circles, the Perpendiculars B K. CL, DA. 
Oc, let fall upon AC, BD, CE, @c. will be the Sines of 
thoſe Angles, and AK, BL, CM, DN, Ce. will be their 
vines Complement to a right one; or making AB the Di- 
zmeter, the Lines AK, BL, CM, &c. will be Chords. 
let therefore AB Dr, and AK=x, then work thus: 


AB: AK:: AC: AL, 

: xx 
ar: Xx 1:22 :— 
; r 


| Q 2 And 
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4AL—- A3 
And J xx 48 =I the Duplication. 


AB: AK:: AD (2AL— AB) : AM. 


2XX Xx? 
ar: X :: — — 21: — we YL, 
y. rr 
And <q x * * CM, the Triplication. 
rr * 9 
AB: AK:: AE (24 — AC): AN. 
| x x* 2XXx 
=> 0 /» — . 
rr r r 


AV- AD ? | 
And x 41K AN, the Quadruplication, 
WET + 275 


AB: AK:: AF (2 AN- AD): AO. 


| 
4 5 3 ( 
27: * Th e 
r Yr WEE. x rr ] 

| AO —AE 
And 4 x* 3 0 =EO, the Quintuplication, , 
| irrer 5 1 
I 


And ſo onwards. Now if you would divide an Angle 


into any Number of Parts, put q for BL, CM, DN, ©. © 
and you'll have xx — 277 = qr for the BiſeQion ; x x 


rr#=qr* for the Triſection; xx xx —4rrax+t2'MF 


=97* for the Quadriſection; x xxx; — ir + 577 


= 9r* for the Quinquiſection, &c. to 


PROY the 


Ko. 
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PROBLEM XVI. 


To determine the Poſition of a Comet's Courſe [ or 
Way] that moves uniformly in a right Line, 


= 


[as] BD, from three Obſervations. [Vide 
Figure 30. 


Uppoſe A to be the Eye of the SpeQator, B the Place ot 

the Comet in the firſt Obſervation, C in the ſecond, 
and D in the third ; the Inclination of the Line B D to the 
Line AB is to be found, From the Obſervations therefore 
there are given the Angles BAC, BAD ; and conſequently 
if BH be drawn perpendicular to AB, and meeting AC 
and AD in E and F, aſſuming any how AB, there will be 
given BE and BF, viz, the Tangents of the Angles in re- 
ſpe of the Radius AB. Make therefore AB —a, BE —b, 
and BF=c, Moreover, from the given Intervals [or Di- 
ſtances] of the Obſervations, there will be given the Ratio 
of BC to B D, which, if it be made as b toe, and DG 
be drawn parallel to AC, ſince BE is to BG in the ſame 
Ratio, and BE was call'd ö, BG will be = e, and conſe- 
quently G F=e—c, Moreover, if you let fall D H per- 
pendicular to BG, by reaſon of the Triangles AB F and 
DH being like, and alike divided by the Lines AE and 
DG, FE will be: AB:: FG: HD, that is, c=b:a:t: 


4e - 4 


tc: = =HD. Moreover, FE will be: FB: + 


FG: FH, that is, biete: =FH; 


ce — cb 
— 5 


Where 


to which add BP, or c, and B H will be = 


ce -c 4e - ac 
fore 3 is to — 100 ce — cb to 4e -e, or 


e 0 % 3 BH to HD; that is, as the Tangent of 


e wm c 
the Angle HD B, or AB K to the Radius, Wherefore, 
face « is fappor'd to be the Radius, el will be the 


e— 
Tangent of the Angle A B K, and therefore by 2 
3 Her p . m 
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[them into an Analogy] 'twill be as e—c to e—b, 


(or 
G F to GE) ſoc (or the Tangent of the Angle BA F) to 


the Tangent of the Angle AB K. 

Say therefore, as the Time between the firſt and ſecond 
Obſervation to the Time between the firſt and third, ſo the 
Tangent of the Angle BAE to a fourth Proportional. 
Then as the Difference between that fourth Proportional and 
the Tangent of the Angle BAF, to the Difference berween 
the ſame fourth Proportional and the Tangent of the Angle 
BA E, ſo the Tangent of the Angle BAF to the Tangent of 
the Angle AB RK, 


posten XVII. 


Rays [of Light] from any ſoining or Incid Point 


diverging to a refracting Spherical Surface, 
to find the Conconrſe of each of the refraded 


Rays with the pi 5 Shoe paſſing thro 
that lucid Point. | Vide Figure 31. 


ET A be that lucid Point, and BY the Sphere, the Axis 

whereof is AD, the Center C, and the Vertex “/; and 

jer AB be the in' ident Ray, and B D the refracted Ray; 

and having let fall to thoſe Rays the Perpendiculars CE and 

CF, as alſo BG perpendicular to A4 D, and having _ 
BC make AC—a, VC or BC r, CG —=x, and CD 


and A AG will be =a—x, BG = ae 45 
Va za Ti; and by reaſon of the ſimilar E 


ABG and ACE, CE will — 22 Fw „ Alb 


— 


5 


G DS LAT x, B VT 2 T Tr: and by reaſon 
of the ſimilar Triangles DBG and DCF, CF = 


— — — 


3 . Beſides, ſince the Ratio of the Sine 


| N T2 er 

of Incidence and Refraction, and conſequently of CE to CF, 

is 8 ſuppoſe that Ratio to be as 4 to 7, an! 
n 


aa 24 vr x2 AA rr 


plying 


Ii! 


X. 
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plying croſs-ways, and dividing by 4 * r- Xxx, 


f{vzz+ 22x Ar vill be =z'Vaa—2za+rr, and 
by ſquaring and reducing the Terms into Order, zz = 


ffxs +ffrr Ss 
r 7 Then for the given . write p, and 
q for the given a + [s. and « © willhe = * Tory, 


and Web Therefore ⁊ 
is found; that is, the 2 of CD. and conſequently the 
Point ſought D, where the refracted Ray B D meets with the 
Axis. Q, E. F. 

Here I made the incident Rays to diverge, and fall upon 
a thicker Medium ; but changing what is requiſite to be 
changed, the Problem may be as eaſily reſolved when the 
Rays converge, or fall from a thicker Medium into a thin= 
ner one. 


PROBLEM XVIII. 


| If a Cone be cut by any Plane, to find the Fi- 
gure of the Section. [ Vide Figure 32] 


ET ABC be a Cone ſtanding on a circular Baſe BC, 
and JEM its Section ſought ; and let KILM be 

any other Section parallel to the Baſe, and meeting the for- 
= mer Section in HI; and ABC a third Scion, perpendicu- 
les larly biſecting the two former in EH and KL, and the 
Cone in the Triangle AH, and producing E H till it 

lo meet AK in D; and having drawn EF and DG parallel to 
KL, and meeting AB and AC in Fand 6, call EF— a, 

ſon DG Sb, ED Se. E H— x, and HI—y; and by reaſon 
of the ſimilar Triangles EHL, ELG, ED will be 


ines DG:: EH: HL = 2 Then by reaſon of the ſimilar 


Triangles DEF, DHK, DE will be: EF:: DH: (c—x 
in the firſt Figure, and c + & in the ſecond Figure) HX 


. [Vide Figme 33.] Laflly, fince the Section 
KIL is parallel to the Baſe, and conſequently 9 
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ab 


HK x HE will be = H1g, that is, 25 + _ XX =), 


an Æquation which expreſſes the Relation between E H (x) 
and H Y, that is, between the Axis and the Ordinate of 
the Section E I A; which Æquation. ſince it expreſſes an 
Ellipſe in the firſt Figure, and an Hyperbola in the ſecond 
Figure, it is evident, that that Section will be Ellipſical or 
Hyperbolica]. 

Now if ED no where meets AK, being parallel to it, 


then H K will be =EF(a), and thence 7 x (HX HL) 
=), an Æquation expreſſing a Parabola. 


PROBLEM XIX. 


F the rigbt Line I be turn'd about the Axis 
AB, at the Diſtance CD, with a given In- 


> 


clination to the Plane DCB, and the Solid 
PORUTS, generated by that Circumrotation, 
be cut by any Plane [ as] INL X, to find 
the Figure of the Section. [ Vide Figure 34.] 


| ET BHO, or GHO be the Inclination of the Axis 
1. AB to the Plane of the Section; and let L be any 
ncourſe of the right Line X with that Plane Draw 
DF parallel to AB, and let fall the Perpendiculars LG, 
LF, LM, to AB, DF, and HO, and join FG and MG, 
And having call d CD—a, (H=, HM == x, and ML 
=), by reaſon of the given Angle G HO, making H 


:HG::d:e, T will =GH, and b+ F =toGCor 


FD. Moreover, by reaſon of the given Angle LD F (viz. 
the Inclination of the right Line X 0 to the Plane 6 CDF) 
kb ber | 


putting FD: FL:: g: b, —+ © — FL, to whoſe 
Square add FGq {DCy, or 44) and there will come out 


BIOL, e 2bbbex  hheexx 1 


+ r . 
6 ddgg 
tat A1 C (HMg—HBGq, or vx ) and there 


4d 
8 will 


E 

vill remain ES + 77 x + _— MP * 
xx#*(=MLg)—=yy: an Æmquation that expel the Re 
lation between x and), that is, between H A the Axis of 
the Section, and JL its Ordinate. And therefore, ſince 
in this Æquation x and y aſcend only to two Dimenſions, 
it is evident, that the Figure /NOLXK is a Conick Secti- 
on, As for Example, if the Angle HG is greater than 
the Angle LDF, this Figure will be an Ellipfe . but if lefs, 
an Hyperbola ; and if equal, either a Parabola, or (the 
Points C and H moreover coinciding) a Parallelogram, 


PROBLEM XX, 

IF you ere® AD of à given Length perpendi- 
culay to AF, and ED, one Leg of a Square 
DEP, paſs continually thro“ the Point D, 

while the other Leg EF equal to AD ſlide 
upon AF, to find the Curve HIC, which the 
Leg EF deſcribes by its middle Point C. 
{Vide Figure 35.] 


ET EC or CF—a, the Perpendicular CB), AB 
Sr, and BF (Vaa—y))) * BC+CF ((y+84):: 
EF (24) : EG+GF—=(AG+GF) or AF. Wherefore 


24) ＋ 244 


Vaa—1y (= AF — AB + BF) = + V4 -* 


Now, by multiplying by Vaa—yy there is made 245 + 
M=aa—yy + xv aa—yy, or 242) Faa+yy=wx K 


Vaa— 55, and by ſquaring the Parts, and dividing by 
Va), and ordering them, there comes out y* + 3ayy 
＋ 344 +4" 

Ter N —axx 


The ſame otherwiſe, {Vide Figure 36. 


On BC take at each End BI, and CK equal to CF, and 
draw KF, HI, HC, and DF; wheredt HC and DF 
as 4. and IK in M and N, and upon HC let fall 

q R the 


=o 


- 


a, 


1 3 ws. 
0 2 $ 7 
3 


— —— — — — an — Hh. vay 
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the Perpendicular] L; and the Angle K will be = £ BCF 
—=ZEGF=GFD=AMHD—MHID—=CIL ; and con- 
ſequently the right-angled Triangles KRBF, FBN, HL, 
and ]/ LC will be ſimilar. Make therefore PCS 4A HI 
=x, and IC ); and BN (22 —9) will be: BK ) 
::LC:LH::Clg (vw): Hlq (xx), and conſequently 
24Xx—yJxx=)y', From which &quation it is eaſily in. 
err d, that this Curve is the Ciſſoid of the Antients, belong. 
ing to a Circle, whoſe Center is 4, and its Radius A H. 


PROBLEM XXI. 


IF a right Line ED of a given Length ſub- 
tending the given Angle EAD, be ſo moved, 
that its Ends D and E always touch the 
Sides AD and AE of that Angle; let it be 
propos'd to determine the Curve FCG, which 
any given Point C in that right Line ED 
deſcribes. | Vide Figure 37. ] 


ROM the given Point C draw CB parallel to EA; 
and make AB x, BC=y, CE=4, and CD., 
and by reaſon of the ſimilar Triangles DCB, DEA, EC 
will be: AB::CD :BD; that is, a:x::b:BD= 


— Beſides, having let fall the Perpendicular CH, by rea- 


4 
ſon of the given Angle DA E, or D BC, and conſequeitly 
of the given Ratio of the Sides of the right-angled Trian- 
gle B CH, you ll have 4: e:: BC: BH, and BH will be 


— 2. Take away this from B D, and there will remain 
| 


HD 2. Now in the Triangle BCH,' becauſe d 


OO - | 
the right Angle BHC, BC — B Hq — CHq; that is, 
75 — 2 7 =CH J. In like manner, in the Triangle CDH, 
becauſe of the right Angle CD H, CDg—CHgis = HDg; 

e ey bxa—ey 
that 1s, * (=HDq = SO 
| =bbxs 


—N—— — — — 4 — 


Q 
8 


Hg. 29 
2 2 
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bbxx— 2bexy Tee. and by Redadlich 5; 2e 


8 8 aa N w__ 
1 Where, ſince the unknown Quan- 


aa 
tities are of two Dimenſions, it is evident that the Curve 
is a Conick Section. Then extracting the Root, you'll have 


— — —— — —:q — 


„e Where, in the Ra- 


aa 
dical Term, the Coefficient of & * is ee—a4, But it was 
a:e::BC:BH; ani BC is neceſſarily a greater Line 
than B H, viz. the Hypothenuſe of a right-angled Triangle 
is greater than the Side of it ; therefore 4 is greater than e, 
and ee—44 is a negative Quantity, and conſequently the 
Curve will be an Ellipſis. 


PROBLEM XXII. 


If the Ruler E BD, forming a right Angle, be ſo 
moved, that one Leg of it, EB, continually 
ſubtends the right Angle E AB, while the End 
of the other Leg, BD, deſcribes ſume Curve 
Line, as FD; to find that Line FD, which 
the Point D deſcribes. [ Vide Figure 38.] 


ROM the Point D let fall the Perpendicular DC to the 
Side AC; and making AC x, and DC=y, and 
Ba, and B D b. In the Triangle BDC, by reaſon 
of the right Angle at C, BCq is = BDq —DCq=zbb 
5. Therefore BC=vbb—Jy ; and AB = x — 
Vbb—yy Beſides, by reaſon of the ſimilar Triangles 
BE A, DBC, BD: D:: EB: AB; that is, b:y::4 
tx—vbb—9; therefore hx — b / bb —yy = ay, or 
bx—ay =b vbb—yy. And the Parts being ſquar'd and 
2abxy+b* —bbzx 


duly reduc'd yy = r and extrafting 
abx Fbb Vaa+bb—xx 8 
the Root y = aa+bb ares. Sana Whence it is 


again evident, that the Curve is an Ellipſe. | 
R 2 This 
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This is ſo where the Angles EBD and EA are right; 
but if thoſe Angles are of any other Magnitude, as long ag 
they are equal, you may procecd thus: [ide Figure 39.] 
Let fall DC perpendicular ro AC as before, and draw D H, 
making the Angle DHA equal to the Angle HA E, ſuppoſe 
Obtuſe, and calling EB—z, BD=b, AH = x, and HD 
Sy; by reaſon of the ſimilar Triangles E AB, BHD, BD 
will be: DH:: EB: AB; that is, b 5 2 A. 


Take this from AH and there will remain BHS = 


Beſides, in the Triangle D HC, by reaſon of all the Angles 
given, and conſequently the Ratio of the Sides given, aſ- 
ſume DH to HC in any given Ratio, ſuppoſe as b to e; 


and ſince DH is y, HC will be 95 and HB x HC will 


= 7 — 3. Laflly, by the 12, 2 Elem. in the Tri 
angle BHD, BDq is = BHg +DHq + 2BHx HC; 

. TE _— 248) 44959 22e 3 2469) 
that is, bb — xx * 7 + 31 + 7= 777 


ay—eyt+ v eeyy—bbyy-+bbbb 
b ö 


and extracting the Root x — 


Where, when ö is greater than e, that is, when ee —bb is 
a negative Quantity, it is again eyident, that the Curve 
is an Ellipſe. 


PROBLEM XXII. 


Having the Sides and Baſe of any rigbt-lined 
Triangle given, to find the Segments of the 
Baſe, the Perpendicular, the Area, and the 
Angles. [ Vide Figure 40.] 


ET there be given the Sides AC, BC, and the Baſe 
AB of the Triangle ABC. Biſect AB in J, and take 

on it (being produe d on both Sides) AF and AE equal to 
AC, and BG and B AH equal to BC Join CE, CF; and 
from C to the Baſe let fall the Perpendicular CD. And 
ACq—BCg wid be ADA CDq = 3 
. 1 * » 2 = q 


n 
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4D % —BDg= AD+ BDX AD —BD= 4B x 
20 J. Therefore Dy, And 243: AC * 
30 :: AC—BC: DI. Which is a Theorem for determin- 
ing the Segments of the Baſe. a 

From IE, that is, from A- AB, take away DI, and 
there will remain DE — Or e — 
+ AC— ABXBC—ACH AB 


2 AB 
ALTER Take away DE from FE, or 2 AC, and there 


ro AC ＋ 240 e, 


e 


1 And ſince C D is a mean Proportional between 


DE and DF, and CE a mean Proportional between DE 
and EF, and CF a mean Proportional between D F and 


vVEGXFHxX HEX EG 


EF, CD will be = 27 —, CE = 
ICE PEXES, ind CE= Ha = Mol- 


tiply CD into AB, and you'll have the Area = 5 


VEGxXFHxXHEXEG. But for determining the Angle 
A, there come out ſeveral Theorems : 


1. As 2 AB * AC: HE XEG (:: AC: DE) : : Radius 
: verſed Sine of the Angle A. 


2. 2ABX AC: FGXFH(:: 40: FD) :: Radius: 
verſed Coſine of A. 


3. 2ABx AC : VEGXFHxX HEX EG (:: AC: 
CD) :: Radius: Sine of A, 


4. VEGXFH:VHEXEG (G: CE: CH:: Radius: 
Tangent of £ A. . 
5 VHEXEG:VFGXFH (:: CE: FC) : : Radius: 
Cotangent of 24 — 
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6. 2V ABx ATC: HEN EG (:: FE: CE) :: Radius 
: Sine of 3 A, 


7. 2VABX AC:VEGxXFH(::FE: FC) : Radius 
: Coſine of + A. 


PROBLEM XXIV. 


In the given Angle PAB having any how drawn 
the right Lines, BD, PD, in a given Ratio, 
on this Condition, that BD ſhall be parallel 
to AP, and PD terminated at the given 
Point p in the right Line AP; to find the 
Locus of the Point D. [ Vide Figure 41.] 


Dis: CD parallel to 4B, and D E perpendicular 
B 


to Ap; and make AP, CP x, and CD), and 
D be to PD in the ſame Ratio as d to e, and AC or 


BO vill be 4 — x, and PD = — . Moreover, by 
reaſon of the given Angle DCE, let the Ratio of CD to 


CE beef, and CE will be = 7, and EP 


D 4 But by reaſon of the Angles at E being right ones, 
Eb c ER will be (E De) =P Dq We ; my is, 


E ee 44 - 200ax + eexx 


* E pin ai was x + - 7 


and blotting out on each Side — f ts , and the 
Terms being rightly diſpos d, yy = 272 + 


e e 44 —- 2e Tee xx - ddxx 


T7 — „and extracting the Root 
| 0 Tee 
fl eedd—2ccax—ddxx 
ff” Bs r 


dd 
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Where, fince x and y in the laſt Xquation aſcends only 
to two Dimenſions, the Place of the Point D will be a Co- 
nick Section, and that either an Hyperbola, Parabola, or 
Ellipſe, as ee—dd +ff, (the Co-efficient of xx in the 
laſt Aquation) is greater, equal to, or leſs than nothing. 


PROBLEM XXV. 


The two right Lines VE and VC being given in 
Poſition, and cut any how in C and E by ano- 
ther right Line, PE turning about the Pole, 
P given alſo in Poſition if the intercepted 
Line CE be divided into the Parts CD, DE 
that have a given Ratio to one another, it 
is propos'd to find the Place of the Point D. 
[ Vide Figure 42. *. 


RAW Vp, and parallel to it DA, and EB meeting 

VC in A and B. MakeVP—a, VA=zx, and AD 
—y, and ſince the Ratio of CD to DE is given, or con- 
verſely of CD to CE, that is, the Ratio of DA to EB, let 


it be as d to e, and EB will be = 7. Beſides, ſince the 
Angles EV B. EV are given, and conſequently the Ratio 
of EB to VB, let that Ratio be as e to f, and VB will be 


P . Laflly, by reafon of the ſimilar Triangles CE B, CDA, 
CPV, EB:CB:: DA: CA:: VP: VV, and by Compo- 
ſition EB+FVP:CB+VC::DA+YP:CA+VC; that 
is, W +a: [7 ::3+4: x, and multiplying together the 
Means and Extremes eyx +dax=—=fyy + fay. 

Where, fince the indefinite Quantities x and y aſcend only 
to two Dimenſions, it follows, that the Curve VD, in which 
the Point D is always found, is a Conick Section, and that 
an Hyperbola, becauſe one of the indefinite Quantities, viz. 
x is only of one Dimenſion, and the Term e xy is multi- 
ply'd by the other indefinite one y, 


Pro- 


— —— 
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PROBLEM XXVI. 


F two right Lines, AC and A B, in any given 
Rativ, are drawn from the two Points A and 
B given in Poſition, to a third Point C, ty 
find the Place of C, the Point of Concourſe, 
{ Vide Figure 43. ] 


OIN AB, and let fall to it the Perpendicular CD, 
and making AB 4, ADD x, DC=y, AC will be 


SV , BD=x—4, and BO(=v BDq + DJ) 


S VxX —2az+ aa )). Now ſince there is given 
the Ratio of AC to BC, let that be as d to e; and the 
Means and Extremes being multiply'd together, you'll have 


e VX TND AVA 24* + da +)), and by Re- 


ED 4d 44 — 2d dax 
: duction wv 7 — — x J. Where, ſince X 18 


Nexative, and affected only by Unity, and alſo the Angle 
ADC a right ove, it is evident, that the Curve in which 
the Point C is plac'd is a Circle, viz. in the right Line 4B 
take the Points E and F, ſo that d: e:: AE: BE:: AF 
: BF, and E F will be the Diameter of this Circle, 

And hence from the Converſe this Theorem comes out, 
that in the Diameter of any Circle EF being produc'd, 
having given any bow the two Points 4 and B on this Con- 
dition, that AE: AF::BE:BF, and having drawn 
from theſe Foints the two right ines AC and BC, meet- 
ing the Circumference in any Point C; AC will be to BC 


in the given Ratio of AE to BE, 


PRo- 


mige n iges — — 1 —_— rw =s 
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PROBLEM XXVII. 
To find the Point D, from which three right 
| Lines DA, DB, DC, let fall perpendicular 
ts ſo many other right Lines AE, BF, CE, 


given in Poſition, (hall obtain a given Ratio 
to one another. [Vide Figure 44 ] 


\F the right Lines given in Poſition, - let. us fuppoſe 

B F be produc'd, as alſo its Perpendicular B D, till they 
meet the reſt AE and CF, viz BF in E and F, "and BD 
in Hand G. Now let EB—x, and EF= a; ; and BF. 
will be =4 — x, But ſince, by reaſon of the given Poſt- 
tion of the right Lines E F. EA, and FC, the Angles E 
and E, and conſequently the Proportions of the Sides of the 
Triangles EB Hand FBG are one Na: EB be to BH 


us dto e; and BH, will be =— and' EH (= 


VEBq + BHq=ſ/xx +7", at is, J x Ve 
Let alſo BF be to BG as d to f; and 2G will be = 
7— 


ix 
oy and FG SVH 


2 — + . —— 
3 


that is, bs © = VV dd -r ff. Beſides, make B D = », and 
| fa—fx 
4 


HD will be = =. and GD = —y; and fo, | 


e AD is: HD (: EB: EH) ::d:'vVIdF7e, and 
DC:GD G:BF:FG)::d:vaddeh ff, AD will be = 
ex—dy fa—fx—dy | 

Laſtly, by reaſon 


ar OE ITE 
of the given OO of the Lines 3 AD, DC, 


— 4 
3D; AD: I Tee: 25 — 7 and . 
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ex—dy 

ate „or by Sex. Let alſo BD: Be 
ky —dy 

Ad 5 4, and J 

 famfz—dy 

, „or I) —=fa—fx. Therefore -* ” (=) = 


bes , and by Reduftion — 45 e. We 


ct. = 


EB: EF::h: :=+h, then BD: EB: b, and youl 


have the Point ſought D. 


PROBLEM XXVIII. 


To find the Point D, from which three right 
Tins DA, DB, DC, drawn to the three 
Points, A, B. C, 'ſoall have à given Ratio 4. 


mong them ſelves. [Vide Figure 45. 


Oe the given three Foints join any two of them, as ſop- 
t 


hird B, to the Line that conjoins 4 and C, as alſo the 
Perpendicular D-F from the Point ſought D ; and. making 
AE =—a, AC, EB—=c, AF= x, and F DA and 
4Dq will be = x# + 59. FC=b—z. CDA (= FCq + 
FDg) =bb—abs + xx + 1 EF=x+—4, and Bg 
5 S 24 T gc 20 

ow, ſince AD is to * in a given Ratio, let it 
ed and CD will be = — e *. Since alfo 
ADR to BD in a given Ratio, 1 that be as d to f, and 


ED will be = + f AN And, N 


Reg — will be (= CDg) =bb — 2b + xz +91 


5 (221 "(= BD) =1x— 2ax-barberdb 2g 
i 


will be (= DC) = 1 


poſe A and C, and let fall the Perpendicular BE from 
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In which ff, for Abbreviation ſake, you write p for 


— 


de for DD there will come ont ks 


, 


TI e. and 44 + cc — 2ax + 2c5 +7 Xxx 


+ a? So. And by the former you have Wy 


* 


xx 4 475 Wherefore, in the latter, for 44 


15 write — al there will come out 


HEPY þ ag +0243 ae Again, for 


Abbreviation ſake, write n for a —— and 2c n for w 


| 2 
44 cc, and you'll have 2% + 2cn= 2cy, and the 
* * . « * mx 
Terms being divided by 2c, there ariſes " +» =3. 


Wherefore, in the Æquation bb — 2bzx + 144 17 


—0©, for yy write the Square of = 4+ , and youll have 


Leer pun 


1 + s. 
Where, laſtly, if, for Abbreviation Fr you write : for | 


bb — 2b T + Pax + r 


"i b | mn 0 | 
Ake, and 1 for 1— 1775 you'll have xx 2 


r — 5, and having extracted the Root x = 5 + 
i 3 57 „ and having found x, the Æquation 


Tn Sy will give y; and from x — given, . AF 
and FD, the given Point D is determin'd. 


S 2 | PRo- 


3 — 
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PROBLEM XXIX. 


To find the Triangle ABC, whoſe three Sides 
AB, AC, BC, and its Perpendicular DC 
are in Arithmetical Progreſſion. | Vide Fi- 
gure 46. ] | 


be—2x-—4, and AB, the greateſt, will be = 24 
—Xx Alſo AD will (= vV ACq—DCg) =. v gax — Ar 
and B D (= BC —DC = vV4ax—3 xX—aa. And 
ſo again, ABS qax — 4x x —— v4ax C3 44. 
Wherefore 2 a — =v 4 — 4xx + * 4a — ZXX — 44, 
or 242 - XK - V4 - 4x * = V44&—3 * — 44. And 
the Parts being ſquar'd, 44 34 — 44 + 2x X 
vgax A4 Ai — ZZX—44, or 544 — 44 
42 — 2 K Var —4xx, And the Parts being again 
ſquar d, and the Terms rightly diſpos d, 16 * — 80 4 
＋ 14444*X—1044**x+ 25 2 =0. Divide this .- 
quation by 2ͤ — 4, and there will ariſe 8 * —264xx + 
5444 * 25 =O, an Aquation by the Solution whereof 
is given from 4, being any how aſſum'd, 4 and x being 
had, make a TIrizngle, whoſe Sides ſhall be 2 4 —x, à and 
x. and a Perpendicular let fall upon the Side 24 — x, will 
be 2x —4. | | 
If I had made the Difference of the Sides of the Trian- 
le to be d, and the Perpendicular to be x, the Work would 
— been ſomething neater; this Aquation at laſt coming 
out, vi. x* = 24dd - 48d. 38 * 


PR o- 


AKE 4C— a, B Cx, and DC, the leaſt Line, will 


To 


\ 
V 
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„ PROBLEM XXX. © 


To find. a Triangle ABC, whoſe three Sides 
AB, AC. BC, and the Perpendicular CD ſball 


be in a Geometrical Progreſſion. 
: "WW; 


Mart Ac x, BC=4, and AB will be === 


CD. And AD (= VAC C = 


——————— 


. yo | > 8 44 
Fer ; and * (= wha Ing Has, 


hs XxX 4 a * 4 * 
Ea g CEO — — 44 — — — 44 — — and 
Rx * A 3 XX E. 


the Parts of the Mquation being ſquar'd, 77 — * 


4 A 4 8 


- a * | 4 0 . 
44— 444. — S4, that is, z* —-44xx 
4 | 5X Ex * x ha wenn 


4 24 Vxx 44. And the Parts being again 
guard, * — 244 +234* x* — 24*xx af —=44* x% 
—44 xx. That is, x* — 244 — a*x* + 240 xx + 
o. Divide this Xquation by x* — 44 xx — 4*, and 
there will ariſe x * —aaxx—4*., Wherefore x* is — 
r . And extracting the Root xx — } aa Vo, 


r x=4Vi+v5, Take therefore 4, ar BL, of any 
Length, and make BC: AC:: AC: AB: 1 2 VTV 
and the Perpendicular DC of a Triangle ABC made of 
theſe Si les, will be to the Side BC in the fame Ratio, 


The ſame otherwiſe. [Vide Figure 47.] 
Since AB: AC:: BC: DC. I ſay the Angle AC B is a 
tight.one For if you deny it, draw CE, making the Angle 


There- 


- 
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© Therefore the Triangles BCE, D BC are ſimilar by 8, 
6 Elem. and conſequently EB: EC:: BC: DC, that is, 
EB: EC:: AB: AC. Draw AF perpendicular to CE, 
and by reaſon of the parallel Lines AF, BC. EB will be 
: EC:: AE:FE::(EB+ AE) AB: (ECF) FC, 
Therefore by 9, 5 Elem. A C is = FC, that is, the Hypo- 
thenuſe of a right-angled Triangle is equal to the Side, con- 
trary to the 19, 1 Elem. Therefore the Angle ECB is not 
a right one; Wherefore it is neceſſary ACB ſhould be a 
right one. Therefore ACq + BCA = ABq. But 404 
AB Xx BC, therefore ABx BC+ BCq —= ABg, and ex. 


tracting the Root AB—+BC+ v5 BCg. Wherefore 
cake BC: AB: 21:1 and AC 2 mein Propanis 


2. 
nal between BC and AB, and AB; AC:: BC: DC wil 


* continually proportional to a Triangle made of theſe 
ed. 


PROBLEM XXXI. 


To make the Triangle A BC upon the given Baſ- 
AB, whoſe Vertex C ſoall be in the vight 
Line EC given in Poſition, and the Baſe an 
Arithmetical Mean between the Sides. | Vide 
Figure 48, ' | 


ET the Baſe AB be biſected in F, and produc'd till it 

meet the right Line EC in E, and let fall to it the 
erpendicular CO; and making AB=4, FE=b, and 
C- AB = x, BC will be =a+x, ACSa—x; and 


by the 13, 2 Elem. BD (== EL = 2x+ 
#4, And conſequently, FD = DE-=b-+2 x, and 

D (=vCBq—BDgq) = V$44—3xx. But by rex 
on of the given Poſitions of the right Lines CE and 48, 
the Angle CED is given; and conſequently the Ratio of 
DE toCD, which, if it be put asd to e, will give the 


tion d: e:: b 2&4: 7 r Whence the 
Jeans and Extremes being multiply d by each other, there 
ariſes the Equation eb 2ex =d v 5 aa— 3xx, the Part 
whereof being ſquar'd and rigitly order'd, you have wx = 


304 


— — — wr 


Cos] 


Wa Seebl dee be 
7. and the Root being extratted 


— 2eeb +dv3eeaa —3eebb /d 


or 46e ＋ 3dd 3 


being given, there is given SCA x, and AC A- K. 


PROBLEM XXXII. 


Having the three right Lines AD, AE, BF, 
given 7 Poſition, to draw a fourth D E. 
whoſe Parts DE and EF, intercepted by the 


former, foall be of given Lengths. [Vide 
Figure 49. ] 


ET fall EG perpendicular to BF, and draw EC pa- 
ralle] to A D, and the three right Lines given by Po- 
ſition meeting in , B, and H, make AB—a, BH—b, 
AH =c. ED D, EF e, and HE—=x, Now, by 
reaſon of the amin Triangles ABH, ECH, AH: 4B 


E: EC =, and AH: HB: : HE:CH ===; 


Add HB, and there comes CB — =TX Moreover, 


by reaſon of the ſimilar Triangles FEC FDB, ED is: 


(Br: BP: nr 25 Laflly, by che 12 and 12; 


——_—_— 
252— C2 Dy 
1 CH; n is, 


ec ebx ebe 2 ce bx 
2ebx + BT 
=” -* 
andxx - eedee el ebe  ccxt—aax—bbe 

"HINT TT T7. * : 


Here, for Abbreviation like, br ED 7 welda 


* 


113670 
| { : aadxx—eedce ebe 
n, and you'l] have ITE — + — 172 mx; and 


the Terms being mutipiy d by x +c, there will come out 


— FE TB Tat Again, 


* . write p, and for me Le write 25, and 


f T write prr, and xx will become 


2qx-þrr, and x= +4/99q+rr q+rr, Having found x or 
HE, draw EC k to 45. and take FC: BC: 64% 
and having drawn FED, it will ſatisfy the Conditions d 
the Queſtion. 


PROBLEM XXXIII. 


| 75 4 Circle deſcribed from the Center C, and 
with the Radius CD, to draw a Tangent 
DB, the Part whereof PB placed betideen 
the right Lines given by Poſition, ” AP and 
A ſhall be of a given Length. 1 Fi- 
gure 5, ] 


\ROM the Center C to either of the right Lines given 

by Poſition, as ſuppoſe to AB, let fall the Perpendicu- 

Jar CE, and produce it till it meets the Tangent DB in . 

To the fame AB let fall alſo the Perpendicular PG, and 

making EA, EC=b, CD=c, B Pd, and PG =x, 

by — of the ſimilar Triangles PGB, D. eng I have 
__ 


GB l=: PB::CD: CH = =. Add 
* 


E 0 and you 1. have E He b 4a =. Moreover, 6 
52 — _ 4 


is: :GB: EH: na e Moreover, 


becauſe of the given Angle PAG, there is given the Ratio 
of PG. to AG, which h_being made as e tO f, 4G will = 


pat: Add EA 1 BG, and you "ll have, laſt y, E B=4 
* | ＋ 
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2 + - xx. Therefore 8 + 5 dd = 


e 


"ut + 2 ＋VAA xx, and by Tranſpoſition of the Terms; 


in, 3 
4 "2 Vi- xx. And the Parts of the 
Equation being ſquar'd, aa + NE _ + [is > 
3 e 
„ TIER. HOP ED 
e * * xXx x 
And by a due Reduction 
+ aaece : | 
+ 24ef , bee _ + 2bddee ++ccddee 
—2bee © —— — 2acdee —bbddee 
a — 2cde 
* — — — S0 
F ee+ff 


PROBLEM XXXIV. 


Fa lucid Point, [as] A, dart forth Rays to- 
wards Cor upon] a refracting plain Surface, 
[as] C, D; to find the Ray AC, whoſe re- 
fraFed { Part] CB ſtrikes the given Point 

en B. [Vide Figure 51.] | 


nd ROM that lucid Point let fall the Perpendicular A D 
„do the refrafting Plane, and let the refracted Ray B C 


ve neet with it, being produc'd out on both Sides, in E; and 

a Perpendicular let fall from the Point B in E, and draw 
dd BD; and making AD=a, DB=b, BF=c, DC x, 
make the Ratio of the Sines of Incidence and Refraction, 
that is, of the Sines of the Angles CAD. CE D, to be d to 
e, and fince EC and AC (as is known) are in the ſame 


Ratio, and AC is Vaa+ xx, EC will be = - aa T xx. 


beſides, ED (= VE ( G —CDg) _ 7 . ddr 


nd DF — Vb cc, and EF—vbb—cc + 
| T | 4d 


*, 


W 


1380 


Fi 4 

72 — 7c i bro of the Gly 
Triangles ECD, EBF, ED: DC:: EE: FB, and multi- 
plying the Values of the Means and Extremes into one ano- 


. Aa +ddzx N 


ee 


f/ 44naT+ ddxx 
ee 


e — xx, or . 


—xx=xvVbb—-cc+xX 
{/ 44aa+ddxx ys 


ee 


=X Vcc, and the Parts of the Æquation being ſquar d 

and duly diſpos d [into Order) 
＋Addec 
+ ddaaxx—2ddaacx + ddaacc 


—— 2c WES 5 ebb 


| dd —ee _ 
PROBLEM XXXV. 


To find the Locus or Place of the Vertex of i il 
Triangle D, whoſe Baſe AB is given, and il 

the Angles at the Baſe DAB, DBA, haves 

given Difference. | Vide Figure 52.] 


TYHERE the Angle at the Vertex, or (which is the 
ſame Thing) where the Sum of the Angles at the = 
Baſe is given, 29. 3. Euclid, has taught [us], that the Locks 
for Place] of the Vertex is in the Circumference of a Cir WM , 
cle ; but we have propos'd the finding the Place when the ( 
Difference of the Angles at the Bafe is given. Let the An- 
gle DB A be greater than the Angle DAB, and let AB 
be their given Difference, the right Line B F meeting AD x 
in F. Moreover, let fall the Perpendicular DE to BF, as 
alſo DC perpendicular to' AB, and meeting BF in G, And 
making AB —a, Ax, and CD /y, BC will be = 
a—x, Now ſince in the Triangle BCG there are given 
all the Angles, there will be given the Ratio of the Sides 


BC and 6 C, let that be as d to a, and CG will Et 
take away this from DC, or y, and there will remain DG 
dy —aa+ax . 
= OT. Belides, becauſe of the ſimilar Trian- 


gies D 


(3 
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gles BGC and DGE, BG: BC:: DG: DE. And in the 
Triangle B GC, 4: d:: CG: BC. And conſequently 44: 
dd :: CGq : B, and by compounding aa + dd : dd: : 
BGq : BCq, and extracting the Roots Vas dd: d GC: 


BG:BC)::DG:DE, Therefore DE. TK 


vVaa+dd 
Moreover, ſince the Angle 4 BF is the Difference of the 
Angles BAD and ABD, and conſequently the Angles 
BAD and FBD are equal, the right-angled Triangles 
CAD and EBD will be fimilar, and conſequently the 
Sides proportional [or] DA: DC:: DB: DE. But DC 


=) DA (=v ACq+DCg) =v=zx +). 'DB (= 
VBCq+DCq) = Vaa—2ax+xx+9), and above 


dy —aa+ax 5 DE: 
DE was = 2 vg de found Wherefore Vr +yy: :: 


0 ad j 
Vaa—2ax+xx+Þ)): 2 dis Xe and the Squares 
| VaaN＋ Add 
of the Means and Extremes being multiply'd by each other 

* ,. _=ddx + ddy* — 244dX 
a4) y—24%yy +xxyy To* 2.7 — 
—2aaã + 2adyx* + 2adxy* + 4*x* + 2 — 24 K* 

aa+dd 
—__ 4 2 492 2 
— 2 a TL . Multiply all the Terms by 
44+ dd, and reduce thoſe Terms that come out into due 
Order, and there will ariſe 


—24 —2dy _ —7 — ddyy 


* x? X * 
LT, po +93, =017 


Divide this Equation-by xx —ax 7 92 and there will a- 


riſe x x I 24x ——_ o; there come out therefore two 
a 

Equations in the Solution of this Problem: The firſt, * x 

—ax 13 So. is in a Circle, via. the Place of the Point 


D, where the Angle F BD is taken on the other Side of the 
T 2 right 
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right Line BF than what is deſcrib'd in the Figure, the 


Angle AB F being the Sum of the Angles DAB and DB 4 
at the Baſe, and ſo the Angle AD B at the Vertex being 


r 
given. The laſt, viz, xx * 1 . {7 => un Hy- 
perbola, the Place of the Point D, where the Angle F BD 
obtains the [ſame] Situation from the right Line B , which 
we deſcrib'd in the Figure; that is, ſo that the Angle AB 
may be the Difference of the Angles DAB, D BA, at the 
Baſe, But this is the Determination of the Hyperbola: Bi- 
ſt AB in P; draw PQ, making the Angle BP Q equi 
to half the Angle A BF: To this draw the Perpendicular 
PR, and P © and PR will be the Aſymptotes of this Hy- 
8 and B̃ a Point through which the Hy perbola vil 

aſs. 
, Hence ariſes this Theorem, Any Diameter, as AB, of 2 
right-angled Hyperbola, being drawn, and having drawn the 
right Lines AD, BD, AH, BH from it's Ends to any 
two Points D and H of the Hyperbola , theſe right Lines 
will make equal Angles PAH, D BH art the Ends of the 
Diameter, | | | 


The ſame after a ſhorter Way, {Vide Figure 53.] 


T laid down a Rule about the moſt commodious Election 
of Terms to proceed with in the Calculus [of Problems] 
where there happens any Ambiguity in the Election fof ſuch 
Terms]. Here the Difference of the Angles at the Baſe is 
indifferent in reſpect to both [or either of the] Angles ; 
and in the Conſtruction of the Scheme, it might equally 
have been added to the leſſer Angle DAB, by drawing from 
A a _ Line parallel to BF, or ſubtracted from the 
greater Angle D BA, by drawing the right Line B F. Where 
fore I neither add nor ſubtra& it, but add half of it to one 
of the Angles, and ſubtract half of it from the other. Then 
fince it is alſo doubtful whether AC or BC muſt be made 
- Uſe of for the indefinite Term whereon the Ordinate DC 
ſtands, I uſe neither of them; but I biſet AB in P, and! 
make uſe of P C; or rather, having drawn 4 O making 
on both Sides the Angles AP Q, BP M equal to half the 
Difference of the Angles at the Baſe, fo that it, with the 
right Lines AD, B D, may make the Angles D © P, PAS 

| equal; 


R No 


L 1410 
equal; T let fall to A1 © the Perpendiculars AR, B N, DO, 
and I uſe DO for the Ordinate, and PO for the indefinite 
Line it ſtands on. I make therefore PO=x, DO=y, 
AIR or BMS b, and PRor PN—=c, And by reaſon of 
the ſimilar Triangles B NA, DOM, BN will be: DO 
MN: MO, And by Diviſion [as in the 5th of Euclid] 
DO - BN, O-): DO O) :: MO -M N (ON or 


c—#): MO. Wherefore MO — = * In like Man- 
ner on the other Side, by reaſon of the ſimilar Triangles 
Ax Q, DON, AR will be: DO:: X 2: O, and by 
Compoſition DO AR HA): DO (09) :: 0 + 
20 (OR orc+x): QO, Wherefore QC =2 ; 
Liſtly, by reaſon of the equal Angles D, DOM, 
MO and QO arecequal, that is, Ln = 2 
Divide all by y, and multiply by the Denominators, and 
there will ariſe cy + ch—xy—xb = -b 25 
rb, or ch==xy, an Æquation that expreſſes (as is commonly 
known) the Hyperbola. 

Moreover, the Locus, or Place of the Point D might 
have been found without an Algebraick Calculus ; for from 
what we have ſaid above, DO - BN: ON: : DO: MO 
(QO) :: DO AR: OR. That is, D O—BN: DO 
+BN :: ON: OR And mixtly, DO : BN: : 


D (wp): 22 (07), And conſequently, 


2 | 
DO Xx OPS BN & NP. 


| PROBLEM XXXVI. 


To find the Locus or Place of the Vertex of a 
Triangle whoſe Baſe is given, and one of 
the Angles at the Baſe differs by a given 
Angle from [being] double of the other. 


N the laſt Scheme of the former Problem, let ABD be 

that Triangle, AB its Baſe biſected in P, APO or 
BPM half of the given Angle, by which DBA exceeds 
the double of the Angle DAB ; and the Angle D 4 © - 
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be double of the Angle DM. To P & let fall the Per. 

ndiculars AR, BN, DO, apd biſect the Angle DM 9 
by the right Line AS meeting DO in S; and the Trian- 
gles DO, SOM will be ſimilar ; and conſequently O 9 
:OM::O0D:0O058, and dividing O Q—OM: OM:: 
SD: OS:: (by the z. of the 6th Elem.) DM:ON, 
Wherefore the 9. of the 5th Elem.) O - ON — DM. 
Now making POS x, ODD), AR or BN=—b, and PR 
or PN Dc, you'll have, as in the former Problem, O M — 
XY 


= and o = and conſequently O Q 


o. Make now DOq O Mq —= DM, 
2 cc. — 2c , 4bbce — Bbexy + 4xxy 

t taps Of Wen rc 1 
* TH 2by + IE * — 2bbyy + b* 9 
„„ TTT 
Y- NE Ti 
and by due Reduction there will at length ariſe : 
5.98 + 2bzx * 


| — 3bb 
* 20 11 „Celler Son 
—Zxx 20%  +bbxx 


Which gives the Relation of the Curve: Which becomes 
an Hyperbola when the Angle BP 14 (vaniſhes, or) be- 
comes nothing ; 'or, which 1s the ſame Thing, when one of 
the Angles at the Baſe DB A is double of the other DA 
For then BN or b vaniſhing, the Æquation will become 
= ZT T2 x - 

And from the Conſtruction of this Æquation there comes 
this Theorem. [Vide Figure 54.] If from the Center C, the 
Aſymptotes being CS, CT, containing the Angle S CT cf 
120 Degrees, you deſcribe any Hyperbola, as DV. whoſe 
Semi-Axis are CV, CA; produce (V to B, ſo that Y 
ſhall = VC, and from A and B you draw any how the 
right Lines A D, B D, meeting at the Hyperbola ; the Angle 
BAD will be half the Angle AB D, but a third Part of the 
Angle ADE, which the right Line 4 D comprehends to- 
gether with B D produc'd. This is to be underſtood of an 
Hyperbola that paſſes thro' the Point /, Now if the two 
right Lines Ad and Bd, drawn from the ſame Points A and 
B, meet in the conjugate Hyperbola that paſſes * 4 

5 | , then 
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then of thoſe two external Angles of the Triangle at the 
er. Baſe, that at B will be double of that at 4. | 


ian; PROBLEM XXXVII. 


2 To deſcribe a Circle through two given Points 
Ml that ſhall touch a right Line given by Poſitions 
[ide Figure 55.] : 


'= ET A and B be the two Points, and E F the right 
Line given by Poſition, and let it be requir'd to deſeribe 

2 Circle AB E through thoſe Points which ſhall touch that 
right Line FE. Join AB and biſect it in D. Upon D 
erect the Perpendicular D F meeting the right Line FE in 
, and the Center of the Circle will fall upon this aſt 
drawn Line DF, as fuppoſe in C. Join therefore CB; and 
on FE let fall the berpendicular CE, and E will be the 

J Point of Contact, and CB and CE equal, as being Radii 
cf the Circle ſought. Now fince the Points 4, B, D, and 
P, are given, let DB—a, and DF=b ; and ſeek for DC 
to determine the Center of the Circle, which therefore call 

x, Now in the Triangle CD B, becauſe the Angle at D is 


2 right one, you have / D Bq + DCg, that is, VaaTæxæ 
CB. Allo DF—-DC, or b—x —CF. And ſince in 
the right-angled Triangle CF E the Angles are given, there 
will be given the Ratio of the Sides CF and CE, Let that 


be as d to e; and CE will be * cl. that is, 


ex 


2 Now put Cor make] CB and CE (the Radii of 
he dhe Circle ſought) equal to one another, and you'll have 
of WY the Equation YT xx = . . Whoſe Parts being 


"3 Wl Quar'd and multiply'd by dad, there ariſes aadd + ddx x 


. =eebb — 2eebx + eexx ; OI XX = — —_ 1 wag 
. An — Ve bb + eeaa— ddaa 
0 . eeb + dv ee eeag- 5 
5 dextraQting the Root x — Sa 


„o Therefore the Length of DC, and conſequently the Center 
ad I C is found, from which a Circle is to be deſcrib'd through 
4, © the Points A and B that ſhall touch the right Line F E. 

| PRo- 
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PROBLEM XXXVIII. 


To deſcribe a Circle through a given Point that 


ſhall touch two right Lines given by Poſition, ll *. 
[ Vide Figure 56] 


N. BY: This Propoſition is + reſolꝰ d as Prop. 37. for the 
Point A being given, there is alſo given the Other 
Point B. thi 


85 PPOSE the given Point to be A; and let EF, FG th 


be/the two right Lines given by Poſition, and 4 EG fo 
Circle ſought — ching the ſame, and paſſing through 

that Point 4. Let the Angle E FG be biſecled by the right 

Line CF, and the Center of the Circle will be found there. . 
in. Let that be C; and having let fall the Perpendiculas T 
CE, CG to EF and F 6, E and 6 will be the Points of 
Contact. Now in the Triangles CEF,CGF, ſince the 
Angles E and G are right ones, and the Angles at F are 
halves of the Anele E FG, all the Angles are given, and 
conſequently the Ratio of the Side CF to CE or CG. let 
that be as d to e; and if for determining the Center of the 
Circle ſought C, there be aſſum d CF— x, CE or CG wil 


be = = Beſides, let fall the Perpendicular AH to FC 


and ſince the Point A is given, the right Lines A H and 
FH will be given. Let them he call'd 4 and b, and taking 
FCor x from FHorb, there will remain (HSA 
To whoſe Sguare bb — 2bæ + xx add the Square of A H 
or 44, and the Sum aa +bb—2bxz+ xx will be 404 
by the 47. 1. Excl: becauſe the Angle A HC is, by wuppo- 
ſition, a right one, Now make the Radii of the Circle 
AC and CG equal to eachother; that is, make an Equalit 

between their Values, or between their Squares, and you'll 


have the Xquation aa + bb —2bz T — =. Take 
— xx from both Sides, and . all the Le 


all 


by dd, and divide by * and it The Ion b 
: — a4 


wer 


7 
N. 


„ — 2 


— 


— m 1 — % 89 


bk. — ww 


nw > K -** 
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2.441744. as 
ELECT MEE Lv x The Root of which 
Fquation being extracted, is e : 
994 25 3 — — . Fhetefoie the Length 


of FC is found. and conſequently the Point C, which is the 
Center of the Circle ſought. 
If the found Value x, or FC, be taken from b, or HF, 


eeb+dVeebb+eeaa—ddas 


there will remain HC = — — 

5 d—ee 
the fame Aquation which came out in the former Problem, 
for determining the Length of D C | 


PROBLEM XXXIX. 


To deſcribe a Circle through two given Points, 
which ſhall touch another Circle given by Po- 
firion. [Vide Problem 11, and Figure 37.J 


[i A B, be the two Points given, E K the Circle gi- 


ven by Magnitude and Poſition, F its Center, A BE 
Circle ſought, paſſing through the Points A and B; atid 
touching the other Circle in E, and let C be its Center. Let 
fall the Perpendiculars CD and FG to AB being produc'd, 
and draw CF cutting the Circles in the Point of Contact 
E, and draw alſo F H parallel to DG, and meeting CD in 
H. Theſe being [thus] conſtructed, make AD or DBD, 
DG or H Fb, G F=c, and E F (the Radius of the Cit- 
cle given) =d, and DCD; and CH will be (=CD = 
FG) =x—c, and CFq (=CHq + HFq) S - 2 
+cc++ bb, and CBq (= CDq + DBq) S + aa 
and conſequently CB or CE=v xx +44. To this add 
EF, and you'll have CFP AN VAN 4, whoſe Square 
dA TE b AVN TA is Sto the Value of the 
ame CFA found before, viz. xx — 2c + cc + bb, Take a- 
way from both Sides x x, and there will remain dd + aa + 


24Vxx+aamcc+bb—2cx, Take away mcreover 
id+47, and there will come out 2dwaxx+ as=cr+ 
bbawd gen t4— 208%, Now. for Abbreviation ſake, fot 

KA: U 4 


ww 4 


> 4 


— — > _ 
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tc +bb—Jid— as, write 2g g, and you Il have 24v zx+a; 
=209 — 2cx,0r dV ax ＋T44 g—cx. And the Pam 


of the Æquation being ſquar'd, there will come out dd xx 


++ ddaa=g* —2ggct+ccxx, Take from both Sides 

ddaa and ccæxx, and there will remain dd xx cc = 

e f 2g gc. And the Parts of the Aquation 
ing.divided by dd — cc, you'll have xx = 


— 74 —— And by Extraction of the affected 


— V 84d — 4a + davee 

— 7 F Raps ec 9 0 
Having found therefore x, or the Length of DC, biſe® 

AB in D, and at D ere the Perpendicular D C — 


—=ggc +1vg* —aadd + aacc eats he th 
** Add — b | 

C, through the Point 4 or B, deſcribe the Circle ABE; 
or that will touch the other Circle EX, and paſs through 
th the Points A, B. Q E. E. "1 


PrRoBLEM XL, 


To deſcribe a Circle through a given Point whit) 
ſpall touch a given Circle, and alſo a right 
Line, both given in Poſition, [ Vide Figure 
C | 


ET theCircle to be deſcrib'd be B D, its Center C, and 
| B a Point through which it is to be deſcrib'd, and 
A D the right Line which it ſhall touch; the Point of Con. 
tact D, and the Circle which it ſhall touch G E A, its Cen- 
ter E, and its Point of Contact E. Produce CD to Q, fo 
that D ſhall be = EF, and through O draw O N pa- 
rallel to AD. Laſtly, from Band F to AD and ON, let 
fall the Perpendiculars B A, FM; and from C to AB and 


FN let fall the Perpendiculars CK, CL. And ſince BC= 
CD, or AK, BK will be (= AB— AK) = AB—BC 
and conſequently B-Kq —ABq— AB x BC + BCg., Sub- 


tract this from BCq, aud there will remain 2 AB x BC— 


434 for the Square of CR. Therefore AB x 2BC— AB 


SCKg; and for the ſame Reaſon F.N x 2FC—F N= 
2 FF 


„e 


1 2 C5 *«, tw... todd =o nz» 
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cg, and conſequently L AB and and ©£9 ++ 
EN=2FC. Wherefore, if for 4B, CX, FN, KL, and 


CL, you write 4, y, b, c, and c —y, you'll have 2 + dam 


SH2t.8 81 


BC, and Dre. From FC take away BC, 


and there remains Er TD + —— 7 47 


Now, if the Points where F N being produc'd cuts the right 
Line AD, and the Circle G E be mark d with the Letters 
E. G, and Ad, and upon HG produc'd you take HR AB, 
fince N(=D Q=EF) is GF, by adding F Hon both 
Sides, you'll have FN GH, and conſequently 4 B — FN 
(=HR—GH) GA, and AB—FN +2EF; that is, 
a—b +2EF— RM, and 24 —- tb + EF RX Al. 


Wherefore, ſince above EF was = En2TI 4 1b 


— 


1 


S 


=D 15 if this be written far EF you'll have &R A 
SED, T7 9. Call therefore R 14d, and 4 
7 | 3 
iu be = — 2 — — 2. Multiply all the Terms 
by a and b, and there will ariſe 46d =4acc— 24cy / 4yy 


—byy. Take away from both Sides acc — 2 4cy, 
there will remain abd —acc + mn Di- 
ab 


; W vide by a —b, and there will ariſe — EY 


= Jy. And extracting the Root === + 


we þ — 


) 
; e 2 — 28 au Which Concluſions may be thus 
aa—2ab+bb 


| 
| MW abbreviated ; make : b:: d:, then 4— b: 42202; 


BE and fe- fc + 2fy will be 2, ory =f+vff+fe—fc 
Having found a or KC, or AD, take AD =f + 


fie fe, and at D ered the Perpendicular DC (= 
BC) = +448; and from the Center C at the In- 


BE terval CB or CD, deſcribe the Circle B D E, for this paſſin 
] vt U 2 througu 


| 
| 
| 
| 


2ADXBR=2AE x AB, And — 
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through the given Point B, will touch the right Line 4D in 
D, and the Circle G EM in E. Q. E. E. 

Hence alſo a Circle may be deſcrib'd which ſhall touch 
two given Circles, and a right Line given by Poſition. [Vide 
Figure 59.] For let the given Circles be RT, SP, their 
Centers E F, and the right Line given by Poſition P N. 
From the Center F, with the Radius FS B R, deſcribe the 
Circle EM. From the Point B to the right Line P Q let 
fall the Perpendicular B P, and having produc d it to A. fg 
that PA ſhall be = BR, through A draw AH parallel to 
P O, and deſcribe a Circle which ſhall paſs through the 


Point B, and touch the right Line A H and the Circle E A, 


Let its Center be C; join BC, cutting the Circle RT in &, 
and the Circle R $ deſcrib'd from the ſame Center C, and 
the Radius CR will rouch the Circles RT, SV, and the 
right Line P ©, as is manifeſt by the Conſtruftion, 


PROBLEM ALL 
To deſcribe a Circle that ſhall paſs through a 


given Point, and touch two other Circles 
given in Paſilion and Magnitude. [ Vide Fr 
gure 60. ] | 


ET the given Point be A, and let the Circles given 
nin Magnitude and Poſition be 7 IV, R HS, their Cen- 


ters Cand B: the Circle to be deſcrib'd A1 H, its Center 


D, and the Points of Contact J and H. join AB. AC, 
AD, DB, and let AB produc'd cut the Circle R H S in the 
Points & and S, and AC produc'd, cut the Circle T1F in 
7 and J. And having let fall the Perpendiculars DE 
from the Point D to AB, and DF from the Point D to 
AC meeting AB in 6, and [alſo the Perpendicular] CX 
to AB; in the Triangle 4DB, ADq—DBq-+ AB 
will be =2AEx AB, by the 13th of the 2d. Elem. But 
DB = AD + BR, and conſequently DBg = ADq + 
2ADX BR +BRg. Take away this fram 4D q Ag, 
and there will remain 4 Rq—2ADxXBR—BRq. for 


24 E AB, Mcerecver, ABq —BRgq is = ABB 


* AB BR = AR x AS. Wherefore, AR x AS -- 
AR x AS—2ABXAE 
\ BK 


% 
* 


* 
£9 * 
2 
* * 
% 
* '% 
a _ 
* & of 
= _ * - 
— 2 Fw. os 5 


4 — 


N 
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=2AD. And by a like Reaſoning in the Triangle ADC, 


AV — 
there will come out again 2AD — =. — 


EAS 23 AE TAV —2CAF TAY 
Moraes E RR i) las + of 
RAS 2BAE _ 2CAF 3 
. 1 CT * | | 
TW RAS , 2BAE CT | 
7 — BY BE T BR or ae W 
Yay 8 FE, cr Take away this from 


\ hr JR ET: a T 
AE, 355 6, 8 X AK and there will remain G E — 


MS TA 2E 2 en 
FR CT PLLAEIHTE THT 

ine KC: AK::GE:DE; DE will be = 
5 THY 3H IRE CT 


And 


Upon 4B 


_— I. . 2 KC 

We which let be to AB as CT to BR, and 224Þ | 
| —2BAE | 2PKx AE 2BAE © 

KAE TAS F, 2PKX AE 

LF RAS 

77 woe B erect the Perpendicular A 2 = = B+ R 

TAYV T PKXAE 
- X . 6 90 7 and 


AO will be E. Join DO, D ©, and CP, and the Tri- 
angles DO ©, CK P. will be ſimilar, becauſe their Angjes 
at O and K are right ones, and the Sides (X:: 
AE, or DO: 20) proportional, Therefore the Anke 
09D, K PC, are equal, and conſequently QD is perpen- 
ar to CP. Wherefore if A N be drawn parallel to CP, 
- meeting OD in N,. the Angle AN will be a right 
one, and the Iriangles AJ, PCK ſimilar; and conſe- 
queutly PC: KC:: AQ: AN. Whence ſince AQ is 
RAS 


BR 
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= TAK CT-. r 
CTV 
2 Produce AV to M, ſo that A ſhall be = AN 


and AD will = DA, and conſequently the Circle will 
paſs through the Point M. | 
Since therefore the Point MA is given, there follows this 
Reſolution of the Problem, without any farther Analyſis, 
Upon AB take AP, which muſt be to AB as CT to 
BR; join CP, and draw parallel to it AM, which ſhall 


RAS TAV ET | 
be to "Bi r as CT to PC's and by the Help of the 


39th Probl. defcribe through the Points A and A the Cir- 
cle AI HA, which ſhall touch either of the Circles 7 1), 
RHS, and the ſame Circle ſhall touch both. Q. E. F. 

And hence alſo a Circle may be defcrib'd, which ſhill 
touch three Circles given in Magnitude and Poſition, Fot 
Jet the Radii of the given Circles be A, B, C, and their 
Centers:D, E, F. From the Centers E and F, with the 
Radii B+ A and CA deſcribe two Circles, and let a thir 
Circle which touches theſe [two] be alſo deſcrib'd, and let 
it paſs through the Point 4; let its Radius be G, and its 
Center H, and a Circle deſcrib'd on the ſame Center H, 
with the Radius G + A, ſhall touch the three former Circles 
as was requir d. | 


PRo- 


— — © rr A e wwnd a ww © as — a SA wa acz — —_ 
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PROBLEM XLII. 


Three Staves being ereded, or ſet up an End, 
ul in ſome certain Part of the Earth perpendicu- 
il lar to the Plane of the Horizon, in the Points 
| A, B, and C, whereof' that which is in A is 
ol fix Foot long, that in B eighteen, and that 
in C eight, the Line AB being thirty Foot 
the Jong; it happens on à certain Day | in the 
bi. Tear] that the End of the Shadow of the 
„ Staff A paſſes through the Points B and C, 
and of the Staff B through A and C, and of 


7 


the Staff C through the Point A. To find 
eit the Sun's Declination, and the Elevation of 
te the Pole, or the Day and Place where this 
un ſpall bappen. (Vide Figure 61.] 


* Ecauſe the Shadow of each Staff defribes a Conick Sed 
les O on, or the Section of a lumincus Cone, whoſe Vertex 
rde Iop of the Staff; 1 will feign BCD EF to be ſach 
a Curve, [whether it be an Hyperbola, Parabola, or El- 
lipſe] as the Shadow of the Staff A deſcribes that Day, by 
putting A D, AE, AF, to have been its Shadows, when BC, 
BA, C 4, were reſpectively the Shadows of the Staves B 
and C. And beſides I will ſuppgſe P © ro be the Meri- 
dional Line, or the Axis of this Curve, to which the Per- 
pendi-ulars B MA, CH. D K, EN, and FL, being let fall, 
are Ordinates. And I will denote theſe Ordinates indefi- 
nitely [or indiff rently] by the Letter y. and the intercepted 
Parts of the Axis AM, AH, AK, AN, and AL by the 
Letter x, III ſuppoſe, Jafily, the Equation 44 bx 4 
(xXx=yy, to expreſs the Relation of x andy, (i. e. the Na- 
tur of the Curve) aſſuming 4 4, b, and c, as known Quan- 
tities, as they will be found to be from the Analyſis, Where 
I made the unknown<Quanrities of two Dimenſions only 
becauſe the Æquation is [to expreſs] a Conick Section; and 
omitted the odd Dimenſions of y, becauſe it is an Ordi- 
nate to the Axis. And I denoted the Signs of b and c, as 
being indeterminate by the Note L, which I uſe indiffe- 
rently 
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rently for ＋ or —, and its oppoſite ＋ for the contrary; 
But 1 a0 Sign of the Square 44 Affirmative, becauſe 
the concave Part of the Curve neceſſarily contains the Staff 
A, projecting its Shadows. to the oppoſite. Parts (C and p, 
D and E); and then, if at the Point A you ere& the Per: 
pendicular 4Aþ, this will ſom? where meet the Curve, ſup. 
. poſe in g, that is, the Ordinate y, where x is nothing, will 

Lſtilll be real. From thence it follows that its Square, 
which in that Caſe is 4 a, will be Affirmative. 

It is manifeſt therefore, that this fictitious Æquation 24 l. 
by Le yy, as it is not ſilld with ſuperfluous Terms, 
ſo neither is it more reftrain'd [or narrower] than what i; 
capable of ſatisfying all the Conditions of the Problem, and 
will denote the Hyperbola, Ellipſe, or Parabola, according 
as the Values of aa, b, c, ſhall be determin'd, or found to 
be nothing but what may be their Value; and with what 
Signs b and c are to be affected, and thence what Sort of 2 

urve this may be, will be manifeſt from the following 


Analyſis. | 
The former Part of the Analyſis 
Since the Shadows are as the Altitude of the Staves, youll 


have BC: AD:: AB: AE (::18:6) :: 3: 1. Alb 
CA: AF (::8:6) :: 4 :3. Wherefore naming (or 


making] AM = r, MB= bs, AH= Lt, and He 


S. From the Similitude of the Triangles AMP, 
ANE, and AHC, ALF, AN will be ==> . NE 


p 8 | 
rg. A= T. and LF=—3 ; whoſe Signs [ 


put contrary to the Signs of AM, MAB, AH, HC, becauſe 
they tend contrary Ways with reſpect to the Point A from 
which they are drawn, and from the Axis P on which 
they ſtand. Now theſe being reſpectively written for æ and 
y in the fiftitious Æquation 44 4- bx LS rk n - 


rand L will give aa br crys: 


7 . 4 . . r . 
— and + = vill give 24 ＋π = Lacrr 11. 


+; and + 2 will give 24 -N LF ILctt = vv. 
＋ It and — 3 will give 24 jb x+t 2m = ¹. 


Nou 


Un, 


owt 


1 


Now, by exterminating ss from the firſt and ſecond &- 
quations, in order to obtain r, there comes out 1 Dr. 


Whence it is manifeſt, that * b is Affirmative, becauſe r is 
ſv, Alſo by exterminating vy from the third and fourth, 
(after having written for L its Value +b) to obtain x, 


there comes out I = —t, therefore t is poſitive and equal 


to " and having writ 242 for r in the firſt, and = for 


b 
in the third, there ariſe 34, and 2444 
40 | 
* i 


Moreover, having let fall B. perpendicular upon CH, 
BC will be: AD (:: 3: 1) :: BN: AK: : C: DK. 


Wherefore, fince B. is (AN- AH =) = 


AK will be — 555 but with a Negative Sign, vix.— 4 * 
| . 444 a*c 
Alſo ſince Ca (= CH 4- BM=v +5) = ro” 


＋ 3644 2555 and therefore DK (=+C>) = 


4 
2 c Lf pag 6 


MMC AO 


— 


; ich bei ea 
87755 519 whic ing 1 
ſpectively written in the Æquation aa by -cxx=)), 
or rather the Æquation aa + bx -cxx —yy, becauſe b 
hath before been found to be Poſitive, for A K and D K, 

8 = an 1. 
or & and y, there comes out 2 8757 2 4 + 


Ne L e „eL due And b 
$1bb 1 n 88 pas 
keduction — bb ＋ 4 aac = ＋ 2 036. 1 51 aabbe + qa*ce? 
and the Parts being ſquar'd, and again "Wk there comes 
— b a 
out o = 143b* ＋ 1964abbc, or 143” — 4-c, Whence 
196 44 
it is manifeſt, that c is Negative, and conſequently the 
| . * 2 © OED fictitious 
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fictitious Æquation 44 b& cx x yy will be of this 
Form, aa + bx - c ==. And its Center and two Axes 
are thus found. | 
Making 5 —0, as happens in the Vertex's of the Figure 
P and Q, you'll have 44 b , and having ex- 


5 b bb 44 40 
trated the Root x 4 K Fele — = 4 . 
b bb aa b 


' + where 4P and A Q are computed from 4 


4cc 
towards the Parts O; and conſequently when AP is com- 
puted from A towards P, its Value will be found to be 
"x< 7 bb _ aa 

+Y — + _ And conſequently, taking AV = 


we 4.cc 
- vill be the Center of the Ellipſe, and / Q, or PP, 


— — ͤ ö——⅜ 


(V = + 5 the greateſt Semi-Axis, If, moreover, the 


4cc 


Value of A, or 4 be put for x in the Æquation 44 


bx — cxx = , there will come out N 


Wherefore aa + 1 will be = VZ 4, that is, to the Square 
of the leaſt Semi- Axis. Laftly, in the Values of AV and 
, V already found, writing Lo for c, there come 


9844 _ 11244V3 _ 8av3 _ 
* —— = N and 9143 * 


The other Part of the Analyſs. [Vide Figure 62.] 


Suppoſe now the Staff A ſtanding on the Point A, and 
RP Q will be the Meridional Plane, and RPZ Q the lu- 
minous Cone whoſe Vertex is Xx. Let moreover 7 XZ be 
a Plane cutting the Horizon in YZ, and the Meridional 
Plane in TY A, which Section let it be perpendicular , 
U 


_RP+RO 
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the Axis of the World, or of the Cone, and it will cut the 
Cone in the Periphery of the Circle 7 Z X, which will be 
every where at an equal Diſtance, as R A, RZ, RT, from 
its Vertex. Wherefore, if PS be drawn parallel to TX, 
you'll have & SRP, by reaſon of the equal Quantities 
RX, XT; and alſo S A= A , by reaſon of the equal 


Quantities PV, Y; whence RA or RZ (= LEE) 


. Laſtly, draw RY, and ſince / perpen- 


2 
dicularly ſtands on the Plane RP O, (as being the Section 
of the Planes perpendicularly ſtanding on the ſame [Plane] 
the Triangle X / will be right-angled at /. 

Now making RA = d, AV e, Por VO f, and 
VZ g, youll have AP f —e, and RP = 
Vff—2ef+ee+dd. Al AQ=f+e, and RQ= 
v ff + 2ef bee+dd ; and conſequently R Z ( = 
RP+R 0 )_ v ff —2ef + ee + dd + v ff Tee dds 

2 97 2 8 


dd + ee +ff 
2 


Whoſe Square + : 


fi —2eeff+e* + 2ddff+2ddee +4*, is equal 
(RVg + VZq =RAq+ AVq + YZq) Sto dd-hee 


＋ 2g. Now having reduc'd 


VF*—=2eeff Fe*Þ 2dd7f F2ddee+d* =dd+ee— 
if+2gg, and the Parts being ſquar d and reduc'd into 


dd 
Order, ddff =ddgg +eegg —ffgg “, or LL * 
dd+ ee—ff+gg. Laſtly, 6, Mow 120073 2 
11. 17 785 
(the Values of AR, AV, V, and V) being reſtor d for 
196 419244 


d, e, f, and g, there ariſes 36 — THT Ro. 
4 

30, 145 > mot and thence by ReduQion £2.57] 3-,36,4944 

7 48 aa + 1287 


Þ+15=33 X33. But 7 was = ge, and 35 = 344 — 
| X 2 4 


In the firſt Scheme A Mg + M Bq= ABgq, that is, r 


| 
| 
N 


E | 
CLAM 1 ituting 43 5 
5 whence rr — Tr and ſubſtituting 7 5 for ) 
aa 


| 4 aa 
$5 = Ws Whcrefore 77 * be i= 33 * 33, and thence 


4 
by Reduction there again reſults — — 7 bb, Put. 


ting therefore an Equality between the two Values of þþ, 


and dividing each Part of the &:quation by 49, you'll have 


4 . 4 
3 = —— z ; whoſe Parts being multi. 
4844 +1287 53361 —444 
ply'd croſs-ways, and divided by 49, there comes out 4 44 
981+V 1589623 
| 1 


298144 + 274428, whoſe Root 44 is 


= 280, 2254144 ; 
1444 


Above was found — 4.494" =bb, or- 
53361 — 444 v 53361 —4aa 


* 


98 44 


wed. Whence AY (257) is TOE es 


and VP, 
| „ 
or J 0 20 is 14 160083 — 1244. That is, 


by ſubſtituting 280, 2254 144 for 44, and reducing the Term 
into Decimals, A = 11, 188297, and VP or V Q= 


22,147085 ; and conſequently AP (PV — AY) = 


30,958788, and AQ (AF + Y 33,335382. 

ly, if WT a. 1 be made Ranks, ＋ 4 Q or 
5.355897 will be the Tangent of the Angle AR Q of 79 
gr. 4. 48“. and + AP or 1,826465 the Tangent of the 
| KS ARP of 61 pr. 17'. 52'. half the Sum of which 
Angles 70 gr. 32% 500%. is the Complement of the Sun's De- 
clination ; and the Semi- difference 9 gr. 14'. 58“. the Com- 
plement of the Latitude of the Place. Then, the Sun's De- 
clination was 19 gr. 27. 10”. and the Latitude of the Place 

$0 gr. 45'- 20”. which were to be found. 


PRo- 


Z = & an) 
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) PROBLEM XLII. | 


ce HF at the Ends of the Thread DAE, moving 
ußon the fix d Tack A, there are bang d two 

*. Weights, D and E, whereof the Weight E 

ſlides through the oblique Line BG given in 

re Poſition; to find the Place of the Weight E, 

i. here theſe Weights are in Aquilibrio. 
[ Vide Figure $53. ] ; 


4 4 
4 UPPOSE the Problem done, and parallel to 4D 
draw EF, which ſhall be to AE as the Weight E to 
the Weight D. And from the Points A and F to the Line 
BG let fall the Perpendiculars 4B, FG, Now fince the 
Weights are, by Suppoſition, as the Lincs AE and EF, 
expreſs thoſe Weights by thoſe Lines, the Weight D by the 
line EA, and the Weight E by the Line EF. Therefore 
the Body, or E, directed by the Force of its own Weight, 
tends towards F, And by the oblique Force EG tends to- 
wards G, And the ſame Body E by the Weight D in the 
direct Force AE, is drawn towards A, and in the oblique 
Force B E is drawn towards B. Since therefore the Weights 
ſuſtain each other in Aquilivrio, the Force by which the 
Weight E is drawn towards B, ought to be equal to the 
contrary Force by which it tends towards G, that is BE 
ought to be equal to EG, But now the Ratio of AE to 
EF is given by the Hypothefis ; and by reaſon of the given 
Angle FE G, there is alſo given the Ratio of FE to EG, 
to which BE is equal, Therefore there is given the Ratio 
of AE to BE. AB is alſo given in Length; and thence 
the Triangle ABE, and the Point E will eaſily be given. 
Viz. make AB 4, B ES x, and AE will be equal 


Vaa+ xx; moreover, let AE be to B E in the given 


Ratio of d to e, and e VA + xx will =dx. And the 1 
Parts of the Xquation being ſquar'd and reduc'd, eeaa— Pa i 


a 


ixx—eexx, or =x. Therefore the Length | f 
dd — ee | 
BE is found, which determines the Place of the Weight \ 


k. Q. F. 


! 
Now, | 
ö 

f 
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Now, if both Weights deſcend by oblique Lines given in 
Poſition, the Computation may be made thus. [Vide Fi- 
ure 64-] Let CD and BE be oblique Lines given by Po- 
; xk; through which thoſe Weights deſcend. From the 
fix d Tack A to theſe Lines let fall the Perpendiculars 40, 
AB, and let the Lines EG, DH, erected from the Weights 
perpendicularly to the Horizon, meet them in the Points 6 
and H; and the Force by which the Weight E endeavours 
to deſcend in a perpendicular Line, or the whole Gravity 
of E, wil! be to the Force by which the ſame Weight en- 
deavours to deſcend in the oblique Line BE, as G E to BE; 
and the Force by which it endeavours to deſcend in the 
oblique Line B E, will be to the Force by which it endes. 
vours to deſcend in the Line AE, that is, to the Force by which 
the Thread A E is diſtended [or ſtretch d] as BE to AE. And 
conſequently the Gravity of E will be to the Len ſion of the 
Thread AE, as GE to AE. And by the ſame Ratio the Gra 
vity of D will be to the Tenſio of the I hread AD, as HD 
to AD. Let therefore the Length of the whole Thread D 4 
+ AE be c, and let its Part AE= x, and its other Pan 
AD will =c— x. And becauſe AEq— A39 ts = 
BEq, and ADq—ACq=CDgq; let, moreover, AB 


=4, and AC=b, and BE will be — Vxx—as, and 
CD=vVxx—2cx+cc—bb, Moreover, ſince the Tri- 


angles BEG, CD H are given in Specie, let BE: EG::| 


F: E, andCD:DH::f:s, and EG will =? za, 


4 


and DH 1 Vxx 27 ec bb, Wherefore ſince 


GE: AE: : Weight E: Tenſion of AE; and HD : AD 
:: Weight D: Tenſion of 4D; and thoſe Tenſions are 


E x 


equal, youll have = Tenſion of AE — to 


s |  Vxx—as 
the Tenſion AD — — ; 
| | 7 Vr c e- 
Reduction of which Aquation there comes out gr 
Vxx* — 2cx + cc — bb = Dc — Dæ VAX 44, 0 
| 152% 
_ Bon Te. vs, 
+ DDas 
DDccaa=0. But 


FR _ oe RVCVo?@ 


1 
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But if you deſire a Cafe wherein this Problem may be 
conſtructed by a Rule and Compaſs, make the Weight D 
to the Weight E as the Ratio 15 to the Ratio 57 and 
g will become = D; and ſo in the Room of the prece- 


dent Æquation you'll have this, — 5 240 + aace 
ac 
=O, Wow Ip 
PROBLEM XLIV. 


If on the String DABCE, that ſlides about the 
two Tacks A and B, there are bung three 


Weights, D, E, F; D and F at the Ends of 


the String, and E at its middle Point C, 
rs between the Tacks: From the given 

eights and Poſition of the Tacks to find the 
Situation of the Point C, where the middle 
Weight hangs, and where they are in Agqui- 
librio. [| Vide Figure 65.] 


INCE the Tenſion of the Thread 40 is equal to the 
Tenſion of the Thread 4 D, and the Tenſion of the 
read BC to the Tenſion of the Thread B F, the Tenſion 
of the Strings or Threads 40 BC, EC will be as the 
Weights D, E, F. Then take the Parts of the Thread CG, 
CH, CI, in the ſame Ratio as the Weights. Compleat the 
Triangle G HI. Produce JC till it meet G H in K, and 
GK will be = K H, and CX CI, and conſequently C 
the Center of Gravity of the Triangle GH. For, draw 


P © through C, perpendicular to CE, and perpendicular to 


that, from the Points G and H, draw GP, HQ. And if 


the Force by which the Thread AC by the Weight D draws 


the Point C towards A, be expreſs'd by the Line GC, the 
Force by which that Thread will draw the ſame Point to- 
wards P, will be expreſs'd by the Line CP; and the «Force 
by which it draws it to X, will be expreſs'd by the Line 
GP. And in like Manner, the Forces by which the T hread 
8C, by Means of the Weight F, draws the ſame Point 6 

towards 
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towards B, O, and K, will be expreſs d by the Lines C H, 
CK, and HO; and the Force by which the Thread CE, 
by Means of the Weight E, draws that Point C towards E, 
will be expreſs d by the Line CI. Now ſince the Point ( 
is ſuſtain d in Ægquilibrio by equal Forces, the Sum of the 
Forces by which the Threads 4 C and BC do together draw 
C towards X, will be equal to the contrary Force by which 
the Thread FC draws that Point towards E; that is, the 
Sum GP + H © will be equal to CJ; and the Force b 

which the Thread AC draws the Point C towards P, wil 
be equal to the contrary Force by which the Thread BC 
draws-the ſame Point C towards 54 that is, the Line P( 
is equal to the Line CO. Wherefore, ſince PG, CK, and 
OH are Parallel, G K will be alſo = KH, and CX (= 


4 — 2 2 Ci.) Which was to be ſhewn, It remain 


2 
therefore to determine the Triangle GCK, whoſe Sides GC 
and HC are given, together with the Line CK, which is 
drawn from the Vertex C to the middle of the Baſe, Let 
fall therefore from the Vertex C to the Baſe CH the Per- 


r 


pendicular CL, and 


26 H 
— 5 2 . For 26 K write G H, and having 
rejected the common Diviſor G H, and order d the Terms, 
youll have GCg — 2K C0 + CHꝗ = 2G Kg, or 
 i:GCg—KCg+iCHq=6GK, having found G X, or 
XH. there are given together the Angles G CK, KCH, or 
DAC, FBC. Wherefore, from the Points A and C in 
_ theſe given Angles DAC, F BC, draw the Lines AC, BC, 
meeting in the Point C; and C will be the Point ſought. 
But it is not always neceſſary to ſolve Queſtions that are 
of the ſame Kind, particularly by Algebra, but from the So- 
lution of one of them you may moſt commonly infer the 
Solution of the other, As if now there ſhould be propos'd 
this Queſtion. - | 


The 


Ks 5 Wa, & 
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The Thread ACD B being divided into the gi- 
ven Parts AC, CD, DB, and its Ends being 
faſten'd to the two Tacks given by Poſition, 
A and B; and if at the Points of Diviſion, 
C and D, there are hang'd the two Weights 
E and F; from the given Weight E, and the 
Situationrof the Points C and D, to know the 
Weight E. [ Vide Figure 66.] 


ROM the Solution of the former Problem the Solu- 
tion of this may be eaſily enough found. Froduce the 
Lines AC, BD, till they meet the Lines DF, CE in G 
and H; and the Weight E will be to the Weight F, as 
DG to CH, 
And hence may appear a Method of making a Balahce of 
only Threads, by which the Weight of any Body E may be 
known, from only one given Weight F, | 


PROBLEM XLV. 


A Stone falling down into a Well, from the 
Sound of the Stone ſtriking the Bottom, to 
determine the Depth of the Mell. 


ET the Depth of the Well be x, and if the Stone de- 
ſcends with an uniformly accelerated Motion through 

ay given Space 4, in any given Time h, and the Sound 
paſſes with an uniform Motion through the ſame given Space 
4, in the given Time d, the Stone will deſcend through the 


Space x in the Time ) e; but the Sound which is caus'd 
by the Stone ſtriking upon the Bottom of the Well, will 


aſcend by the ſame Space x, in the Time ＋ For the 


Spares deſcrib'd by deſcending heavy Bodies, are as the 
Squares of the Times of Deſcert ; or the Roots of the 
paces, that is, x and ya are as the Times themſelves. 
And the Spaces æ and 4, c_ which the Sound paſſes, are 
as the Times of Paſſage, b 1d the Sum of theſe 1 

| vx 
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H and and ©, is the Time of the Stone's falling to the 
N of the Sum This Time may be known * Obſer. 
vation. Let it be 1, and you'll have b . f = 


And b 7 5 2 — = And the Parts being nd 


. 


2 + _ And by Reduction 242 
— — * — 77 And having extracted the Root 


adt + Eabb 4b 
+3 = 244 
PROBLEM XL VI. 
Having given the Perimeter and Perpendicula 


of a right-angled Triangle, to find the Tri. 
2 LVide Figure 67. 


ET C be the right Angle of the Triangle, ABC and 
CD a Perpendicular let fall, thence to the Baſe AB, 
Let there be given AB +BC+ AC—4, and CD —b. 


Make the Baſe AB x, and the Sum of the Sides will be | 


a—x Puty for the Difference of the Legs, and the great- 
— Ty 2 

er Leg AC will be = <= 2 — the leſs B C 

Now, from the Nature of a right-angled Triangle you hay 

AC BCq=4Bg, that is, LILLE TE TY 

S*. And alſo-AB: AC:: BC: DC, thendfore AB x 

DC= ACXBC, that is, bx = 236 — 


By the former Æquation 5) is = xx + 24 — 44. By 
the latter yy is = X — 24x 44 —4 bx. And conſe- 
quently xx + 24X—44=xx— 24x + I rl gas And 


by Reduction 44x T 4bx =244, ot #= 


IT 25 
 Geome- 


ot 
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Geometrically thus. In every right-angled Triangle, as 
the Sum of the Perimeter and Perpendicular is to the Peri- 
meter, fo is half the Perimeter to the Baſe. 
ab 


Subtract 2 from 4, and there will remain 5X7 the 


Exceſs of the Sides above the Baſe. Whence again, as in 
every right-angled Triangle the Sum of the Perimeter and 
Perpendicular is to the Perimeter, ſo is the Perpendicular to 
the Exceſs of the Sides above the Baſe. 


PROBLEM XLVIL 


Having given the Baſe AB of a right-angled 
Triangle, and the Sum of the Perpendicular, 


and the Legs CA+CB+CD, to find the 
Triangle. PB 


ETCA+CB +CD=—4a, AB =b, CD=x, and 
AC+CB will be = a— x. Put AC—CB=y, and 


AC will be = "= 2, and CB 


12 — 4 — 


. But 404 


+ CBq is=ABq ; that is,. — EEE FI) bb. 


44.— 24 x*—)y 


Moreover, AC x CB = AB x CD, that is, 


ber. Which being compar'd, you have 2bb 4 aa + 
24 —X&#=)) =44—24x + xx—4 br. And by Re- 
duction, xx = 24x + 2bx — 44 T bb, and AT 
v 24 b + 2 bbe 

Geometrically thus, In any right-angled Triangle, from 
the Sum of the Legs and Perpendicular ſubtract the mean 
Proportional between the ſaid Sum and the double of the 
Baſe, and there will remain the Perpendicular, 


| Make CA+CB+CD=4, AB=b, and AC=x, and 


EC willbe=v bb — x x, 62 And * + 


(BC DR, or CBþCD=a—zx, And therefore 
; y Y 2 b+x 
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4 bb—#*X -K. And the Parts being ſquar'd 
and multiply'd by b b, there will be made 3 mn. the? 


+ 2b'x +b* = aabb — 2abbx + bb x x» Which Aqua- 
tion being order d, by Tranſpoſition of Parts, after this 


þ 4 
+ 3bb + 26 4 3 
Manner, x * -+ 25. ＋22b ** + 266b* © 240, 


b b þ 4 : 
al . J £42011 Þ and an 


Roots on both Sides, there will ariſe x x +bx + bb + ab 
& + b 24 + 2bb, And the Root being again ex- 
tracted x=—+b+v+$bb + Fab + 

7 Pb 50 — 4b. 


| The Geometrical Gnſtruftion. [Vide Figure 53.] 


b 


Take therefore A B Ab, BCS. CDS AB, AE, 
a mean Proportional between h and AC, and EF — Ef, a 
mean Proportional between h and DE, and BF, Bf will 
be the two Legs of the Triangle, i318 


PROBLEM XLVIIL 


Having given in the right-angled Triangle ABC 
the Sum of the Sides ACA BC, and. the 
Perpendicular CD, to find the Triangle. 


ET Ac BCS, CD, AC=x, and BC will 
=4—#*, AB = Vaa—2ax-+ 2xx, Moreover, 


CD: AC: : BC: AB: Therefore again — 


Wherefore ax—x*=bVaa—2ax+2xx; and the 
Parts being ſquar'd and order'd 1 — 244% x x + 
2abhx—aabb=0. Add to both Parts aabb + b*, and 
there will be made x * — 2 4x* 2273 2abbxy T 
both 
Sides, 


—2b 


=44bb-+b*. And the Root being extracted on 
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Gdes, * * 4x—bb=—b aa + bb, and the Root be- 


rd 
mY again extracted æ 44+ {aa bb—b VAT b. 


wy z | 4 | 
his The Geometrical Cinflruftion, [Vide Figure 69.] 


| Take AB BCS HZ. At C ere the Perpendicular CD 

2b. Produce DC to E, ſo that DE ſhall = D 4 And 

the between CD and CE take a mean Proportional CF, And 

kt a Circle, defcrib'd from the Center F and the Radius BC, 

4b Wer the right Line BC in G and H, and BG and BH will 
x- be the two Sides of the Triangle. 


The ſame otherwiſe. 


let AC+BC=a, AC—BC =y, AB x, and DC 
=b, and — will = AC, — == BC, Ad 
424 — 9 ACR 
F | 
Therefore 2x x —44 =)y =44—4b#, and xx = 44— 
2bx, and the Root being extracted -TV. 
Whence in the Conſtruction above CE is the Hypothenuſe of 
the Triangle ſought. But the Baſe and Perpendicular, as 
well in this as the Problem above being given, the Trian- 
le is thus expeditiouſly conſtructed. [Vide Figure 70.] Make 
2 Paralletogram CG, whoſe Side CE ſhall be the Baſis of the 
Triangle, and the other Side CF the Perpendicalar. And 
upon CE deſcribe a Semicurcle, cutting the oppoſite Side PG 


in FH. Draw CH, EH, and CHE will be the Triangle 
ſought, 


,  PrRoBitem XLIX. 


In a right-angled Triangle, having given the 
Sum of the Legs, and the Sum of the Per- 
- WW pendicular and Baſe, to find the Triangle. 


# 
[ ET the Sum of the Legs AC and BC be call dj 4 the 
4 Sum of the Baſe 4 B and of the Perpendicular CD 
be [cal'd] b, let the Leg AC x, the Baſe AB —y, and 
BC will = 4—=x, CDU-), 44 — 24 T2 = ACq | 
2 5 + BCg 


73 C= AB xXx. 
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+ BCq= ABA =. ax—xx=ACxBC=ABxCD 
= by —yy=by —aa+2ax—2zxx, and by =aa —ax 
+ xx. Make its Square 4* — 24 X + 344 u 24 
+ x* equal toyy x bb, that is, equal to aabb — 24bbx 
+ 2bbxx, And ordering the Æquation, there will come 
Sy 3 
out x*—2ax" f 24 og F411 =o. Al 
to each Side of the Aquation b 4abb, and there will 


mak 


bb a 


| ＋ 344 ,, —24* 
come out x * — 24 — #X ＋ 246 7 


4 


—þ4 —4abb, And the Root being extracted on both Sides [ 
x —ax+aqa—mbb=—bwvbb—aa, and the Noot being 


again extraied = 1a f. Hb ö ==. ite 


The Geometrical Cunſtructibn. 27 


Take R a mean Proportional between b + 4 and b—4 N 
and S a mean Proportional between R and b RX, and 72 T 
mean Proportional between 34 + $ and Za—S; and 
+T, and 24 —T will be the Sides of the Triangle. 


PROBLEM I.. 


To ſubtend the given Angle CBD with the 
given right Line CD, ſo that if AD be 

drawn from the End of that right Line Dt 
the Point A, given on the right Line CB pro- 
duc d, the Angle AD C ſhall be equal to the 
Angle ABD. | Vide Figure 71.] , 


TAKE CD—a, AB—b, BDS x, and BD will be 
4: CD: pA Let fall the Perpendicu- 


lar DE, and B E will be = 224 —=4D4+B49q 
1 234 
$i 1 2 4 | | 


r * 


i — . By reaſon of the given Triangle D BA, 
| 25 make W* 


[ FI 
= 


— „ 188 12 


— 2 
— 


— 
— 


yz 2 


ke 
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mike B D: BE b e, and you'll have again E= 


, 
berefore x ar — £23 +bb —2ex. And 1 — 2e + 


bx x - 4abb O. 


PROBLEM LI. 


Having the Sides of a Triangle given, to find 
the Angles. [ Vide Figure 72.] 


ET the [given] Sides AB , AC=b, BC=c, to 
find the Angle A. Having let fall to AB the Perpen- 
ticular C D, which is oppoſite to that Angle, you'll have in 
the firſt Place, bb —cc= ACq—BCq = 4ADg —BDg 
=AD + BDX AD - BD = AB & ur — AB — 
AD X 4 — 44. And conſequently 2 a + — = A D, 
hence comes out this firſt Theorem. As AB to AC + 


ſo AB - BC toa fourth Proportional . ABTN- 


2 
AD. As AC to AD fo Radius to the Cofine of the 
Angle A. 
Moreover, DCq = ACq — ADq = 
24abb + 24aacc + 2bbee —a* —b* 4 


NOSE... 3 
(+b+cXapb—cXa—b+ x—a+b+; W! 


aa 
having multiply'd the Roots of the Numerator and Deno- 
ninator by b, there is made this ſecond Theorem, As 24b 
to a mean Proportional between a +b +c x a+b—c and 
i—>b+cx—a+b+c, ſo is Radius to the Sine of the 
Angle 4. 
Moreover, on AB take A E= AC, and draw CE, and the 


Angle ECD will be equal to half the Angle A. Take 4D 
tom AE, and there will remain DE —=b —Z 4— 


bcc comma 2ab—bb __ Eb amb Xcatb 
1 24 Ls 24 : 
Wi DEg= c+a—bxc+ a—bxc—a+bxo—utb 


| 444 
And hence is made the third and fourth Theorem, viz. As 
24b 
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2abtoc+a—bxc—a+b (fo AC to DE) ſo Radiy 
to the verſed Sine of the Angle A. And, as a mean Pro. 

rtional between bc, and a +b—c to a mean 
Proportional between c + a—b, and c==-a+b (foCD to 
DE) ſo Radius to the Tangent of half the Angle A, or the 
Cotangent of half the Angle to Radius, 

Beſides, CEA is CDT DE = 

3 — — 

— = 4 XC -N -A. 
Whence the fifth and ſixth Theorem. As a mean Proporti- 
onal between 2 4 and 2b to a mean Proportional between 
c 4b, and c—a+b, or as 1 to a mean Proportional 
between © . and — (fo AC to c E, orcł 
to DE) ſo Radius to the Sine of 3 the Angle A. And as 2 
mean Froportional between 24 and 2b to a mean Proporti- 
onal between ab anda +b—c (foCEtoCD) ſo 
Radius to the Coſine of half the Angle A. 
But if beſides the Angles, the Area of the Triangle be alſo 
fought, multiply CDg by 3 ABg, and the Root, viz, 


LVa+b+cxa+b—cxa—b+cx—a+b+cwille 
the Area ſought, 


PROBLEM LII. 
From the Obſervation of four Places of a C6- 


met, moving with an uniform right-lined Mo- 
tion through the Heaven, to determine its Di. 
ſtance from the Earth, and Direction and 

Velocity of its Motion, according to the Co- 
pernican Hypotheſis. | Vide Figure 73.] 


F from the Center of the Comet in the four Places ob- 
| favs you let fall ſo many Perpendiculars to the Plane of 
the Ecliprick; and A, B, C, D, be the Points in that Plane 
on which the Perpendiculars fall ; through thoſe Points draw 
the right Line 4 D, and this will be cut by the Perpendi- 
culars in the ſame Ratio with the Line which the Comet 
deſcribes by its Motion; that is, ſo that A B ſhall be to AC 
as the Time between the firſt and ſecond Obſeryation to the 
Tune between the firſt and third; and AB to AD 3 
. ime 


w WO Bt nd 


ad a . 
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Time between the firſt and ſecond to the Time between the 
firſt and fourth, From the Obſervi;1ons cherefore there are 
given the Proportions of the Lines A B, AC, AD, to one 
another, 

Moreover, let the Sun S be in the ſame Plane of the Eclip- 
tick, and EH an Arch of the Ecliptical Line in which the 
Earth moves; E. F, G, H, four Places of the Earth in the 
Times of rhe Obſervations, E the firſt Place, F the ſecond, 
G the chard, H the fourth. Join AE. BF, CG, D H. and 
let them be produced till the three former cut the latter in 
I, K, and L. viz. BF in l. CG in X, DA in L. And the 
Angles AI B, AKC, AL will be the Differences of the 
obſerv'd Longitudes of the Comet; A1B the Difference of 
the Longitudes of the firſt and ſecond Place of the Comet; 
AKC the Difference of the Longitudes of rhe firſt and third 
Place, and AL D the Difference of the Longitudes of the 
firſt and fourth Place, There are given therefore from the 
Obſervations the Angles AI B, AKC, ALD. 

Join SE, SF, EF; and by reaſon of the given Points 
§, E, E, and the given Angle ES F, there will be given the 
Angle SEF, There is given alſo the Angle SE A, as being 
the Difference of Longitude of the Comet and Sun in the 
Time of the firſt Obſervation Wherefore, if you add its 
Complement to two right Angles, viz. the Angle SE I to 
the Angle SE F, there will be given the Angle JE F. There- 
fore there are given the Angles of the Triangle I E E, together 
with the Side EF, and conſequently there is given the Side 
IE. And by a like Argument there are given K E and LE. 
There are given therefore in Foſition the four Lines A, BI, 
CK, DL, and conſequently the Problem comes to this, that 
four Lines being given in Poſition, we may find a fifth, which 
ſhall be cur by theſe four in a given Ratio, 

Having let fall to A/ the Perpendiculars B A, CN, DO, 
by reaſon of the given Angle A1 there is given the Ratio 
of BAA to NJ. But BM to CN is in the given Ratio of 
B 4 and CA, and by reaſon of the given Angle C K N there 
is given the Ratio of CV to KN. Wherefore, there is 
alſo given the Ratio of BA to KN; and thence alſo the 
Ratio of B to MI—KN, that is, to MN+IK. 
Take P to I K as is AB to BC, and ſince A A is to M N 
in the ſame Ratio, P + MA will be to IX + A NN inthe 
ſame Ratio, that is, in a given Ratio, Wherefore, there is 
given the Ratio of B MN to P+ A. And by a like Ar- 
gument, if N be taken to J ** the Ratio of AB to - D, 

A ele 
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there will be given the Ratio of B A to O+ M A. And 
then the Ratio of B MN to the Difference of P + M A and 
Q+MA will be given. But that Difference, vie, P=0Q, 


_ or O—P is given, and then there will be given B M. But 


B being given, there are alſo given P + M A and 11, 
and thence, A A, ME, AE, and the Angle E AB. 

Theſe being found, ere& at A a Line perpendicular to 
the Plan of the Ecliptick, which ſhall be to the Line E A as 
the Tangent of the Comet's Latitude in the firſt Obſervati- 
on to Radius, and the End of that Perpendicular will be 
the Planet's Place in the firſt Obſervation. Whence the Di. 
fiance of the Comet from the Earth is given in the Time 
of that Obſervation. 

And after the ſame Manner, if from the Point B you e- 
rect a P dicular which ſhall be to the Line B F as the 
Tangent of the Comet's Latitude in the ſecond Obſervation 
to Radius, you'll have the Place of the Comet's Center in 
that ſecond Obſervation, and a Line drawn from the firſt 
Place to the ſecond, is that in which the Comet moves 
through the Heaven, 


PROBLEM LIII. 


If the given Angle CAD move about the an- 


gular Point A given in Poſition, and the given 


Angle C BD about the angular Point B given 
alſo in Poſition, on this Condition, that the 
Legs AD, BD, ſhall always cut one another 
in the right Line EF given likewiſe in Poſs- 
tion; to find the Curve, which the InterſeFion 
C of the other Legs AC, B C, deſcribes. 
[ Vide Figure 74. ] 


RODUCE CA to d, ſo that 44 ſhall be = AD, 

and produce CB to J, ſo that BY ſhallbe — to B D. 
Make the Angle Ade equal to the Angle AD E, and the 
Angle Bs f equal to the Angle B D F, and produce AB on 
both Sides till it meet de and Jef ine and f. Produce alſo 
ed to G, that dG ſhall be 4, and from the Point C to 
the Line 4 B draw CH parallel to ed, and CX parallel to 


ff5. And conceiving the Lines eG, fs to remain immove- 


able 
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able while the Angles CAD, CB D, move by the aforeſaid 
Law about the Poles A and B, Gd will always be equal to 
5, and the Triangle CH & will be * in Specie. Make 
therefore Ae a, eG=b, BSc, ABN, BK=x, 
Spin And B K will be : OK: : Bf: 2 There- 


fore f 5 d. Take this from Ge, and there will 


remain ed = =b—=, Since the Triangle CKH is given 
in Specie, make C K: CH:: d: e, and CH: HRX::4d:f, 


and CH will ==, and ub. And conſequently 


1 But AH: HC:: Ae: ed, that is, 


mx : , 22A be 2 Therefore, by multiply- 
ing the Means and Extreams 8 there will be made 


2 2 —4＋ —7 5 71 9 © Multiply 
all the Terms by dx, and reduce — into Order, d 


+ dc 
there will come out fem xy —domy—bdax+ 


bd mæ o. Where, ſince the unknown Quantities x and 
y aſcend only to two | Dimenſions, it is evident, that the 
Curye Line that the Point C deſcribes' is a Conick Section. 


N and there will come out yy = 
2pxy bd dn g 
— zx —— — x. And the Square Root 
by 175 T Fe fe. N 


8 = 
being extracted, J= 7 E223 <1 


pp pam __ bam 4 m m 
Hafer +75 rr TF 7 tc * + 477 5 I 


. we i that the Curve is an Hyperbola, if bi 


be Affirmative, or Negative and not greater than T ; 
i 
Z 2 = 


- 
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a Paratola, it - be Negative and equal to ; an Ellipſe 


or a Circle, if 5 Le both Negative and greater than 72 
Q. E. I. | 
PROBLEM LIV. 


To deſcribe a Parabola which ſhall paſs through 
four Points given. | Vide Figure 75. 


ET thoſe given Points be A, B, C D. Join AB, and 
biſcct it ui F. And through E draw FE, a right Line, 
which conceive to be the Diameter of a Parabola, the Point 
being its Vertex. Join AC, avd draw DG parallel to 
AB, and meeting ACin G. Make AB =a, AC=b, 
AG—c, GD —=d, Upon AC take AP of any Length, 
and from P draw P Q parallel to AB, and conceiving Q 
to be a Point of the Parabola; make AP =x, P;. 
And take any }Aquation expreſſive of a Parabola, which de- 
termines the Relation between AP and P O. As that y is 
=e+{x+/go + br. | 
Now if AP or x be put =o, the Point P falling upon 
A, PQ ory will be —o, as alſo =— AB. And by writ- 
ing in the aſſum d Xquation o for x, you'll have y—e+ 


gg, that is, 2e 75 The greater of which Values of y, 
e g is o, the leſſer e—g'—— AB, or to — 4, There- 
fore e = — , and e—g, that is. — 2g =—4, or g 4. 
And ſo in room of the aſſum d Æquation you'll have this 

Moreover, if AP or x be made = AC, fo that the Point 
P falls upon C, you'll have again PQ So. For x there- 
fore in the laſt Equation write AC or b, and for y write 
o; and you'll have 6 - 2a +fb+vlaa+hb, or 24 
—fb=v%Jaa+hb; and the Parts being ſquard —afb 
＋ FF hb, or ffb—fa—h. And fo, in room of the 
aſſum d Xquation, there will be had this, y =— +a + fx 
EX 444 + F faæ. 

Moreover, if AP or x be made = 4G ore, PO cry 
will be =— GD or —d, Wherefore, for x and y in the 
laſt Xquation write c and — d, and you'll have — d =— 

| FP 

| 2 
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„fe =I e —fac, or 14 —d —fc= 
lag +ftftbe —fac. And the Parts being ſquard, — 4 d 
fac+ dd + 2def Tcef f ffbe - fac. And the &- 
ation being order'd and reduc'd, ff - — f rnd 
For b—c,, that is, for GC write K, 14 that Æquation will 
he:ome i= f+ 3 nd the Root being ex- 


d dd. +ddk —adk _ 

tated, f=r+f/— * But f being found, 
the Parabolick Aquation, viz. y = — ta + fa + 

/:aa+ ffbx—fax will be fully determin'd ; by whoſe 
Conſtruction therefore the Parabola will alſo be Jetermin'd. 
The Conſtruction is thus: Draw CH parallel to BD meet- 
ing DG in H. Between DG and DH take a mean Pro- 
portional D K, and draw E parallel to C K, biſecting AB 
in E, and meeting DG in J. Then produce I E to V, fo 
that EY ſhall be to E I:: EBG: DlIq—EBgq, and V 


ll be the Vertex, VE the Diameter, and 7/29 the Laus 
ieflym of the Parabola ſought, | 


PROBLEM LV. 


To deſcribe a Conick Section through frve Points 
given. [ Vide Figure 76. ] 


" ET thoſe Points be A. B, C, D, E. Join AC, BE, 
cutting one another in H. Draw D! parallel to B E 
and meeting AC in J. As alſo EK parallel to AC, and 
meeting DI produc'd in K. Produce I D to E, and EK to 
6; ſo that AHC ſnall be: BHE: : AIC: FI D:: EKG 
FX D, and the Points F and G will be in a Conick Secti- 
on, as is known, 

But you ought to obſerve this, if the Point H falls be- 
tween all the Points A, C. and B, E, or without them all, 
the Point / muſt either fall between all the Points A, C, and 
F, D, or without them all; and the Point K between all 
the Points D, F, and E, G, or without them all. But if the 
Point H falls between the two Points A, (, and without 


the other two B, E, or between thoſe two B E, and with- 
| out 
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out the other two AC, the Point / ought to fall betwee 
two of the Points A. C and F, D, and without the othe 
two of them; and in like Manner, the Point K ought to 
fall between two of the Points D, F, and E, G, and with 
out Side of the two other of them; which will be done h 
taking J F, KG, on this or that Side of the Points J, K,. x 
cording to the Exigency of the Problem. Having found the 
Points F and 6, biſect 40 and EG in N and O; alſo BF 
FD in L and M. Join NO, LA, cutting one another | 
X; and LA and NO will be the Diameters of the Conick 
Section, R its Center, and BL, FM, Ordinates to the Dia 
meter LAM. Produce LM on both Sides, if there be Occaſion 
to P and Q, ſo that BLq ſhall be to FAA: : PLQ : PM 
and P and Q will be the Vertex's of the Conick Sedlion 
and PQ the Latus Tranſverſum. Make PL: LBA: 
PO:T, and 7 will be the Latus Rectum. hich being 
known, the Figure is known. 

It remains only that we may ſhew how L is to be 
oduc'd each Way to P and Q, ſo that BLq may be 
M: : PLA: PM, viz. PL ©, or PLXL9, 


— — — — _— 


PR—LRXPR+LR5;for PL is PR LR, and LI 


RQTNT LER, or PR +LR, Moreover, PR—LR x 
PR -+ LR, by multiplying, becomes PRq— LR g. Ani 
after the ſame Manner, Pq is PR4- RM x PR—RM 
or PRq—RNMg. Therefore BLA: FMq : : PR 
LRA: PRq—RMgq; and by dividing, B La- FMH: 
FMq::RMq—LRq: PRq—RMgqg. Wherefore ſince 
there are given BLq —FMg, F11q and R Mq— Lig, 
there will be given PR- RMA. Add the given Quan- 
tity R Mg, and there will be given the Sum PK, and con. 
ſequently its Root P &, to which OR is equal. 


PRO 
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PrRoBLEM LVI. | 
To deſcribe a Conick Section which ſhall paſs 


through four given Points, and in one of 


thoſe Points ſhall touch a right Line given 
in Poſition. [ Vide Figure 77. 


ET the four given Points be A, B, C. D, and the right 
Line given in Poſition be AE, which let the Conick 
Kation touch in the Point A. Join any two Points D, C, 
ind let DC produc'd, if there be Occaſion for it, meet the 
Tangent in E, Through the fourth Point B draw B F pa- 
nllel to DC, which ſhall meet the ſame Tangent in FE. 
Alſo draw D] parallel to the Tangent, and which may meet 
in J. Upon FB, DJ, produc'd, if there be Occaſion, 
uke FG, H, of ſuch Length as AEq:CED:: AFg: 
BFG:: DIH: BIG. And the Points G and H will be 
n a Conick Seclion as is known ; if you only take FG, IH, 
m the right Sides of the Points F and J, according to the 
Rule deliver'd in the former Problem, Biſect BG, DC, 
DH, in K, L, and MH. Join KL, AM, cutting one ano- 
ther in O, and O will be the Center, A the Vertex, and 
HM an Ordinate to the Semi-Diameter 40; which be- 
Ing known, the Figure is known, 


PROBLEM LVII. 


Io deſcribe a Conick Section which ſhall paſs 


through three given Points, and touch right 
Lines given in Poſition in two of thoſe Points. 


[ Vide Figure 78.] 


* T. thoſe given Points be A, B, C, touching AD, B D, 
in the Points A and B, and let D be the common Inter- 
[tion of thoſe Tangents, Biſect 4B in E. Draw DE, 
and produce it till in F it meets CF drawn parallel to AB; 
ind DF will be the Diameter, and AE and CF the Ordi- 
mates to [that] Diameter. Produce DF to O, and on DO 
lake OY a mean Proportional between DO and EO, on 


lis Condition, that alſo A Eq : CFg: :FYEx VO+ = 


ö 
| 


8 
:VFxXVO+0QOU#; and will be the Vertex, and O the 
Center of the Figure. Which being known, the Figure 
will alſo be known, But VE is = FU—0 E, and conſe. 
quently VE x VO.+OE = VO—OE xVO+OE— 
 VOgq—OEg. Beſides, becauſe YO is a mean Proportie. 
nal between DO and EO, g will be = DOE, and 
conſequently YO; —OEqz=DOE—OEqzDEO. And 


by a like Argument you'll have VF x VO +OF =V0q- 
OFq=DOE—OFPg. Therefore AEq:CFq:: DEO 
DOE — OFq. OFqis = EO — 2FEO FE, 
And conſequently DOE OF DOE - OE EEC 
—FEg—DEO+2FEO—FEg. And AEN: C Fg: 
DEO: DEO 2FEO - FEJ :: DE: DEH 2FE 
AS Therefore there is given DE + 2FE — 75 
Take away from this given Quantity DE + 2 FE, and 
there will remain FEY given. Call that V; an FEg 
_ | EO 0 N 

will be = EO, and conſequently EO will be given. But 
EO being given, there is alſo given YO, the mean Propot- 
tional between DO and EO | 

After this Way, by ſome of Apolloniuss Theorems, theſe 
Problems are expeditiouſly enough ſolv'd; which yet may 
be ſolv'd by Algebra without thoſe Theorems, As if the 
firſt of the three laſt Problems be propos d: [ide Figure 75. 
Let the five given Points be 4, B, C, D, E, through which 
the Conick Section is to paſs, Join any two of them, A, C, 
and any other two, B, E, by Lines cutting (or interſ-Ring) 
one another in H. Draw DI parallel to B E meeting AC 
in J; as alſo any other right Line KL meeting AC in K, 
and the Comck Section in L. And imagine the Conick 
Section to be given, ſo that the Point K being known, there 
will at the ſame 1 ime be known the Point L; and making 
AK=x, and KL —y, to expreſs the Relation between x 
and y, aſſume any Xquation which generally expreſſes the 
.Conick Sections; ſuppoſe this, a + bx + c xx + dy + ex) 
Þ JJ = 0. 'Wherein a, b, c, d, e, denote determinate Quan- 
tities with their Signs, but x and y indeterminate Quan- 
tities, Now if we can find the determinate Quantities 4, 
b. c. d, e, the Conick Section will be known, If therefore 
the Point L falls upon the Point A, in that Caſe AK and 
XL, that is, x and y, will be o. Then all the Terms of the 
#7 5:35 09 
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an a > . -» as OO milrwa. , 6 S266 a a ik. 


L177 ] 

Xquation beſides a will vaniſh, and there will remain a2. 
Wherefore 4 is to be blotted out in that Aquation, and the 
other Terms bx +cxx +dy +exy+yy will be So. 
But if L falls upon C, A K, or x, will be = AC, and LK 
or 5, O. Put therefore AC— f and by ſubſtituting f for 
x and o for y, the Æquation for the Curve bx + cx x + 
dy e y o, will become bf +cff—=0, or b 
—cf. And having writ in that Xquation —cf for b, it 
will become —cfx TC +dy +exy +339 =0. More» 
over, if the Point L falls upon the Point B, AX or x will 
be AH, and KL ory = BH. Put therefore H= g, 
and B Hb, and then write g for x and h for y, and t 

Equation —cfx+cxx, &c, will become —cfg + cg g 
+dh + egh+ hh—=o. Now if the Point L Als upon 
E, AK will te AH, orx—g, and KL ory = HE. 
For HE therefore write — {, with Negative Sign, becauſe 
HE lics on the contrary Side of the Line 4 C, and by ſub- 
ſlituting g for æ and — & for y, the Æquation —cf x + 
xx, &. will become — cf x +cgg —di—egk +kk 
=0. Take away this from the former &quation —ecfg 
egg + db +egh + hh, and there will remain dþ + 
egh+hbh+dk+egk—kt—=c, Divide this by þ -+ &, 
and there will come out d eg + h—k—o. Take away 
this multiply'd by h from —cfg +cgg +db+egh+bb 
So, and there will remain —cfg +cgg I o, or 


— cc. Laſtly, if the Point L. falls upon the 
=22+fe / 1 155 


Point D, AK or x will be A, and K Lory will be 
SID. Wherefore, for A/ write , and for I D, n, and 
likewiſe for æ and y ſubſtitute yz and n. and the Aquation 
—cfx+cxx, &c. will become — cfm + cmm + dn + 
emn+nn—o. Divide this by en, and there will come 


out A= den n cc. Take away d + 


— cfm + comm 
n 


ez+h—t—o0, and there will remain 


Tem — eg +n—h+kt=0, We — + n—bhb 
+} —eg -en. But now by reaſon of the given Points 
A, B, C, D, E, there are given AC, AH, AI, BH, EH, 
D 1, that is, f, g, , b, 4, n. And conſequently by the A 

F Aa quation 
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guation = there is given C. But e being given 
cum - cf m 


by the Equation -———- 4 141300 


there is given eg - em Divide this given Quantity by 
the given one g — m, and there will come out the given:. 
Which being found, the Xquation dt eg + h—& o, 
or d=k—h—eg, will give d. And theſe being known, 
there will at the ſame Time be determin'd the Aquation ex. 
preſſive of the Conick Section ſought, viz. cfx =cx x + 
dy Te) + yy. And from that Aquation, by the Method 
ol Des Cartes, the Conick Section will be determin'd. 

Now if the four Points A, B, C, E, and the Poſition of 
the right Line AF, which touches the Conick Section in one 
of thoſe Points, A were given, the Conick Section may be 
thus more eaſily determin'd, Having found, as above, the 


Equations c fx =cxx +dy +exy +93, d=k—b—y, 
and c = g , conceive the Tangent AF to meet the 


right Line E H in F, and then the Point L to be moved 
along the Perimeter of the Figure CO E till it fall upon the 
Point A ; and the ultimate Ratio of LK to AK will be 
the Ratio of FH to AH, as will be evident to any one 
that contemplates the Figure, Make FH p, and in this 
Caſe where LK, AK, are in a vaniſhing State, you'll have 


5 g: 5 &, or 1 * *. Wherefore for x, in the Aqua. 


tion efx=cxx+dyTexy +35, write « and there 
* wiſe e Divide all 
by y, and there will come out cis 22444 eg) 


5 p 

-+ y. Now becauſe the Point L is ſuppos'd to fall upon 
the Point A, and conſcquently K L, or y, to be infinitely 
ſmall or nothing, blot out the Terms * are multiply d 


by ”, and there will remain cfg — 4. Wherefore make 


hk ; cfg 
22 Po * 


Pp 


= 


. . wry Qt: _ tt 


_——. . n nm 
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having found c, d, and e, the Æquation c fx c + d3 
+ exy + 9) will determine E Section. * 

If, laſtly, there are only given the three Points A, B. C, 
together with the Poſition of the two right Lines AT, CT, 
which touch the Conick Section in two of thoſe Points, A 
and C, there will be obtain'd, as above, this Equation ex- 
preſſive of a Conick Section, cfx d +exy T 
[Vide Figure 80.] Ihen if you ſuppoſe the Ordinate K L 
to be parallel to the Tangent AT, and it be conceiv d to be 
produc d, till it again meets the Conick Section in A, and 
that Line L to approach to the Tangent AT till it coin- 
cides with it at 4, the ultimate [or evaneſcent] Ratio of 
the Lines K L and K N to one another, will be a Ratio of 
Equality, as will appear to any one that contemplates the 


Figure. Wherefore in that Cafe KL and K & being equal 


to each other, that is, the two Values of y, (viz. the AF- 
firmative one K L, and the Negative one K M) being equal, 
thoſe Terms of the &quation (cfx=cxx d + exy + 
) in which y is of an odd Dimenſion, that is, the Terms 
dy +exy in reſpect of the Term yy, wherein y is of an 
even Dimenſion, will vaniſh, For otherwiſe the two Va- 
lues of y, viz. the Affirmative and the Negative, cannot be 
equal; and in that Caſe AK is infinitely leſs than LX, 
that is y than , and conſequently the Term e xy than the 
Term yy. And conſequently being infinitely leſs, may be 
— for nothing. But the Term 4y, in reſpect of the 
Term yy, will not vaniſh as it ought to do, but will grow 
ſo much the greater, unleſs d be ſuppos d to be nothing. 
Therefore the Term dy is to be blotted out, and ſo there 


will remain cf x —=cxx+exy+yy, an Æquation expreſ- 


ſive of a Conick Section. Conceive now the Tangents AT, 
CT, to meet one another in 7, and the Point L to come to 
approach to the Point C, till it coincides with it. And the 
ultimate Ratio of KL to K C will be that of AT to AC, 
KL wasy; AK, x; and AC, f; and conſequently KC, 
-&; make AT g, and the ultimate Ratio of y to 
f—x, will be the ſame as of g to f. The Aquation cf x 
=cxx+exy+yy, ſubtracting on both Sides c.xx, be- 
comes cf —cxxX=exy + yy, that is, f —x into cx =) 
into ex +y. Therefore y : f—x ::cx:ex+y, and con- 
ſequently g:f::cx:ex+y. But the Point L falling up- 
on G y becomes nothing. Therefore g: f:: ce. Di- 
vide the latter Ratio by x, and it will become g :f;;c:e, 

. | — and 
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and e . Wherefore, if in the Aquation cfæ = c xx 
Ter), you write 5 for e, it will become fe 


+ cf xy + yy, an Equation expreſſive of a Conick Sedli- 


on, Laſtly, draw B H parallel to KL, or AT, from the 
given Point B, through which the Conick Section ought to 
paſs, and which ſhall meet 4C in H, and conceiving K L 
to come towards B H, till it coincides with it, in that Caſe 
AH will be =x, and BH—y, Call therefore the given 
AH=— wm, and the given B H n, and then for x and), 


in the Aquation cf x =c xx + 724 Jy, write 1 and 


n, and there will ariſe cfm =cmm + = + nn. Take 


away on both Sides c mm + a and there will come 


fn 


out ems Raecs Put f — n —— , 
and cam will be nn. Divide each Part of . Kaka 
tion by am, and there will ariſe ee. But having found 
e, the Æquation for the Conick Section is determin'd (c fx 
=cxx + o xy +9395). And then, by the Method of Des 
Cartes, the Conick Section is given, and may be deſcrib d. 


PRo- 
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PROBLEM LVIII. 


Having given the Globe A, and the Poſition of 
the Wall DE, and BD the Diſtance of the 
enter of the Globe B from the Wall; to find 
the Bulk of the Globe B, on this Condition, 
that i the Globe A, (whoſe Center is in the 
Line BD, which is perpendicular to the Wall, 
and produc'd out beyond B) be moved in free 
abſolute Space, and where Gravity can't act, 
with an uniform Motion towards D, till it 
falls upon | or ſtrikes againſt] the other qui- 
eſcent Globe B; and that Globe B, after it is 
reflected from the Wall, ſhall meet the Globe 
A in the given Point C. [ Vide Figure 81.] 


E the Velocity of the Globe A before Reflection be 
a, and by Problem 12. the Velocity of the Globe A will 


te after Reflection = eg and the Velocity of the 
Globe B after Reflection will be — ; 5 Therefore the 


Velocity of the Globe A to the Velocity of the Globe B is 
84—B to 24. On GD take g DS GH, viz. to the 
Diameter of the Globe B, and tlioſe Velocities will be as 
6e to Gg +gC. For when the Globe A ſtruck upon the 
Globe B, the Point G, which being on the Surface of the 
Globe B is moved in the Line 4D, will go through the 
pace G g before that Globe B ſhall ſtrike againſt the Wall, 
and through the Space g C after it is reflected from the Wall; 
that is, — the whole Space Gg +gC, in the ſame. 
Time wherein the Point F of the Globe A ſhall paſs through 
the Space G C ſo that both Globes may again meet and ſtrike 
one another in the given Point C. Wherefore, ſince the In- 
trvals BC and CD are given, make BC m, BD +CD 
=n, and BG=x, and GC will be =» , and G g + 
iC=GD+DC—2gD =GB+BD+DC—2GH= 
t>n—4x, or =3—3x, Above you hal A—B to 
24, as the Velocity of the Globe A to the Velocity - — 
; 0 
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Globe B, and the Velocity of the Globe A to the Velocity 
of the Globe B, as GC to Gg +pC, and conſequently 4 
—B to 24, as GC to Gg C; therefore ſince GC is — 
me, and Gg FgC=n—3x, A—B will be to 24 
as m + ton - 3x. Moreover, the Globe 4 is to the 
Globe B as the Cube of its Radius AF to the Cube of the 
others Radius G B; that is, if you make the Radius A F to 
be s, as to x*; therefore 5) —x* : 23 (:: AB 
224) ::m+x:n—3xz, And multiplying the Mean 
and Extreams by one another, you'll have this Xquation, 
n- 3 -n ＋ 3X 2 + 25x. And by Re. 
f 
duction 3xä 1m 5 Ts e. From the Con. 
ſtruction of which Æquation there will be given x, the 
Semi- Diameter of the Globe B ; which being given, that 
Globe is alſo given. Q. E. E. | 
But note, when the Point C lics on contrary Sides of the 
Globe B, the Sign of the Quantity 2% muſt be chang'l, 
and written 3x*—ax* —5 * 33 
If the Globe B were given, and the Globe 4 ſought on 
this Condition, that the two Globes, after Reflection, thoull 
meet in C, the Queſtion would be eaſier; wiz. in the laſt 
Æquation found, x would be ſuppos d to be given, and to 
be ſought, Whereby, by a due Reduction of that &qua- 
tion, the Terms — gi X +5'n 2 being tranſſated to 
the contrary Side of the Æquation, and each Part divided 
| | "TY 
by 5x —#-+ 2%, there would come out — 
| GX 2 ＋ 20 
= Where 5 will be obtain d by the bare Extraction df 
the Cube Root, | 
Now if both Globes being given, you were-to find the 
Point C, in which both would fall upon one another after 
Reflection, the fame Aquation by due Reduction would 
Er als * 
give m A- x 3 — that is, BCA Hyg + 


4 
* 


tC Dx HD DC. For above, n — 3.x was = fg 


+9 ©, Whence, if you take away 2.x, or G H, there vil 
remain n—5x— Ho +gC. The Half whereof is Zn 
x=+Hg+tgC. Moreover, from a, or BDC, 
rake away x, or BH, and there will remain n — x, 7 


— 


— 
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HD + CD. Whence, ſince - =, you'll have = 
nx — 24 B 


= —* HD + CD. And the 


n -x, or 


* 
4 3 
or, being changd, er. = — , HBC 
igns being chang'd, „ HDCD. 


PROBLEM LIX. 


IF two Globes, A and B, are join'd together by 
a ſmall Thread PQ, and the Globe B hang- 
ing on the Globe A; if you let fall the Globe 
A, ſo that both Globes may begin to fall to- 
gether by the ſole Force of Gravity in the 
ſame perpendicular Line PO; and then the 
lower Globe B, after it is reflected upwards 
from the Bottom or Horizontal Plane FG, it 
ſhall meet the upper Globe A, as falling, in a 

certain Point D; from the given Length of 
the Thread PQ, and the Diſtance DF of 
that Point D from the Bottom, to find tłe 
Height P F, from which the upper Globe A 
ought to be let fall to [cauſe] this Effect. 
[Vide Figure 83.] 


ET a be the Length of the Thread P Q. In the Per- 
pendicular P ORF, from F upwards take F E equal to 
the Diameter of the lower Globe, ſo that when the 

bweſt I'oint R of that Globe falls upon the Bottom in E, 
ts upper Point Q ſhall poſſeſs the Place E; and let ED 
be the Diſtance through which that Globe, after it is re- 
led ſrom the Bottom, ſhall, by aſcending, paſs, before it 
meets the upper falling Globe in the Point D. Therefore, 
ty reaſon of the given Diſtance D F of the Point D from 
the Bottom, and the Diameter E F of the inferiour Globe, 
there will be given their Difference D E. Let that b, and 
let the Depth R E, or QE, through which that lower Globe 
ty falling before it touches the Bottom be = x, if it be 
known. And having found x, if to it you add EF -— 


3 
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2, there will be had the Height P F, from which the 

upper Globe ought to fall to have the deſir d Effect. | 
bince therefore PO is 4, and Q ES x, PE will be 

=4+x. Take away DE orb, and there will remain 

PD=a+x—b, But the Time of the Deſcent of the 

Globe A 1s as the Root of the Space deſcrib'd in falling, or 


vVa+x—b, and the Time of the Deſcent of the other 
Globe B as the Root of the Space deſcrib'd by [its] falling, 
or x, and the Time of its Aſcent as the Difference of that 
Root, and of the Root of the Space which it would deſcribe 
by falling only from Q to D. For this Difference is as the 
Time of Deſcent from D to E, which is equal to the Time 


of Aſcent from E to D. But that Difference is x V. 
Whence the Time of Deſcent and Aſcent together will 
be as 2Y/x—v -b. Wherefore, ſince this Time is 
equal to the Time of Deſcent of the upper Globe, the 
a+ x—b will be =2/x—v/x—b. The Parts of 
which Aquation being ſquar d, you'll have a+ x —b= 
gx—b—4v/xx—bx, or a=4x-—4vxx—bs; and 
the Equation: being order'd, 4x — 4=4vxx—bz; and 
ſquaring the Parts of that Æquation again, there ariſes 
I6xxX — 8ax + 4a =Il6xx—16bx, or aa—8ax— 
| aa 
84—16b 
=x. Make therefore as 84—16b to 4, ſo à to x, and 
you'll have xor OE. Q. E. I. | | | 

Now if from the given QE you are to find the Length 
of the Thread P O or 4; the ſame Æquation aa— 84x— 
16bx, by extracting the affected Quadratick Root, would 
givea=4x—V 16xx—16bx; that is, if you take Or 
a mean Proportional between QD and OE, P uill be 
—4EY. For that mean Proportional will be Vx x x—h 
or / xx—bx ; which ſubtracted from x, or QE, leaves 
EY, the Quadruple whereof is 4x —4 vV xx —b x 

But if from the given Quantities O E, or x, as alſo the 
Length of the Thread P Q, or a. there were ſought the Point 
D on which the upper Globe falls upon the under one ; the 
Diſtance DE, or b, of that Point from the given Point E, 
will be had from the precedent Æquation 44 = $ a x — 16b: 
by transferring aa and 16b:x to the contrary Sides of the 


Æquation 


16b r; and dividing all by 8 4— 16b, you'll have 
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Fquation with the Signs chang'd, and by dividing the whole 


by 16x. There will ariſe. E — =b, Make there- 


x 

nain Wfore as 16 x to 8x —4, fo à to b, and you'll have bor DE, 
the MW Hitherto I have ſuppos'd the Globes ty'd together by a 
or Mſnal! Thread to be let fall together. Which, if they are 
et fall at different Times connected by no Thread, fo that 
the upper Globe A, for Example, being let fall firſt, ſhall 
feſcend through the Space PT before the other Globe begins 
ride fall, and from the given Diſtances PT, P, and D E, 
jou are to find the Height P F, from which the upper Globe 
ime WI ought to be let fall, fo that it ſhall fall upon the inferior or 
— W wer one at the Point D. Make P Ora, DE=b, PT 
N. e, and OE—x, and P D willbe =a+ x —b, as a- 
wil N bre. And the Time wherein the upper Globe, by falling, 
vill deſcribe the Spaces PT and 7D, and the lower Globe 
the I by falling before, and then by re- aſcending, will deſeribe the 
ok dum of the Spaces OE+ED will be as PT, VP D— 
2. and 2 E— D; that is, as the Ve, 
and / TX —b— vc, and 2yz—vx—b, but the two 
ht Times, becauſe the Spaces 7 D and QE + ED are de- 
iſs Wl frib d together, are equal. Therefore VA＋T x— b — Ve 
—H=:vr—vx—b. And the Parts being ſquard a 4 


cc Texr — b = 4r—4vxz—bax. Make 46 
Se, and a —b—f, and by a due Reduction 4 x—e + 2 
nd Vif+cx=4vxx—bx, and the Parts being ſquar d 
e—B8ex+16xrx+ 4c+4acx+I6x—4gexveif er 
=16xx—16bx. And blotting out on both Sides 16x x, 
and writing m for ee + 4ef, and alſo writing » for 8e — 
160 — 4c, you'll have by due Reduction 16x — 4e * 
Vit Te =nx - . And the Parts being ſquar d [you'll 
have] 256cfaxx + 256% — 128cef x — I28cexx + 
16ceef + 16ceex n — 2h + mm, And having 
order'd the Æquation 255 c x ? 

＋ 25667 —128cef 5 

—I:8ce xx + 16cee * Nfg O. By the Con- 
Neun , —+ 2mn. 

he roco of which Equation x or QE will be given, to 
E, ¶ which if you add the given Diſtances P Q and E F, you'll 
bs lave the Height P F, which was to be found. 


on B b PR o- 
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PROBLEM LX. 


IF two quieſcent Globes, the upper one A ay 
the under one B, are let fall at different Times: 
and the lower Globe begins to fall in tb 
Jame Moment that the upper one, by falling 
has deſcrib'd the Space PT; to find the Place 
ck, 5, which thoſe falling Globes ſhall occupy 
when their Interval or Diſtance Try is given 


LVide Figure 84.] 


INCE the Diſtances PT, P, and 7; are given 
call the firſt a, the ſecond h, the third c, and for Pr 
or the Space that the ſuperior Globe deſcribes by falling be. 
fore it comes to the Place ſought a, put x. Now the Tim 
wherein the upper Globe deſcribes the Spaces PT, Px, Ts, 
and the lower one the Space Q, areas PT, VP, VP. 
—vVPT, nd N. The latter two of which Times, 
becauſe the Globes by falling together deſcribe the Spaces 
T and Ox, are equal. Whence alſo the VP — VPI 
will be equal to the V Q;, PN was x, and P T=4, 
and by adding 2 K, or c, to Pm, and ſubtracting P Q, orb, 
from the Sum you'll have Q = +c—b, Wherefore 


ſubſtituting theſe, you'll have V - V v x + c—b 
And ſquaring both Sides of the {quation, there will ariſe 


x +$4—2vax=*x+c:—b, And blotting out on both 
Sides x, and ordering the Æquation, you'll have 4 + b—: 
=2Vax, And having ſquar'd the Parts, the Square of 
a+b—c will be =4-x, and that Square divided by 44 
will be x. or 4a will be to a+b—c as a+ b—c is 
to x. But from x found, or P, there is given the Place 
ſought, viz. « of the ſuperior Globe ſought, And by the 
Diſtance of the Places, there is alſo given the Place of the 
lower one g. | | 

And hence, if you were to find the Point where the up- 
per Globe, by falling, will at length fall upon the lower 
one; by putting the Diſtance *, or by extirpating c, 
ſay, 44 is to 4 +basa-Fb is to x, or Pæ, and the Point 
* will be that ſought, 


And 
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And reciprocally, if that Point v, or x, in which the 
per lobe falls upon the under one, be given, and you 
xe to find the Place 7 which the lower Point P of the up- 


anger falling Globe poſl:fs'd, or was then in, when the lower 
nes Nobe be zan to fall; becauſe 44 is to a +b as 42 ＋ b is to 
the or multiplying the Means and Extreams together, 4 ax 
1E + 24 b + bb, and by due ordering of the Aquation 


i=44X— 24þb —bb; extract the Square Root, and you'll 


ave =2X%—b—2v/xzx—bx. Take therefore Vr, a 
Wnan Proportional between PT and Ons, and towards / 
ke TTV Q. and T will be the Point you feek, For 
7 will be — VP X On, thar To = VX Xx x —b, OT = 
/ rx -b; the double whereof ſubtracted from 2+ — b, 
i from 2 Pr —P 2, that is, from P Q+2 Qx, leaves 
2%, or p —V © that is, PI. 

If, laſtly, the lower of the Globes, after the upper has 
allen upon the lower, and the lower, by their Shock upon 
one another, is accelerated, and the ſuperior one retarded, 
the Places are requir d where, in falling, they ſhall acquire 
Diſtance equal to a given right Line. In the firſt Place, 
you muſt ſeek the Place where the upper one falls upon the 
bwer one ; then from the known Magnitudes of the Globes, 
s alſo from their Celerities where they fall on each other, 
jou muſt find the Celeritics they ſhall have immediately 
fer Reflection. after the ſame Way as in Probl. 12. Afrter- 
rards you muſt. find the higheſt Places to which theſe 
Globes, if they were carry'd upwards, would aſcend, and 
thence the Spaces will be known, which the Globes will 
leſeribe by falling in [any] given Times after Refl-Qion, as 
alſo the Difference of rhe Spaces; and reci procally from 
that Difference afſum'd, you may go back Analytically to 
the Spaces deſcrib'd in falling, 

As if the upper Globe falls upon the Iwwer one at the 
Point 7, [Vide Figure 85 ] and after Reflection, the Cele. 
6 ity of the upper one downwards be ſo great, as if it were 

e opwards, it would cauſe that Globe to aſcend through the 

pace N; and the Celerity of the lower one downwards 
2" is ſo great, as that, if it were upwards, it would cauſe the 
WW Þwer one to aſcend through the Space NH; then the Times 
„verein the upper Globe would reci procally defcend through 
the Spaces N, NC, and the inferior one through the Spaces 
Ms, N H, would be as v Ns, VCM. vMH; 


and conſequently the Times wherein the upper Globe woul, 
| Bb 2 run 
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run the Space XG, and the lower one » H, would be z; 
NG -N A, to V -M r. Make thoſe Time 
equal, and the Y NG — VNV will be H- VA. 
And, moreover, ſince there is given the Diſtance G H, put 
xaG4+GH=7,H. And by the Reduction of theſe tuo 
Aquations. the Problem will be folv'd, As if Mm is =4, 
N b., G H=c, GD, youll have, according to the 
latter Æquation, == H. Add Mr, youll have 
MH—=a+c+x To G add Nx, and you'll have NG 
Sb r. Which being found, according to the former 


—  _ — 


Æquation, VVT x — Vb will be = va +c + x— v4, 
Write e for 4 + c, and f for / a + Vb, and the Æquation 


will be vb +x=vebx+wvf. And the Parts being 
ſquar dh + xz=e+x+f+2vef+fx, or b—e—f= 
2 Vef+fx. For b—e—f write g, and you'll have 

=2vef+f x, and the Parts being ſquar'd, gg = 4ef 4 


Alx, and by Reduction — —e=X, 


Pe o- 
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PROBLEM LXI. 


If there are two Globes, A, B, whereof the 
upper one A fulling from the Height G, ſlrikes 
upon another lower one B rebounding from 
the Ground H upwards ;, and theſe Globes ſo 
part from ene another by Reflection, that the 
Globe A returns by Force of that Reflection to 
its former Altitude G, and that in the ſame 
Time that the lower Globe B returns to the 
Greund H; then the Globe A falls again, 
and ſlrikes again upon the Globe B, rebound- 
ing again back from the Ground; and after 
this rate the Globes. always rebound from 
one another and return to the ſame Place: 
From the given Mapnitude of the Globes, the 
Poſition of the Ground, and the Place G from 
whence the upper Globe falls, to find the Place 
where the Globes ſhall ſtrike upon each other. 
[ Vide Figure 86. ] | 4: 


ET e be the Center of the Globe 4, and f the Center 

of the Globe B, d the Center of the Place G wherein 

the upper Globe is in its greateſt Height, the Center of the 
Place of the lower Globe where it falls on the Ground, 4 
the Semi-Diameter of the Globe 4, b the Semi-Diameter of 
the Globe B, c the Point of Contact of the Globes falling 
upon one another, and H the Point of Contact of the lower 
Globe and the Ground. And the Swiftneſs of the Globe A, 
where it falls on the Globe B, will be the ſame which is ge- 
nerated by the Fall of the Globe from the Height de, and 
conſequently is as Vd e. With this ſame Celerity the Globe 
A ought to be reflected upwards, that it may return to its 
former Place G. And the Globe B ought to be reflected 
with the ſame Celerity downwards wherewith it aſcended, 


that it may return in the ſame Time to the Ground it had 


mounted up from, And that both theſe may come to 


| paſs, the Motion of the Globes in reflecting ought to be 


equal. 
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equal, But the Motions are compounded of the Celerities 
and Magnitudes together, and conſequently the Product of 
the Bulk and Celerity of one Globe will be equal to the 
Product of the Bulk and Celerity of the other, Whence, 
if the Product of the Bulk and Celerity of one Globe be 
divided by the Bulk of the other Globe, you'll have the Ce- 
lerity of the other before and after Reflection, or at the 
End of the Aſcent, and at the Beginning of the Deſcenr, 


Therefore this Celerity will be as x or ſince the Globes 


5 
are as the Cubes of the Radii as 2 But as the Square of 
this 8 the Square of the Celerity of the Globe 4 
juſt before Reflection, ſo would be the Height to which the 
Globe B would aſcend with this Celcrity, if it was not hin- 


der'd by meeting the Globe A falling upon it, to the Height 
ed from which the Globe B deſcends, That is, as 2 de 


| q 
to de, or as Aꝗ to Bꝗ, or 4* to he, fo that firſt Height to 
x, if you put x for the latter Height ed. Therefore this 
Height, iz, to which B would aſcend, if it was not hin- 

- 


der d, is fr x. Let that be f K. To f K add fg, or dH 


mel —gH; that is, p—zx, if for the given d H— ef — 
g H you write p, and x for the unknown de; and you'll 
6 


have Kg =; x +p—x, Whence the Celcrity of the 


Globe B. when it falls from K to the Ground, that is wh-n 
it falls through the Space K g, which its Centre would de- 


— — — 


feribe in falling, will be as 7 of p-. But that 


Globe falls from the Place Bcf to the Ground in the ſame 
Time that the upper Globe A aſcends from the Plice Ace to 
its greateſt Height d, or on the other Hand falls from 4 to the 
Place Ace; and then fince the Celerities of falling Bodies 
are equally augmented in equal Times, the Celerity of the 
Globe B, by falling to tlie Ground, will be augmented as 
much as is the whole Celerity which the Globe 4 acquires 
by falling in the ſame Time from 4 to e, or loſes by aſcend- 
ing frome to 4, Therefore, to the Celerity which the Globe 
B has in the Place Brf, add the Celerity which the Globe 
6 n A 
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A has in the Place Ace, and the Sum, which is as de 


—5— or x +}, , Vx, will be the Celerity of the Globe 


B where it falls on the Ground. Then the /r + = * 


a 1 a ＋- 7 
will be equal to G x +p—x, Fer g= urite 55 


6 0 | 
and for ne 75 and that Equation will become 4 
$ 


rt. | Fi Pe 
Vr = 7. x p, and the Fans being ſquat d, 7 ** 


Ap, ſubtract from both Sides 7 x, and multiply all 
into ss, and divide by rr — rt, and there will ariſe x = 


_P_ Which Aquation would have come out more 


rr. 
3 3 
ſimple, if I had taken 5 for = 2 | for there would have 


come out = x. Whence making that p t ſhall be 


tos as f to æ, you']l have x, or ed; to which if you add 
ec, you'll have dc, and the Point c, in which the Globes ſhall 
fall upon one another, Q, E. F. | 


Hitherto 1 have been ſolving ſeveral Problems. For in 
learning the Sciences, Examples are of more Uſe than Pre- 
cepts. Wherefore I have been the larger on this Head. And 
ſome which occurr'd as I was putting down the reſt, I have 
given their Solutions without uſing Algebra, that I might 
ſhew that in ſome Problems that at firſt Sight appear diffi- 
cult, there is not always Occaſion for Algebra. But now it 
is Time to ſhe the Solution of Æquations. For after a 
Problem is brought to an Æquation, you muſt extract the 
Roots of that Æquation, which are the Quantities that au- 
ſwer or] ſatisfy the Problem. 
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How # QUATIONS are to be ſolv'd. 


FTER therefore in the Solution of a Queſtion you are 
come to an Aquation, and that Aquation is duly re- 
duc'd and order'd ; when the Cuantitics which are ſuppos d 
iven, are really given in Numbers, thoſe Numbers are to 
ſubſtituted in their room in the Æquation, and you'!] 
have a Numeral Æquation, whoſe Root being extracted will 
ſatisfy the Queſtion. As if in the Diviſion of an Angle 
into five equal Parts, by putting er for the Radius of the 
Circle, q for the Chord of the Complement of the propos'd 
Angle to two right ones, and æ for the Chord of the Com- 
plement of the fifth Part of that Angle, J had come to this 
Aquaition, x* -S rr +qr*x—r*q=0. Where in 
any particular Caſe the Radius r is given in Numbers, and 
the Line q ſubtending the Complement of the given Angle; 
as if Radius were 10, and the Chord 3; 1 ſubſtitute thoſe 
Numbers in the Xquation for r and q, and there comes out 
the Numeral Aquarion x* — 500x* + 50000x — 20900 
So, whereof the Root being extracted will be x, or the 
Line ſubtend ing the Complement of the fifth Part of that 
given Angle. | 
But the Root is a Number which being ſubſtituted in the 
Aquation for the Letter or Species fignifying 
Of the Nature the Root, will make all the Terms vaniſh, 
of the Roots of Thus Unity is the Root of the Æquation x* 
an Mquation. — x — 19xx + 49x — 30 0, becauſe 
| being writ for æ it produces 1 — 1—19 -+ 49 
— 30, that is, nothing. And thus, if for x you write the 
Number 3, or the Negative Number — 5, and in both 
Caſcs there will be produc'd nothing, the Affirmative and 
Negative Terms in theſe four Caſes deſtroying one another; 
then ſince any of the Numbers written in the Æquation 
fulfils the Condition of x, by making all the Terms of the 
Aquation together equal to nothing, any of them will be 
the Root of the Ægquation. | 
And that you may not wonder that the ſame Xquation 


may have ſeveral Roots, you muſt know that there may be 


more Solutions [than cne] of the ſame Problem, As it 
there was ſought. the Intetſection of two given Circles; 
there are two Interſections, and conſequently the Queſtion 
admits two Arſwers; and then the Æquation 2 

the 
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the Interſection will have two Roots, whereby it determines 
both [Points of] the Interſection, if there be nothing in 
the Data whereby the Anſwer 1s determin'd to [only] one 
Interſection. [Vide Figure 87.) And thus, if the Arch 
APB the fifth Part of AP were to be found, though per- 
haps you might apply your Thoughts only to the Arch APB 
yet the Æquation, whereby the Queſtion will be ſoly'd, will 
determine the fifth Part of all the Arches which are termi- 
nated at the Points A and B; wiz. the fifth Part of the 
Arches ASB. APBSAPB, ASBP ASB, and APBSAPBSAPB, 
25 well as the fifth Part of the Arch 4PB; which fifth 
Part, if yoy divide the whole Circumference into five equal 
Parts PO, OR, RS, ST, TP, will be AT, AQ, ATS, 
A Q. Wherefore, by ſeeking the fifth Parts of the Arches 
which the right Line 4 B ſubtends, to determine all the 
Caſes the whole Circumference ought to be divided in the 
five Points P, O, R, $, T. Wherefore, the Æquation that 
will determine all the Caſes will have five Roots. For the 
fifth Parts of all theſe Arches depend on the ſame Data, and 
xe found by the ſame Kind of Calculus ; fo that you'll al- 
ways fall upon the ſame Æquation, whether you ſeek the 
ifth Part of the Arch AP B, or the fifth Part of the Arch 
ASB, or the fifth Part of any other of the Arches, Whence 
if the Aquation by which the fifth Part of the Arch 4 PB 
is determin'd, ſhould not have more than one Root, while 
ly ſeeking the fifth Part of the Arch 4SB we fall upon 
that ſame Æquation; it would follow, that this greater Arch 
would have the ſame fifth Part with the former, which is 
leſs, becauſe its Subtenſe [or Chord] is expreſs'd by the ſame 
Root of the Æquation. In every Problem therefore it is 
neceſſary, that the Æquation which anſwers ſhould have as 
many Roots as there are different Caſes of the Quantity 
ſought depending on the ſame Data, and to be determin'd 
ty the ſame Method of Reaſoning, 

But an Æquation may have as many Roots as it has Di- 
menſions, and not more, Thus the Æquation K -* 
ix +49x—30 So, has four Roots, 1, 2, 3, — 5, 
but not more. For any of theſe Numbers writ in the &- 
quation for x will cauſe all the Terms to deſtroy one ano- 
ther as we have ſaid ; but befides theſe, there is no Num- 
ter by whoſe Subſtitution this will happen. Moreover, the 
Number and Nature of the Roots will be beſt underſtood 
from the Generation of the Æquation. As if we would 
know how an Æquation is 1 whoſe Roots are 1, 
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2, 3, and — 5; we are to ſuppoſe æ to ſignify ambiguouſly 
thoſe Numbers, or x to be = 1, x= 2, x = 3, and x , 
or which is the ſame Thing, x— 1 So. x—2= oo, x — 

=, and x+5—=0; and multiplying theſe together, 
there will come ont by the Multiplication of x — 1 by x—;z 
this Xquation x x— 3x + 2=0, which is of two Dimen- 
fions, and has two Roots 1 and 2. And by the Multiplice- 
tion of this by x — 3, there will come out x * - , 
11x—6=0,- an Aquarion of three Dimenſions and ay 
many Roots; which again multiply'd by » + 5 become 
xX* - — lx +49X — 30 =0, as above, Linde 
therefore this Æquation is generated by four Factors, &— 1, 
* — 2, «- 3, * 2 5, continually multiply'd by one ano- 
ther, where any of the Factors is nothing, that which j; 
made by all will be nothing; but where none of them iz 
nothing, that which is contain d under them all cannot be 
nothing. That is, x* —x* —19xx + 49x 30 cannot 
be O, as ouzht to be, except in theſe four Caſes, where 
x—I is S, or X—2=0, Or y—3 =0, or, laſtly, 
x+5=0, and then only the Numbers 1, 2, 3, and — 5 
can exhibit x, or be the Roots of the Æquation. And you 
are to reaſon alike of all Æquations. For we may imagine 
all to be generated by ſuch a Multiplication, although it is 
uſually very difficult to ſeparate the Factors from one ano- 
ther, and is the ſame Thing as to reſolve the Æquation and 
extract its Roots. For the Roots being had, the Factors are 
had alſo. 

But the Roots are of two Sorts, Affirmative, as in the 
Example brought, I. 2, and 3, an Negative, as — 5. And 
of theſe ſome are often impoſſible, Thus, the two Roots 


of the Æquation xx—24»+bb—0, which are a+ 


- 


vaa—bb and a—vaa— bb, are real when 44 is greater 
than bb ; but when aa is leſs than bb, they become impoſ- 
ſible, becauſe then 44 — bb will be a Negative Quantity, 
and the Square Root of a Negative Quantity is impoſſible, 
For every poſſible Root, whether it be Affirmative or Ne- 
gative, if it be multiply d by it ſelf, produces an Affirmative 
Square; therefore that will be an impoſſible one which is to 
produce a Negative Square, By the ſame Argument you may 
conclude, that the Æquation x* — 4 x x +4 3x — 6 o, has 
one real Root, which is 2, and two impoſſible ones 14 —2 
and 1 ½— 2, For any of theſe, 2,1 + — 2. 1292 
being writ in the Æquation for x, will maie all its Terms 
ueſlroy one another; but 1 + / — 2, and 1 — y — 2, are 


wy 
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impoſſible Numbers, becauſe they ſuppoſe the Extraction of 
the $quare Root out of che Negative Number — 2, 

But it is juſt, that the Roots of Æquations ſhould be of- 
ten impoſlible, leſt they ſhould exhibit the Caſes of Problems 
that are often impoſſible as if they were poſflible. As if 
you were to determine the Interſection of a right Line and 
z Circle, and you ſhould put two Letters for the Ridius of 
the Circle and the Diſtance of the right Line from its Cen- 
ter; and when you have the Æquation defining the Inter- 
ſection, if for the Letter denoting the Diſtance of the right 
Line from the Center, you put a Number leſs than the Ra- 
dus, the Interſection will be poſſible; but if it be greater, 
impoſſible; and the two Roots of the Æquation, which de- 
termine the two Interſections, ought to be either poſſible or 
impoſſible, that they may truly expreſs the Matter, ¶Vide 
figure 88.] And thus, if the Circle CD E E, and the El- 
lipſis A CB F. cut one another in the Points (, D, E, F, and 
w any right Line given in Poſition, as AB, you let fall the 
Perpendiculars CG, DH, EI, FK. and by ſeeking the 
length of any one of the Perpendiculars, you come at 
length to an Aquation ; that Aquation, where the Circle 
cuts the Ellipſis in four Points, will have four real Roots, 
which will be thoſe four Perpendiculars, Now, if the Ra- 
dius of the Circle, its Center remaining, be diminith'd un- 
tl the Points E and F mecting, the Circle at length touches 
the Ellipſe, thoſe two of the Roots which expreſs the Per- 
rendi-ulars E and FK now coinciding, will become e- 
qual, And if the Circle be yet diminith'd, fo that it does 
not touch the Ellipſe in the koint EE, but only cuts it in 
the other two Points C, D, then out of the four Roots thoſe 
wo which expreſs d the Perpendiculars EI, F K, which are 
now become impoſſible, will become, together with thoſe 
Perpendiculars, alſo impoſſible. And after this Way in all 
#quations, by augmenting or diminiſhing their Terms of 
the unequal Roots, two will become firſt equal and then im- 
poſſible, And thence it is, that the Number of the impoſ- 
ble Roots is always even. 

But ſometimes the Roots of Æquations are poſſible, when 
the Schemes exhibit them as impoſſible. But this happens 
by reaſon of ſome Limitation in the Scheme, which does 
"ot belong to the Æquation. [Vide Figure $9.} As if in 
the Semi-Circle AD B, having given the Diameter AB, 
and the Chord A D, and having let fall the Perpendicular 


DC, I was to find the Segment of the Diameter AC, -youll 
„ bave 


——— 
* 
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have — = AC And, by this Æquation, A C is exhi. 
bited a real Quantity, where the inſcrib'd Line AD is greater 
than the Diameter AB ; but by the Scheme, A then be- 
comes impoſlible, viz. in the Scheme the Line 4 D is ſup- 
pos'd to be inſcrib'd in the Circle, and therefore cannot be 
greater than the Diameter of the Circle ; but in the Xquz. 
tion there is nothing that depends upon that Condition, 
From this Condition alone of the Lines the Xquation comes 
out, that AB, AD, and AC are continually proportional, | 
And becauſe the Æquation does not contain all the Condi. ; 
tions of the Scheme, it 1s not neceſſary that it ſhould be 
bound to the Limits of all the Conditions, Whatever is 
more in the Scheme than in the Æquation may conſtrain that 
to Limits, but not this. For which reaſon, when Aquati- 
ons are of odd Dimenſions, and conſequently cannot have 
all their Roots impoſſible, the Schemes often ſet Limits to 
the Quantitics on which all the Roots depend, which tis 
impoſſible they can exceed, keeping the ſame Conditions of 
the Schemes, | 

Of thoſe Roots that are real ones, the Affirmative and 
Negative ones lie on contrary Sides, or tend contrary Ways. 
Thus, in the laſt Scheme but one. by ſeeking the Perpendi- 
cular CG, youll light upon an Æquation that has two Af- 
firmative Roots CG and DH, tending from the Points ( 
and D the ſame Way; and two Negative ones, E and FER. 
tending from the Points E and F the oppoſite Way. Or if 
in the Line AB there be given any Point P, and the Part 
of it PG extending from that given Point to ſome of the 
Perpendiculars, as (G, be ſought, we ſhall light on an K. 
quation of four Roots, PG, PH, PI, and P K, wherect 
the Quantity foughr PG, and thoſe that tend from the 
Point P the fame Way with PG, (as PK) will be Affi 
mative, but thoſe which tend the contrary Way (as PH, 
P ] ) Negative. 

Where there are none of the Roots of the Æquation im- 
poſſible, the Number of the Affirmative and Negative Roots 
may be known from the Signs of the Terms of the &qua- 
tion. For there are ſo many Affirmative Roots as there are 
Changes of the Signs in a continual Series from & to —, 
and from — to + ; the reſt are Negative. As in the #- 
gquation & —x'—19xx + 498 — 30 = 0, where the Sig" 

- of the Terms follow one another in this Order, + —-- 
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+ —, the Variations of the ſecond — from tk @ +, of 
the fourth -+ from the third —, and of the fit — from 
the fourth +, ſhew, that there are three Aﬀigz*% Roots, 
and conſequently, that the fourth is a Negat one. But 
where ſome of the Roots are impoſhble, the ule is of no 
Force, unleſs as far as thoſe impoſſible Roots, which are 
neither Negative nor Affirmative, may be taken for ambi- 
guous ones, Thus in the Æquation x * + px x + 3ppx— 
So, the Signs ſhew that there is one Affirmative Root 
and two Negative ones, Suppoſe x— 2p, or x— 2p — 0, 
and multiply the former Æquation by this, x — 2p 0 
and add one Affirmative Root more to the former, an 


you'll have this Aquation, x*—px* pp 1 "x 


+ 2pq—0o, which ought to have two Affirmative and two 
Negative Roots ; yet it has, if you regard the Change of 
the Signs, four Affirmative ones. There are therefore two 
impoſſible ones, which for their Ambiguity in the former 
Caſe ſeem to be Negative ones, in the latter, Affirmative 
ones. 

But you may know almoſt by this Rule how many Roots 
are impoſſible. Make a Series of Fractions, whoſe Deno- 
minators are Numbers in this Progreſſion 1, 2, 3, 4, 5, Cc. 
going on to the Number which ſhall be the ſame as that of 
the Dimenſions of the Æquation; and the Numerators the 
ſame Series of Numbers in a contrary Order, Divide each 
of the latter Fractions by each of the former, and place the 
Fractions that come out on the middle Terms of the Æqua- 
tion. And under any of the middle Terms, if its Square, 
multi ply d into the Fraction ſtanding over its Head, is greater 
than the Rectangle of the Terms on both Sides, place the 
Sign +, but if it be leſs, the Sign — ; but under the firſt 
and laſt Term place the Sign +. And there will be as 
many impoſſible Roots as there are Changes in the Series of 
the underwritten Signs from + to —, and — to +. As 
if you have the Equation æ + pxx + 3ppx —q=0o; 
I divide the ſecond of the Fractions of this Series 4,2. +, 
viz, 2 by the firſt 4, and the third + by the ſecond 2, and 
I place the Fractions that come out, wiz. + and + upon the 
mean Terms of the Aquation, as follows; | 
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Then, becauſe the Square of the ſecond Term pxx multi- 


4 
ply d into the Fraction over its Head 2, viz. A is leſs 


than 3pp.x*, the Rectangle of the firſt Term x _ third 
3ppx, T place the Sign — under the Term pæ x. But be- 
cauſe | 4 Saga (the Square of the third Term 3pp.v) mul. 
tiply'd into the Fraction over its Head +, is greater than no- 
thing and therefore much greater than the Negative Re&. 
angle of the ſecond Term px x, and the fourth — 9, I 
place the Sign + under that third Term. Then, under the 
firſt Term x* and the laſt —q, I place the Sign +. And 
the two Chanyes of the underwritten Signs; which are in 
this Series + — + +, the one from + into —, -and the 
other from — into +, ſhew that there are two impoſlible 


Roots, And thus the Xquation * — 4xx+4x—6=0 


has two impoſlible Roots, » — 4 1 4 * 4x — Cabs 
Alſo the Fquation x* —6xx — 3x — 2=0 has two, 


Aa 
—— — 


— — 

ctions 2. . 2, by dividing the ſecond by the firſt, and the 
third by the ſecond, and the fourth by the third, gives this 
Series . 3. 3, to be placed upon the middle Terms of the 
Aquation. Then the Square of the ſecond Term, which is 
here nothing, multiply'd- into the Fraction over Head, viz, 
2, produces nothing, which is yet greater than the Negative 
ReQanzgle — 6 x © contain'd under the Terms æ and — 6 x x. 
Wherefore, under the Term that is wanting I write +. 
In the reſt I go on as in the former Example; and there 
comes out this Series of the underwritten Signs T + + —+, 
where two Changes ſhew there are two impoſſible Roots. 
And after the ſame Way in the Æquation x* — 4 x* + 
4X* —2XXx—5Jx—4=0, are diſcover'd two impoſſible 
Roots, as follows ; | 


3 . 
" oy 14. —2— 2 2 0. Por this Series of Fra- 


U 2 
* 3 4 * 2 5 5 


— — 


Where two or more Terms are at once wanting, under 
the firſt of the deficient Terms you muſt write the Sign —, 
under the ſecond the Sign +, under the third the Sign —, 
and ſo on, always varying the Signs, except that under — 

. . a 


— 
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Jaſt of the deficient Terms you muſt always place &, where 
the Terms next on both Sides the deficient I crms have con- 


trary Signs. As in the Equations pt * "> "0 - 1 0, 


& $ax* XXX —4'=0O.- 5 
and 6 ;; the firſt whereof has 
four, and the latter two impoſſible Roots. Thus alſo the 
#&quation, 17 
1 
1 — 2 x" —— 34 — 2 + x * X —3 0 
— + — +=+ + 
has ſix impeſſible Roots. ny 
Hence alſo may be known whether the impaſſible Roots 
are among the Affirmative or Negative ones. For the Signs 


of the Terms over Head of the ſubſcrib'd changing Terms 


. ſhew, that there as many impoſſible Affirmative [Roots] as 


there are Variations of them, and as many Negative ones 
as there are Succeſſions without Variations, 1 hus, in the 
, 3 * 


Equation 


cauſe by the Signs that are writ underneath that are change- 
able, viz. + — +, by which it is ſhewn there are two 
impoſſible Roots, the Terms over Head — 4 x* +4 x* — 
2xx have the Signs — + —, which by two Variations 
ſhew there are two Affirmative Roots ; therefore there will 
be two impoſſible Roots among the Affirmative ones. Since 
therefore the Signs of all the Terms of the Æquation 
+ — + — — —, by three Variations ſhew that there are 
three Affirmative Roots, and that the other two are Nega- 
tive, and that among the Affirmative ones there are two 
impoſſible ones; it follows that there are, viz. one true 
affirmative Root, two negative ones, and two impoſſible 

* — 4x —44X — 


ones. Now, if the Æquation had been 3 


4 4 =© then the Terms over Head of the ſub- 


ſcrib'd former Terms + —, viz. —4x* —4x*, by their 
Signs that don't change — and —, ſhew. that one of the 
Negative Roots is impoſſible ; and the Terms over the for- 
mer underwritten varying Terms — +, viz, — 2 * — 5K, 
ty their Terms not varying, — and —, ſhew that one of the 
Negative Roots are impoſſible. Wherefore, ſince the Signs 
of the Æquation -þ — — — — — by one Variation ſhew 
there is one Affirmative Root, and that the other four are 

| Negative ; 


L 200 J 


Negative, it follows, there is one Affirmative, two Nega- 
tive, and two Impoſſible ones, And this is ſo where there 
are not more impoſſible Roots than what are diſcover'd by 
the Rule preceding, For there may be more, although it 
ſeldom happens. | 
Moreover, all the Affirmative Roots of any Æquation 
may be chang'd into Negative ones, and the Negative into 
' . Affirmative anes, and that only by 
Of the Tran ſmut a- changing of the alternate Terms li. e. 
tions of Æquations. every other Term]. Thus, in the Æqua- 
| | tion & —4x* 4X — 2 —5 XK 
4 = 0, the three Affirmative Roots will be chang d into Ne- 
tive ones, and the two Negative ones into Affirmatives, 
by changing only the Signs of the ſecond, fourth, and ſixth 
Terms, as is done here, x* + AX + 4x* + 2zx—5 
+ 4430. This Xquation has the ſame Roots with the for- 
mer,” unleſs that in this, thoſe Roots are Affirmative that 
were there Negative, and Negative that there were 
Affirmative ; and the two impoſſible Roots, which lay hid 
there among the Affirmative ones, lie hid here among the 
Negative ones; ſo that theſe being ſubduc'd, there remains 
only one Root truly Negative. | 
There are alſo other Tranſmutations of Æquations which 
are of Uſe in divers Caſes, For we may ſuppoſe the Root 
of an Æquation to be compos'd any how out of a known 
and an unknown Quantity, and then ſubſtitute what we 
ſuppoſe equivalent to it. As if we ſuppoſe the Root to be 
equal to the Sum or Difference of any kiown and unknown 
Quantity, For, after this Rate, we may augment or di- 
miniſh the Roots of the Æquation by that known Quanti- 
ty. or ſubtract them from it; and thereby cauſe that ſome 
of «them that were before Negative ſhall now become A ffir- 
mative, or ſome of the Affirmative ones become Negative, 
or alſo that all ſhall become Affirmative or all Negative, 
Thus, in the Æquation K — & — 19xx + 49x— 30 , 
if | have a mind to augment the Roots by Unity, I ſuppoſe 
x+1=y, or x=y—1; and then for x I write y—1 in 


the Aquarion, and for the Square, Cube, or Biquadrate of. 


x, Iurite the like Power of y—- 1, as follows; 


a 


4 
- a. Jy*=43*' + 655 — 477 
by * = y* >, SAC INI. 
it —I9xx| — 1997 + 355 —19 
+ 49x T 49) —49 
on S — 
to Sum ) —5) — 1050 + 809 — 96 =O. 


And the Roots of the Equation that is produc'd, (viz,) 
a. Bj — 5 —10J) + 803 — 96 = o, will be 2, 3, 4, — 4, 

Thich Vifore — 15 5 — 4 „i. e. bigger by Unit * 
if for x | had writ 5 + 1+, there would have come out the 
N Equation y* + 5) — 10% - + o, whereof 
th there be two Affirmative Roots + and 13, and two N-ga- 
tive oncs, — + and — 65, But by writing y— 6 for x, 
there would have come out an Ægquation whoſe Roots would 
have been 7, 8, 9, 1, viz. all Affirmative ; and writing for 
the fame [x] y -+ 4, there would have come out thoſe Roots 
id diminiſh'd by 4, ix. — 2 —2 219, all of them Ne- 
e I gative. | 

And after this Way, by augmenting or diminiſhing the 
Roots, if any of them are impoſſible, they will ſometimes 
de more eaſily detected this Way than before, 

Thus, in the Xquation & - 34 ⁰ —34' So, there 
are no Roots that appear impoſſible by the preceding Rule; 
but if you augment the Roots by the Quantity 4, writing 
4 for x, you may by that Rule diſcover two impoſſible 
Roots in the Aquaition reſulting, y' — 34) - = 0. 

By the ſame Operation you may alſo take away the ſecond 
Terms of Æquations; which will be done, if you ſubduct 
the known Quantity [or Co- efficient] of the ſecond Term 
of the Æquation propos d, divided by the Number of Di- 
, nenſions [of the higheſt Term] of the Aquation, from the 
Quantity which you aſſume to ſignify the Root of the new 
Equation, and ſubſtitute the Remainder for the Root of the 
> Equation propos'd, As if there was propos'd the Æqua- 
don & — 4x X ＋ 4x —6 =0, I ſubtrat the known 
f © Quantity [os Co. efficient] of the ſecond Term, which is 
MR <1, divided by the Number of the Dimenſions of che E- 
quation, vie. 3, from the Species [or Letter] which is aſ- 
ſum'd to ſignify the new Root, ſuppoſe from y, and the 
Remainder y + + 1 ſubſtitute for x, and there comes out 


D d 5 + 


[ Rig 1 


z' +4zy+ Fy5 


[ 
+ 
A 
| 
\- 
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n 


By the ſame Method, the third Term of an Æquation 
may be alſo taken away, Let there be propos d the Æquation 
x 342 +£3xx—$Z%—2=0, and make x2 , 
and ſubſtituting y — e in the room of x, there will ariſe 
this Æquation; 


＋ . 

8 3 

4 — 4e E da e 1 

ee 
＋3 1 FP 


—2 


Ihe third Term of this Æquation is Gee + 9e 3 mul. 
tiply d by yy. Where, if Gee +9e + 3 were nothing, 
you'd have what you deſir d. Let us ſuppoſe it therefore to 
be nothing, that we may thence find what Number ought 
to be ſubſtituted in this Caſe for e, and we ſhall have the 
Quadratick Æquation Gee +ge +3 =o, which divided 
by 6 will become ee Te f o or eez—ie—t, 


and extracting the Root e => — 5 + v4. — +, or = — 14 
r, that is, =— +2, and conſequently equal $3 13 


Whence y — e will be either 5 + £, or y-þ x. Wherefore, 
ſince y—e was writ for x; in. the room of y—e there 
ought to be writ y + 2, or y + 1 for æ, that the third Term 
of the Æquation that reſults may be taken away, And 
that will happen in both Caſes. For if for x you write 
y ＋ E, there will ariſe this Æquation, y* — 5 — fy — 
22 o; but if you write y ＋ 1, there will arife this £qua- 
tion, y* +3 * —4J—12=0» 

Moreover, the Roots of 4quations may be multiply'd or 
divided by given Numbers ; and after this Rate, the Terms 
of Aquations be diminiſh'd, and Fractions and Radical 
Quantities ſometimes be taken away, As if the Æquation 
were y* Sy — , ; in order to take away the Fra- 
ctions, I ſuppoſe y to be = +z,, and then by ſubſti ut ing * 

0 
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for y, there comes out this new Aquation, — — — — 


= = ©, and having rejected the common Denominator of 
the Terms, z * —12z—146=0, the Roots of which #- 


quation are thrice greater than before. And again, to di:; 
miniſh the Terms of this Æquation, if you write 2 for 
z, there will come out 8 2 — 24 v— 146 So, and divid- 
ing all by 8, you'll have 2 —=23v—18t—0;. the Roots 
of which Aquation are half of the Roots of the former; 
And here, if at laſt you find y mike 2v , , and 
1++=x, and you'll have x the Root of the Æquation as 
firſt propos d. | 
And thus, in the Xquation x * — 2x T V3 Do, to take 
away the Radical Quantity /3; for & I write yy/3, and 
there comes out the Æquation 3y'V 3—29V3+V3 =0, 
which, dividing all the Terms by the 3, becomes 35 — 
24 IS. 
8 the Roots of an Aquation may be chang'd into 
their Reciprocals, and after this Way the Æquation may be 
ſometimes reduc'd to a more commodious Form, T hus, the 


laſt Xquation 3) — 2) +1=0, by writing 2 for y, be- 


comes 2 . +1=0, and all the Terms being multi- 
2 
ply'd by z 3, and the Order of the Terms chang'd, & — 
22 2 +3—0. The laſt Term but one of an Æquation may 
alſo by this Method be taken away, as the ſecond was taken 
away before, as you ſee done in the precedent Æquation; 
or if you would take away the laſt but two, it may be done 
as you have taken away the third, Moreover, the leaſt Root 
may thus be converted into the greateſt, and the greateſt 
into the leaſt, which may be of ſome Uſe in what follows. 
Thus, in the Æquation x* — & — 19xx + 49 — 30 


So, whoſe Roots are 3, 2, 1, — 5, if you write © for x, 


J 
there will come out the Æquation 1 — * ＋ 2 + 5 


— 30 So, which, multiplying all the Terms by y +, and 
dividing them by 30, the Signs being chang'd, becomes 5 


1 „ hereof 
307 T 257 ＋ 85 = Op the _ co 
d 2 are 
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are 5, f, 1, —+; the greateſt of the Affirmative Roots 3 
being now changed into the leaſt 4, and the leaſt 1 being 
now made greateſt, and the Negative Root — 5, which ck 
32 the moſt remote from o, now coming neareſ 
to it. | a | 

There are alſo other Tranſmutations of Equations, by 
which may all be perform'd after that Way of tranſmy- 
tating we have ſhewn, when we took away the third Term 
of the Equation. 

From the Generation of Æquations it is evident, that the 
known Quantity of the ſecond Term of the AÆquation, if 
its Sign be chang d, is equal to the Aggregate [or Sum] of 
all the Roots [added together] under their proper Signs; 
and that of the third Term ual to the Aggregate of the 
Rectangles of each two of the Roots; that of the fourth, if 
its Sign be chang'd, is equal to the Aggregate of the Con- 
- tents under each three of the Roots; that of the fifth is e. 
qual to the Aggregate of the Contents under each four, and 
ſo on ad inſinitum. Let us aſſume æ =4, x =b, æ = -, 
* d, &c, or x - Ar, #—b=0, Tc, 24 
So, and by the continual Multiplication of theſe we may 
generate Æquations as above. Now, by multiplying x —; 


by x -b there will be produc'd the Æquation æ x —5 * = 


4 ; where the known Quantity of the ſecond Term, 
3! 1ts Signs are chang d, viz. a+ b, is the Sum of the two 
Roots 4 and b, and the known Quantity of the third Term 
is the only ReQingle contain'd under both, Again, by mul- 
tiplying this Æquation by x + 4 there will be produc'd 
— 4 4 
the Cubick Æquation K —b xx —ac # + abc So, where 
+ _ —be 
the known Quantity of the ſecond Term having its Signs 
chang'd, viz. a + b —c, is the Sum of the Roots 4, and h, 
and —e; the known Quantity of the third Term ab — ac 
— br is the Sum of the Re&angles under each two of the 
Terms 4a and b, 4 and — , band — ; and the known 
Quantity of the fc:irt!: Term under its Sign chang'd, — abc, 
is the only Content generated by the continnal Maltiplics- 
tion of [hc Terms, 4 by h into — c. Moreover, by mul- 
tiply ing chat Cubick A quation by x — 4, there will be pro- 
duc d this Biquadratick one; 


x* 


„„. eK © 22 my Oi o* 


x—abcd So. 


Where the known Quantity of the ſecond Term under its 
Signs chang'd, viz. a+b—c +4, is the Sum of all the 
Roots; that of the third, 4b - 4c —bc+ad +bd—cd, 
is the Sum of the Rectangles under every two; that of the 
fourth, its Signs being chang'd, —abc + abd — bod — 
acd, is the Sum of the Contents under each Ternary ; that 
of the fifth, — abcd, is the only Content under them all, 
And hence we firſt infer, that all the rational Roots of any 
Equation that involves neither Surds nor Fractions, and the 
Rectangles of any two of the Roots, or the Contents of any 
three or more of them, are ſome of the Integral Diviſors of 
the laſt Term ; and therefore when it is evident, rhat there 
is no Diviſor of the laſt Term, or Root of the Equation, 
or Rectangle. or Content of two or more, it will alſo be 
evident that there is no Root, or Rectangle, or Content of 
Roots, except what is Surd. 

Let us ſuppoſe now, that the known Quantities of the 
Terms of [any] Æquation under their Signs chang'd, are 
p, 9, 7, 4, t, v, &, viz, that of the ſecond p, that of the 
third 9, of the fourth r, of the fifth s, and ſo on. And the 
Signs of the Terms being rightly obſerv'd, make p = a, pa 
+ 2q=b, pb+qa+3r=c, pc 54 +ra+4s=d, 
pd+geoprb+oat5t=e, pe AAT +5b+ra 
+ 6w= f, and ſo on ad infinitum, obſerving the Series of 
the Progreſſion, And à will be the Sum of the Roots, b the 
Sum of the Squares of each of the Roots, c the Sum of the 


Cubes, d the Sum of the Biquadrates, e the Sum of the Qua- 


drato-Cubes, f the Sum of the Cubo-Cuves [or ſixth Pow- 
er] and fo on. As in the Equation & —x' —19xx-+ 
9x —3ZO=0, where the known Quantity of the ſecond 
Term is — f, of the third — 19, of the fourth + 49, of 
the fifth — 30; you muſt make 1 , 19=q, — 49 =r, 
30 . And there will thence ariſe a= (p=) 1, b—= 
(pg 294=1t38=) 39, c=(pb+qu+3r= 39 
19147 =) — 89, d = (pc THE ra+45 =—89+ 
+ 741 —49 + 120=) 723. erefore rhe Sum - the 
o0r 
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Roots will be 1, the Sum of the Squares of the Roots 3g, 
the Sum of the Cubes — 89, and the Sum of the Biqua- 
drates 723, i. the Roots of that Æquation are 1, 2, 3, 
and — 5, and rhe Sum of theſe 1 + 2 +3—5 is1; the 
Sum of the Squares. 1 + 4 + 9 25, is 39 ; the Sum of the 
Cubes, : + 8 + 27 — 125, is — 89; and the Sum of the Bi. 
quadrates, 1+ 16 +81 + 625, is 723. | | 
And hence are colleQed the Limits between which the 
Roots of the Aquation ſhall conſiſt, if none of them is im- 
poſſible, - For when the Squares of all the 
Of the Limits Roots are Affirmative, the Sum of the Squares 
of AEquations, will be Affirmative, and therefore greater than 
the Square of the greateſt Root, And by the 
ſame Argument, the Sum of the Biquadrates of all the 
Roots will be greater than the Biquadrate of the greateſt 
Root, and the Sum of the Cubo-Cubes greater than the Cu- 
bo-Cube of the greateſt Root. Wherefore, if you deſire the 
'Limit which no Roots can paſs, ſeek the Sum of the Squares 
of the Roots, and extract its Square Root, For this Root 
will be greater than the greateſt Root of the Xquation, But 
you'll come nearer the greateſt Root if you ſeek the Sum at 
the Biquadrates, and extract its Biquadratick Root; and yet 
nearer, if you ſeek the Sum of the Cubo-Cubes, and extra&t 
its Cubo-Cubical Root, and fo on ad infinitum. 

Thus, in the precedent Æquation, the Square Root of the 
Sum of the Squares of the Roots, or 39, is 6+ nearly, 
and 6+ is farther diſtant from o than any of the Roots 1, 
2, 3, — 5. But the Biquadratick Root of the Sum of the 


| 4 
Biquadrates of the Roots, viz 723, which is g 4 nearly, 
comes nearer to the Root that is moſt remote from nothing, 
VID, — Yo 
If, — the Sum of the Squares and the Sum of the 
Biquadrates of the Roots you find a mean Proportional, that 
will be a little greater than the Sum of the Cubes of the 
Roots connected under Affirmative Signs. And hence, the 
half Sum of this mean Proportional, and of the Sum of the 
Cubes collected under their proper Signs, found as before, 
will be greater than the Sum of the Cubes of the Afirmr- 
tive Roots, and the half Difference greater than the Sum of 
the Cubes of the Negative Roots. Aud conſequently, tie 
greateſt of the Affirmative Roots will be leſs than the Cube 
Root of that Semi-Difference. Thus, in the precedent - 
guation, a mean Proportional between the Sum of the Squares 
5 or 
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of the Roots 39, and the Sum of the Biquadrates 723. is 
nearly 168. The Sum of the Cubes under their proper Signs 
was, as above, — 89, the half Sum of this and 168 is 

9+, the Semi-Difference 1283. The Cube Root of the 
ormer. which is about 3 3, is greater than the greateſt of 
the Affirmative Roots 3. The Cube Root of the latter, 
which is 5 r nearly, is greater than the Negative Root—5, 
By which Example it may be ſeen how near you may come 
this Way to the Root, where there is only one Negative Root 


or one Affirmative one. And yet you might come nearer yet, 


if you found a mean Proportional between the Sum of the 
Biquadrates of the Roots and the Sum of the Cubo-Cubes 
and if from the Semi-Sum and Semi- Difference of this, and 
of the Sum of the Quadrato-Cube of the Roots, you ex- 
tracted the Quadrato-Cubical Roots, For the Quadrato-Cu- 
bical Root of the Semi-Sum would be greater than the 
greateſt Affirmative Root, and the Quadrato-Cubick Root 
of the Semi-Difference would be greater than the greateſt 
Negative Root, but by a leſs Exceſs than before, Since there- 
fore any Root, by augmenting and diminiſhing all the Roots, 
may be made the leaſt, and then the leaſt converted into the 
greateſt, and afterwards all beſides the greateſt be made Ne- 
ous it is manifeſt how [any] Root deſired may be found 
nearly, | 

If if the Roots except two are Negative, thoſe two may 
be both together found this Way, The Sum of the Cubes 
of thoſe two Roots being found according to the precedeat 
Method, as alſo the Sum of the Quadrato- Cubes, and the 
Sum of the Quadrato-Quadrato-Cubes of all the Roots ; 
between the two latter Sums ſeek a mean Proportional, and 
that will be the Difference between the Sum of the Cubo- 
Cubes of the Affirmative Roots, and the Sum of the Cubo- 
Cubes of the Negative Roots nearly; and conſequently, the 
half Sum of this mean Proporticnal, and of the Sum of the 
Cubo-Cubes of all the Roots, will be the Semi-Sum of the 
Cubo-Cubes of the Affirmative Roots, and the Semi-Diffe- 
rence will te the Sum of the Cubo-Cubes of the Negative 
Roots. Having therefore both the Sum of the Cubes, and 
alſo the Sum of the Cubo-Cubes of the two Affirmative 
Roots, from the double of the latter Sum ſubtract the Square 
of the former Sum, and the Square Root of the Remainder 
will be the Difference of the ( ubes of the two Roots, And 
having both the Sum and Difference of the Cubes, you'll 
have the Cubes themſelves, Extract their Cube Roots, — 

you 


— 
— _ 
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you'll nearly have the two Affirmative Roots of the qua- 
tion. And if in higher Powers you ſhould do the like, 
you'll have the Roots yet more nearly, But theſe Limita- 
tions, by reaſon of the Difficulty cf the Calculus, are of leſs 
Uſe, and extend only to thoſe Æquations that have no ima- 

inary Roots, wherefore I will now ſhew how to find the 
— another Way, which is more eaſy, and extends to all 
Equations. | 
Multiply every Term of the Æquation by the Number of 
its Dimenſions, and divide the ProduQ by the Root of the 
Aquation ; thei again multiply every one of the Terms that 
come out by a Number leſs by Unity than before, and di- 
vide the Product by the Root of the Æquation, and ſo go 
on, by always multiplying by Numbers leſs by Unity than 
before, and dividing the Product by the Root, till at length 
all the Terms are deſtroy d, whoſe Signs are different from 
the Sign of the firſt or higheſt Term, except the laſt ; and that 
Number will be greater than any Affirmative Root; which 
being writ in the Terms that come out for [or in room of ] the 
Root, makes the A-gregate cf thoſe which were each Time 
produc'd by Multiplication to have always the ſame Sign 
with the firſt or higheſt Term of the Æquation. As if there 
was propos d the Æquation & 2x — 10x* + 30 * + 
63 X — l20 S . I firſt multiply this thus; 

4 LS 0 8 
5 —_ 2 x — 1 + 30 & * + 3 — 120 Then I again 
multiply the Terms that come out divided by x, thus; 


2 I O is 

8 30xx + 60x + 63" And dividing the 
- vhs that come out again by x, there comes out 20 * — 
24xx —69x + 60; which, to leſſen them, I divide by 
the greateſt common Diviſor 4, and you have 5 — Kr 
—15x-+ 15. Theſe being again multiply'd by the Pro- 
greſſion 3, 2, 1,0, and divided by x, becomes 5xx — 4 x 
5. And th:e multiply'd by the Progreſſion 2, 1, o, and 
divided by 2 x become 5x — 2, Now, fince the higheſt 


Term of the &quation x is Affirmative, I try what Num- 


ber writ in theſe Products for x will cauſe them all to be 


Affirmative. And by trying 1, you have 5 x — 2 —=2 AF 


firmative ; but 5xx 4 - 5, you have — 4 Negative. 
Wherefor? the Limit wil ve greater than 1. I therefore try 
ſome greater Number, as 2 ; and ſubſtituting 2 in each for 
x, they become 


54 
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5x — 2 =8 | 


e 

54 — 6 — 15 ＋15 =1 

54 —8* —30xzx+60x +63 279 

» — 2 * — 10 + 30 ＋ 63K — 120246. 


Wherefore, ſince the Numbers that come out 8. 7. 1. 79. 
46. are all Affirmative, the Number 2 will be greater than 
the greateſt of the Affirmative Roots, In like manner, if 
| would find the Limit of the Negative Roots, I try Nega- 
tive Numbers. Or that which is all one, I change the Signs 
of every other Term, and try Affirmative ones. But having 
chang'd the Signs of every other Term, the Quantities in 
which the Numbers are to be ſubſtituted, will become 


gr +2 

gx ＋4 X —5 

z Foxx—15xXx —I5 

5 +8x* —30xx—69x +63 

x*. TX — 10 —3oxx ＋ 63 ＋ 120. 


Out of theſe I chuſe ſome Quantity wherein the Negative 
Terms ſeem moſt prevalent ; ſuppoſe 5 x* + 8x* - zo xx 
—60x + 63, and here ſubſtituting for x the Numbers 1 
and 2, there come out the Negative Numbers — 14 and 
—33- Whence the Limit will be greater than — 2. But 
ſcbllitwting the Number 3, there comes out the Affirmative 
Number 234. And in like maimer in the other Quantities, 
by ſubſtituting the Number 3 there comes out always an Af- 
firmative Number, which may be ſeen by bare lnſpection. 
Wherefore the Number — 3 is greater than all the Nega- 
tive Roots, And ſo you have the Limits 2 and — 3, be- 
tween which are all the Roots, 

But the Invention of Limits is of Uſe both in the Re- 
duction of Aquations by Rational Roots, and in the Ex 
tration of Surd Roots out of them ; leaſt we might ſome- 
times go about to look for the Root beyond theſe Limits. 
Thus, in the laſt Equation, if I would find the Rational 
Roots, if perhaps it has any; from what we have ſaid, it 
is certain they can be no other than the Diviſors of the laſt 
Term of the Æquation, which here is 120. Then trying all 
its Diviſors, if none of them writ in the Æquation for + 
would make all the Terms yamſh, it is certain that the E- 

Ee quation 
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quation will admit of no Root but what is Surd. But there 
are many Diviſors of the laſt Term 120, viz. 1. —1, 
2.— 2. 3.— 3. 4.— 4. 5.— 5. 6 — 6. 8.— 8. 10.— 10. 
12.— 12. 15.— 15. 20.— 20. 24.— 24. 30.— 30. 40. 
— 40. e. 60. 150 and — 150 ho, all theſe Diviſon 
would be tedious, But it being known that the Roots are 
between 2 and — 2, we are free'd from that Labour, For 
now there will be no need to try the Diviſors, unleſs thoſe 
only that are within theſe Limits, wiz, the Diviſors 1, and 
— 1. and — 2, For if none of theſe are the Root, it is cer. 
tain that the Æquation has no Root but what is Surd. 

Hitherto IT have treated of the Reduction of Aquations 
which admit of Rational Diviſors ; but before we can con. 

clude, that an Æquation of four, fix, or more 
The Reduftion Dimenſions is irreducible, we muſt firſt try 
of Equations Whether or not it may be reduc'd by any Surd 
by Surd Divi- Diviſor; or, which is the ſame Thing, you 
Jors. muſt try whether the Æquation can be ſo di- 

vided into two equal Parts, that you can ex- 
tract the Root out of both. But that may be done by the 
following Method. 

Diſpoſe the Æquation according to the Dimenſion of ſome 
certain Letter, ſo that all its Terms jointly under their pro- 
per Signs, may be equal to nothing, and let the higheſt Term 
be adfected with an Affirm ative Sign, Then, if the Æqua- 
tion be a Quadrati x, (for we may add this Caſe for the 
Analogy of the Matter) take from both Sides the loweſt 
Term, and add one fourti: Part of the 3 of the known 
Quantity of the middle Term. As if the Equation be 
*X—a4ax—b—0, ſubtract from both Sides —b, and add 
4 4a, and there will come out xx —ax+Z4aa=b+3aa, 
and extracting on both.Si.les the Root, you'll have x — £4 
TVT or x= *a+vb+ 444. 

Now, if the Æquation be of four Dimenſions, ſuppoſe 
& Pr +qrz+rx+5;=—0, where p, q, r, and f de- 
note the known Quantities of the Terms of the Xquation 
adfected by their proper Signs, make 

2— Pg ab. 
4— 4 & % =. 

Then put for n ſome common Integral Diviſor of the 
Terms g and 2 (, that is not a Square, and which ought to 
be odd, and divided by 4 to leave Unity, if either of the 
Terms p and r be odd. Put alſo for & ſome Diviſor of the 

| Quantity 


Een 
Quantity 5 if p be even; or half of the odd Diviſor, if p 


te odd; or nothing, if the Dividuil Þ be nothing, Take 
the Quotient from p, and call the half of the Remain- 


der J. Then for Q put 3 and try if » divides 


Q Q—:, and the Root of the Quotient be rational and 
equal to ; which if it happen, add to each Part of the 
Equation akkxx + 2nklx+ nil, and extract the Root 
on both Sides, there coming out xx + £ px Or Vn in- 


to 4x +1. 

For Example, let there be propos'd the Xquation x + + 
12X— 17 , and becauſe p and q are both here wanting, 
and v is 12, and I is — 17, having ſubſtituted theſe Num- 
bers, you'll have « o, B=12, and (=— 17, and the 
only common Divifor of Þþ and 24“, viz. 2, will be a, 


Moreover, 7 1s 6, and its Diviſors 1, 2, 3, and 6, are ſuo- 
ceſhvely to be try'd for &, and —3, — 2, — 1, — , for ! 
reſpectively. But pot „ that is, 4 is equal to Q. 


Moreover, — that is, 7 * 7 is equal to l. 


Where the even Numbers 2 and 6 are writ for łæ, Q is 4 
and 36, and Q Q— will be an odd Number, and conſe- 
quently cannot be divided by u or 22 Wherefore thoſe 
Numbers 2 and 6 are to be rejected. But when x and 3 
are writ for 1, © is 1 and 9, and Q© Q—1s is 18 and 98, 
which Numbers may be divided by n, and the Roots of the 
Quotients extracted. For they are 3 and +7 ; whereof 
only — 3 agrees with J. I put therefore K = 1, [=— 3, 
and O—1, and 1 add the Quantity »4&xx + 2nklx 

„l, that is, 2xx—12x +18 to each Part of the Æqua- 
tion, and there comes out x* + 2xx + I =2&xX— 12x + 
18, and extracting on both Sides the Root xx + 1= * 


—3 v . But if you had rather avoid the Extraction of the 
Root, make xx + $px Q = KE ＋, and you'll 


find, as before, xx +1=—=+vV2Xx x —3. And if again 


you extract the Root of this Æquation, there will come out 


x=#+4v/2+V = +3v2, that is, according to the 
; ke 2 Vari- 


* 


„ 
w 


- + was —- ho 
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Variation of the Signs » = : /2+4/3y/2—+, and x= 


2 


and x - - —3v2—+. Which are four Roots 
of the Æquation at firſt propos d, x + 12x —17 go. 
But the two laſt of them are impoſſible. 


Let us now propoſe the Aquation x* — 6x* —58xx 
— 114%—11=0, and by writing — 6, — 58, — 114, 
and — 171, for p, 9, r, and s reſpectively, there will ariſe 
— 67 Da, —315—Þ, and — 11334 = ; the only com- 
mon Diviſor of the Numbers g and 2{, or of — 315 and 


— 4533 is 3, and conſequently will be here u, and the Di- 
2 k | 


viſors of E or — 105, are 3,'s, 7, 15, 21, 35, and 105, 


which are therefore to be try'd for 1. Wherefore, I try firſt 
3, and the Quotient — 35 which (comes out by dividing 


„ by k, or — 105 by 3) I ſubtract from p, or - 3 * 3, 
and there remains 26, the half whereof, 13, ought to be |. 
But = . 2 or — 2 that is, — 20, will be ©, 


| 2 

and O O— will be 411, which may be divided by u, or 3, 
but the Root of the Quotient, 137, cannot be extracted. Where- 
fore I reject 3, and try 5 for 4. The Quotient that now 


comes out by dividing a by k, or — 195 bys, is — 21 ; and 
ſubtracting this from 35, or — 3 x 5, there remains 6, the 


half whereof, 3, is J. Alſo , or : =_ that is, 


2 is the Number 4. And © Q—s, or 16-þ 11, 


may be divided by. n; and the Root of the Quotient, 
which is 9, being extracted, i. e. 3 agrees with J. Where- 


fore I conclude, that I is =3, k=5, Q=4, and 23; 


and if , + 2nklx+ all, that is, 75 xx+ gox+ 
27, be added to each Part of the Æquation, the Root may 
be extracted on both Sides, and there will come out x x + 


PR QS Vn * kx +l, Or xx—3Zx+F4=t&vV3 X 


* 
. 
. 


» 
- * Y 


„een or] r7)] 


" = 
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TEST ; and the Root being again extrafted, = 32543 
T Vin 2 Y3, 


2 

Thus, if there was propos d the Xquation K — 9 
15 r* — 27 * + 9 o, by writing — 9, + 15, — 27, and 
+9 for p, q, r, and ; reſpectively, there will come out 
—5 3 Sa, — 507 g, and 22 =. The common Di- 
viſors of þ and 2 {or — F, and n are 3, 5, 9, 15, 27, 45, 
and 135; but 9 is a Square Number, and 3, 15, 27, 135, 
divided by the Number 4, do not leave Unity, as, by reafon 
of the odd Term p they ought to do. Theſe therefore be- 
ing rejected, there remain only 5 and 45 to be try'd for xn. 
Let us put therefore, firſt n 5, and the odd Diviſors of 


— or—% being halyd, viz. 4, 2, 2, *7, 2, are to be 
tryd for 4. If & be made 3, the Quotient — , which 
comes out by dividing by k, ſubtracted from p, or 


— 2 leaves 18 for J, and . or — 2, is Q, and 


Q Q—s, or —5, may be divided by », or 5; but the 
Root of the Negative Quotient — 1 is impoſſible, which yet 
ought to be 18, Wherefore I conclude I not to be 3, and 
then I try if it be 2. The Quotient which ariſes by divid- 


ing — by t, or — e by +, viz. the Quotient — 2 I ſub- 

tract from Epi, or — 2, and there remains o; whence 

4 + A 
2 


now! will be nothing. But „or 3, is equal to 


Q, and — 5 is nothing; whence again [, which is 
the Root o , divided by n, is found to be nothing. 
Wherefore theſe Things thus agreeing, I conclude n to be 
5, IS. IS, and Q=—=3 ; and therefore by adding to 
each Part of the Æquation propos d, the Terms » kk x x + 
2nlkx+nll, that is, 4 xx, and by extracting on both 
dides the Square Root, there comes out x.x + &px + Q = 

Vn Xkx+l1, that is, && - 4g ＋π 2 =S Xx. 
By the ſame Method, Literal Equations are alſo reduc'd, 
As if there was x —24x* TAE xx—24'x+4* =O, 
o bs 


"_—_ — 
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by ſubſtituting ,— 24, 244 — cc, — 24, and + 4 for p, 
4, r, and ; reſpectively, you obtain 44 — C , — 4c — 
4 —Þ, and 122 + acc -c =. The common Di- 
viſor of the Quantities g and 2{ is 44 Te, which then 


will be n; and Sor 4, has the Divifors 1 and a, But 
n 


becauſe x is of two Dimenſioiis, and Vn ought to be of 
no more than one, therefore E will be of none, and conſe- 


quently cannot be 4. Let therefore x be r, and : being di. 
vided by &, take the Quotient — a from F , and there 
| a + nkk 

2 


Q, and 22 -, ora —a*, iso; and thence again 
there comes out nothing for J. Which ſhews the Quantities 
n, k, |, and ©, to be rightly found ; and adding to each Part 


will remain nothing for J. Moreover, „ Or 44, is 


of the Æquation propos d, the Terms kk xx + 2nkl x + 


nll, that is, aaxx-+ccoxx. the Root may be extracted on 
both Sides; and by that Extraction there will come out 


& * ＋ IPT Q=vnxkx+l1, that is, xx —ax ＋ 44 
STV ec. And the Root being again extracted, 
you'll have x = 44 4 f VAT cc + 


* 44 24 Vas Tec. 


Hitherto T have apply'd the Rule to the Extraction of 
Surd Roots; the ſame may alſo. be apply d to the Extraction 
of Rational Roots, if for the Quantity » you make Uſe 
of Unity ; and after that Manner we may examine, whe- 
ther an Æquation that wants Fracted or Surd Terms can ad- 
mit of any Diviſor, either Rational or Surd, of two Dimen- 
ſions. As if the Æquation K — Xx —5xx-+ 121—6 
SO was propos d, by ſubſtituting — 1, — 5, + 12, and 
—6 for p, , r, and s reſpectively, you Il find — 5 4 — «, 
23 =, — io g=. The common Diviſor of the 

erms Þ and 26, or of „ and — 2 is only Unity. 


Wherefore I put »=1. The Diviſors of the Quantity 4 


* are 1, 3,5, 15. 28, 75 ; the Halves whereof (if p be 
odd) are to be try d for 4. And if for 4 we try z, you 


have 251 — 11 =, and its half — 4 =}; Alb 
| & + nk} 
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2, and nn 62, the Root where- 


of xx + $px + O=+vnxix+/, that is, xx— 4x + 
4 IN 2E — 24, or xXx—3x+3=0, and xx + 
li. 2 — 2 . and ſo by theſe two Quadratick Æquations 

the Biquadratick one propos d may be divided. But Ra- 
re tional Diviſors of this Sort may more expeditiouſly be found 
by the other Method deliver'd above. 


If at any Time there are many Diviſors of the Quantity 
"” - ſo that it may be too difficult to try all of them for E, | 


ut their Number may be ſoon diminiſh'd, by ſeeking all the Di- 
+ FI viſors of the Quantity, «as - Arr. For the Quantity 

on ought to be equal to ſome one of theſe, or to the half 
ut fome odd one. Thus, in the laſt Example, as —£r yr is 
a1 | = ſome one of whoſe Diviſors, 1, 3, 9, or of them halv'd 
. 2, +, ought to be ©. Wherefore, by trying ſingly the 


baly*d Diviſors of the Quantity— „ 


for k, I reject all that do not make 5a+ En, or 
— ＋ 1; that is, Q is one of the Numbers 1, 3, 9, 
Ir only mig f. f. f. C. fork, er e 
on out reſpectively — , — 2, + , + , Ke. for 2 ; out of 
Jſe which only — + and + are foun among the aforeſaid Num- 
bers 1, 3, 9, . +, , and conſequently the reſt being reject- 
. ed. either 1 will be = and Q=— 4, or k = ani N 
n= z. Which two Caſes are examin'd, And fo much 
#quations of four Dimenſions, 
nd If an Æquation of ſix Dimenſions is to be redue d, let it 


„be K“ Þpx* +9x* +rxi +exx+txÞtov=0, and 
make 


TY 9—i0p=% as. bb, 
— | y —F&4 —(, t — za Þamvws v 46 =. 
5 CELLS) 


ell Then take for » ſome common Integer Diviſor, that is not 
a Square, out of the Terms 20, , 2%, and that likewiſe is 
If not 
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not diviſible by a Square Number, and which alſo divided 
by the Number 4, ſhall leave Unity; if but any one of the 
Terms p, r, t be odd. For & take ſome Integer Diviſor of 


the Quantity 9 2 if p be even; or the half of an odd Di- 
viſor if p be odd; or o if a be o. For 8 [take] the 
O . 


Quantity £« + £14k. For | ſome Diviſor of the Quan- 
tity — if O be an Integer; or the half of 


an odd Diviſor, if © be a FraQtion that has for its Deno- 
minator the Number 2; or o, if the Dividual [or the 


Quantiry] . — = EP be nothing, And for & the 


Quantity 31-1 Op+#nkl, Then try if RR * can be 
divided by n, and the Root of the Quctient extracted; and 
beſides, if that Root be equal as well to the Quantity 
1 — — — 
SIE as to the Quantity 22 + pon nll £28 
all theſe happen, call that Root ; and in room of the &- 
quation propos d, write this, & + pr + Ox+r=t 
Vnixkex +Ix+m. For this Equation, by ſquaring its 


Parts, and taking from both Sides the Terms on the Right- 


Hand, will produce the Æquation propos'd, Now if all 
theſe Things do not happen in the Caſe propos'd, the Re- 
duction will be impoſſible, if it appears beforehand that 
the Aquation cannot be reduc'd by a rational Diviſor. 
For Example, let there be propos d the Æquation x* — 
— 2aabb + þ 4 
24x +2bbx* T 24 bl + 24%b xx 277 2 o, 
— 44 725 
and by writing — 24, + 2 bb, + 24bb, — 244 bb + 24'b 
—440, o, and 342 4b — 4 bb for p, 9. , , t, and 2 re- 
ſpectively, there will come out 2b - 44 . 44 bb 
4 B. 24 ＋ 2aabb — gab —a* = 7 —b* + 
24'b + Zaabb —4ab' — L . 4 —4a*'bb—#,and 
34ab* —a*bb—j4a* =% And the common Diviſor of 
tie Terms 2, *, and 29, is 44 — 2bb, or 2bbh — 44, ac- 
cording as 44 or 2bb is the greater. But let 44 be greater 
than 2bb, and 424 — 2 bb will be y. For » muſt always be 


WE, 1. 
Affirmative. Moreover, © is —— aa + 24ab + Fab, — is 


bY 
24) 


2 V -N 


on. © 


— FP 2 — — Hs 1 


2 


pod — — „„ — — 11 3 


1 


Py ke 1 1 


cy og 0 


= 
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* 
34, and — is — 34 — a4abb, and conſequent'y . & 
7 21 
LLOYD at een 
no Gwe > = EE 2 4 ＋ 4 — 4 — 
1 nn 212 8 4 4 2 


7 


34h, the Diviſors whereof are 1, 4, 44 ; but becauſe 
Vn x | cannot be of more than one Dimenſion, and the 
Vn is of one, therefore þ will be of none; and conſequently 
can only be a Number, Wherefore, rejeQing a and 44, 
there remains only x for k. B.ſides, £« + In gives o 


for Q, and — is alſo nothing; and conſe- 


quently I, which ought to be its Diviſor, will be nothing. 
Laftly, 271 - © + £ nk1 gives abb for R. And RRx 
is — 2aab* +a*hb, which may be divided by n, or 44 
— 2bb, and the Root of the Quotient a4bb be extracted, 
and that Root taken Negatively, vis. — 4b, is not unequal 


5 . : Rt 
to the indefinite Quantity =- 7 =, Or © but equal to 
n 0 


the definite Quantity 2et? 1 ery ". Wherefore 
that Root — 4b will be n, and in the room of the Æqua- 
tion propos d, there may be writ & - Pr AXT 
Vn x kxx+lx +m, that is, z* —axx + abb = 
 aa—2bb x xx—ab, The Truth of which Equation 
you may prove by ſquaring the Parts of the Æquation 
found, and taking away the Terms on the Right Hand from 
both Sides. From that Operation will be produ d the Æ- 
quation K - 242 -þ 2bbx* + 2abbx*' — 244bbæxæ + 
24 bæ - 44bν — 3 4464 — 4 bb — O5 which was to 
be reduc'd. , 

If the Equation is of eight Dimenſions, let it be x* + 
px? Tr TT +520 THM TDU u , 
2nd mike q — | pp =, 7 — Ps. — p- A4 
„. t — -B. — fa — 45s. W—zÞy 
Se, and a- Ai =*. And ſeek a common Diviſor of 
the Terms 24, 2+, 2, $», that ſhall be an Integer, and 
neither a Square Number, nor diviſible by a Square Number: 
an4 which alſo divided by 4 ſhall leave Unity, if any of 
the alternate Terms p, ,t, w be odd, If there be no ſuch 
common Diviſor, it is certain, that the Aquftion cannot 


be reduc'd by the Extraction of a Quadratick Surd Rqor, 
F F and 
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and if it cannot be ſo reduc'd, there will ſcarce be found a 
common Diviſor of all thoſe four Quantities. The Opera- 
tion therefore hitherto is a Sort of an Examination, whether 
the Æquation be reducible or not; and conſequently, ſince 
that Sort of ReduQtions are ſeldom poflible, it will moſt 
commonly end the Work. | 

And, by a like Reaſon, if the Aquation be of ten, twelve, 
or more Dimenſions, the Im poſſibility of its Reduction may 
be known. As if it be K + px? + qaf + rx? + 5x5 
Tt +ox* +ax'+bx* Tc rA dg o, you muſt 
make 9 — 4 pa, Fm zÞ%=Þ, — p- fa 27, 
t- f pb — fas = J, Y — 2% — g — 36e 
4 — 424 — 7 = 4 b —LBI— 422 u, C—+7y9 = 
d -u. And ſeck ſuch a common Hiviſor to the 
five Terms, 2+, 20, 8% 47, 8, as is an Integer, and not 
a Square, but which ſhall leave 1 when divided by 4, if 
any one of the Terms », r, t, a, c be odd, | | 

So if there be an Æquition of twelve Dimenſions, as 
& * + px"! + gir*.* + ra? + 5x5 —+ t x? ＋ x? + ax* 
+ b x* + cx* + dx er = ©, make 4— pp, 
- p, pP 44 =, t- 2p f-, 
Dip == za— 45e, 4— 2p — 4 — 4572 
„ -A —- 45 — 42 =1, 28 — 22, d 
27 — 44, e— 3, f-, and you muſt 
ſeek a common Integer Diviſor of the ſix Terms 2{, 8 », 4 9, 
8x, 4>, 8, that is not a Square, but being divided by 4 
ſhall leave Unity, if any one of the Terms p, r, f, a, e, e 
be odd, | 

And thus you may go on ad infinitum, and the propos d 
Aquation will be always irreduceable when it has no com- 
mon Diviſor. But if at any Time ſuch a Diviſor » being 
found, there are Hopes of a future Reduction, and it may 
be found by working or following the Steps of the Opera- 
tion we ſhew'd in the Equation of eight Dimenſions, 

Seek a Square Number, to which after it is multiply'd 


| by n, the laſt Term z of the Æquation being added under 


its proper Sign, ſhall make a Square Number, But that may 
be expeditiouſly perform'd if you add to z, where = is an 
even Number, or to 4z when it is odd, theſe Quantities 
ſucceſſively n, 3n, 5n, 7n, gw, 11n, and ſo on till the 
Sum becomes equal to ſome Number in the Table of Square 


N um- 
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Numbers, which I ſuppoſe to be ready at Hand. And if no 
ſuch Square Number occurs before the Square Root of that - 
Sum, augmented by the Square Root of the Exceſs of that 
Sum above the laſt Term of the Aquation, is four times 
greater than the greateſt of the Terms of the propos d - 
quation p, 9, r, , t, v, Cc. there will be no Occaſion to try 
any farther, For then the Æquation cannot be reduc'd. 
But if ſuch a Square Numbcr does accordingly occur, let its 
Root be & if n is even, or 25 if n be odd; and call the 


2 S the — h. But s and 5 ought to be Integers if u is 


n 
even, but if » is odd, they may be Fractions that have 2 
for their Denominator. And if one is a Fraction, the other 
ought to be ſo too, Which alſo is to be obſerv'd of the 
Numbers & and A, Qüand i, P and & hereafter to be found. 


And all the Numbers $ and þ, that can be found within the 


2 Limit, muſt be collected in a [Table or] Cata- 
ue. 

Afterwards, for (i) all the Numbers are to be ſucceſſively 
try d, which do not make 14＋ p four times greater than 


the greateſt Term of the Æquition, and you muſt in all 


Caſes put — * 5 
for | all the Numbers that do not make yl + Q four times 
greater than the greateſt Term of the Æquation; and in 
every Tryal put . _— +nkl=R, Laſtly, for 2. 
you muſt try ſucceſſively all the Numbers which do not make 
nm R four times greater than the greateſt of the Terms of 
the Æquation, and you muſt ſee whether in any Caſe if you 
make ;,— OO —PRH+nll=2H, and HTN , 
let $ be ſome of the Numbers which were before brought 
into the Catalogue for S; and beſides, if the other Number 
anſwering to that S, which being ſet down for h in the ſame 


Catalogue, will be equal to theſe three, — 


2 


= Q. Then you are to try ſucceſſively 


205-+RR—v—nmm ,  PS4+20R—t—znlm | 


2nl 2nk 
all theſe Things ſhall happen in any Caſe, inſtead of the &- 
quation propos d, you muſt write this x * + e + Qzx 
TRX TSK VM NIX +lxx+mx+h. 


F Ff 2 Fog 


all the Numbers which do not make Qn] greater than 
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For Example, let there be propos'd the Equation x* + 


4 — 3 — lor TS — 5 — lor — 10 «K —5 


So, and you'll have J — APA -i 42 — 5 . 
-p — lo lo OS S6. -B — AA 2 5 — 
* — r. t— pr -H —5 TY =% 
2 — 4 — en — o- — . „ — br — 
10 (. X- σ⁹¹ſ/ = 5 — - eu. Therefore 
28, 26, 20, 8 reſpectively are — 5; — , — 20, and 
— 3, and their common Di iſor 5, which divided by 4, 
leaves 1, as it ought, becauſe the Term 5 is odd, Since 
therefore the common Diviſor u, or 5, is found, which gives 
hope to a future Reduction, and becauſe it is odd to 4z, or 
— 20, I ſucceſſively add n, 3u, 5n, 7n, 9n, &. or 6, 15, 
25, 35, 45, Kc. and there ariſes — 15, 0. 25, 60, 106, 160, 
225, 300, 385, 480, 535, 700, 825, 960, 1105, 1260, 
1425, 1600. Of which only o, 25, 225, and 1600 are 
Squares. And the Halves of theſe Roots o, £, , 20, col- 
lect in a Table for the Values of S, and ſo the Values of 


— DN that is, 1, +, 2, 9, for h. But becauſe S + ah, 
if 20 be taken for Sand 9 for h, becomes 65, a Number 
greater than four times the greateſt Term of the Aquation, 
therefore I reject 20 and 9, and write only the reſt in the 
Table as follows : 

2 & 4: 


$404» tf . | 
Then try © all the Numbers which do not make £ + 

nk, or 2+ 5k, greater than -40, (four times the greateſt 
Term of the Æquation) that is, the Numbers — 3, — 9, —6, 
e: 2; 1, 0, I, 2; 3» J 5 6, Ty put- 

„ „III 5414— 5 
ting ——— , or — 
2 2 
, 60, , 20, , O, — 3, O, , 20, 2, 60, 2“, 120, 
reſpectively for Q. But even when On, and much 
more Q, ought not to be greater than 40, I perceive I am 
to reject , 120, 2, and 60, and their Correſpondents 
—8.— 7, — 6, — 5, 5, 6, 7, and conſequently that only 
— 4, —3, — 2, — 1, o, 1, 2,3, 4, muſt reſpectively be 
try d for k, and , 20, . o, . o, 2, 20, To reſpe- 
ctively for Q. Let us therefore try — 1 for 4, and o for Q, 
and in this Cafe for / there will. be ſucceſſively to be try d 


40, 


, that is, the Numbers 1, 120, 


0 
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40, that is, all the Numbers between 10 and — 10; and 


for R you are reſpectively to try the Numbers 412 70 


4 
＋ 211, or — 5. — 5, that is, -=55,—50,—-45,—-49,35, - 
— 30, — 25, 20, —I5, — 10, — 5, 0,5, 10, 18, 20, 
25, 35» 49, 45, the three former of which and the laſt, be- 
cauſe they are greater than 40, may be neglected. Let us 
try therefore — 2 for J, and 5 for R, and in this Caſe for 
n there will be beſides to be try d all the Numbers which do 
not make x T mn, or 5+ mn, greater than 40, that is, all 
the Numbers between 7 and — 9, and ſee whether or not 
by putting: — Q — pR-+ nll, that is 5 — 20 + 20, or 
j=2H, let H+ nkm, or i —5m=S, that is, if any of 
theſe Numbers = = — aus 5 þ — — 

2 2 2 2 2 2 


— $38 » of i v5 |. 

_ ” 2, 2, 2, D, Y, 2, 25 2, * equal 
to any of the Numbers o. +£, T, which were firſt 
brought into the Catalogue for S. And we meet with four 
of theſe — , —£,, , , to which anſwer +2, ＋ 4. 4 
2, +2, being writ for 


KT k in the ſame Table, as alſo 2, 1, o, 
— 1 ſubſtituted for . But let us try — for 5, 1 for m, 


and +43. for h, and you'll have dah Bs 1 


om 10 
5 225 ＋ RR -In, 25 + 10—5 
= w_ and —- 2 328 
2nl | — 20 
pS＋ 2OR—t—2nlim —10+$; +290 
Ts and — _ — v =o — 
2 1 K — 10 


. Wherefore, fince there comes out in all Cafes — , or 
þ, I conclude all the Numbers to be rightly found, and con- 
ſequently that in room of the Æquation propos d, you muſt 
wite x* + Fpx* + Qxx + Rx + S= Vn x * 
ix* +lax +mx+5, that is, x* ＋ 24 + 5 - 222 
VoX - — 2 ruf. For by ſquaring the Parts 
of this, there will be produc'd that Æquation of eight Di- 
menſions, which was at firſt propos d. 5 
Now, if by trying all the Caſes of the Numbers, all tlie 
aforeſaid Values of h do not in any Caſe conſent, it would 
be an Argument that the Æquation could not be ſoly d by 
the Extraction of the Surd Quadratick Root. 


222 J 


I might now join the Reductions of Equations by tle 
Extraction of the Surd Cubick Root, but theſe, as being 
ſeldom of Uſe, I paſs by. Yet there are ſome Reductions 
of Cubick Æquations commonly known, which, if I ſhould 
wholly paſs over, the Reader might perhaps think us defici- 
ent, Let there be propos'd the Cubick 7 "don 9 RK * + 
gz +r=0o ; the ſecond Term whereof is wanting: For 
that every Cubick Aquation may be reduc'd to this Form, is 
evident from what we have ſaid above, Let x be ſuppos'd 
—=4-+b, Then will 3 + 3aab + 3abb +b* (thatis 2) 
＋ qga+r=0. „ + dads (that is, 3abx) 4 
gx=0, and then will 4* ＋π +r —o, By the former 


* * -. 3 . 

Aquation b is == 75 and cubically b —= — _ 
z 

Therefore by the lattter, 4 A+ o, Or 4 + ra 


274 


. 
_ „and by the Extraction of the adfected Quadratick 
Root, 4 =— fr Virr+ 7 Extract the Cubick 
Root and you'll have 4. And above, you had = Ms 


and a+ b — x. Therefore 4— 4 is the Root of the K. 


quation propos d. | 
For Example, let there be propos d the Æquation y' — 
6557 +63+12—=0, To take away the ſecond Term of 
this Aquation, make x ＋ 2—=y, and there will ariſe & * 
— 8 . Where q IS =—06, 1 28, 3r7=16, 
I 
— 2 -, 4 =—4+v8, a— =; and x + 2=), 


that is, 2 T VWA v8 +— 2 5 


V—4%+ _ @. : 
And after this Way the Roots of all Cubical Æquatiom 
may be extracted wherein 4 is Affirmative ; or alſo wherein 
5 .* 
9 is Negative, and — not greater than r, that 3, 
wherein two of the Roots of the Equation are impoſſible. 
3 
But where ꝗ is Negative, and 5 at the ſame time greater 
| than 
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by L 
ing than 5r7, V. 17 — 2 becomes an impoſſible Quantity, 


"bY ind fo the Root of the Equation x oz y will, in this Caſe, 
fei. be impoſſible, viz, in this Caſe there are three poſſible 
n Roots, which all of them are alike with reſpeQ to the Terms 
Po of the Xquations ꝗ and r, and are indifferently denoted by 
„ in the Letters x and y, and conſequently all of them may be 
d extraQted by the ſame Method, and expreſs d the ſame Way 
*) an; one is extracted or expreſs d; but it is impoſſible to 
＋ expreſs all three by the Law aforeſaid. The Quantity 4 


mer 5 „whereby x is denoted, cannot be manyfold, and for 
—Þ that Reaſon the Suppoſition that x, in this Caſe wherein it 
is triple, may be equal to the Binomial 4 — 2 or 4 +b, 


the Cubes of whoſe Terms 4* + þ* are together r, and 
tick the triple Rectangle 3 «4b is —= q, is plainly impoſſible ; and 
it is no Wonder that from an i ofhible Hypotheſis, an im- 

bak foſſible Concluſion ſhould follow. 
" There is, moreover, another Way of expreſſing theſe 
Roots, viz, from a +b* +r, that is, from nothing take 


i +7r, or &r + Harr q and there will remain b — 


LAH Therefore 4 is = 


ion 
rein 


— 


: ED 
Vu and conſequently the Sum of 


t iy 

ible, 

at 3 — 
3 

than -H will be x; 


—  —__ 


I 1 
tefe Vf. 3b 
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Moreover, the Roots of Biquadratick Æquations may he 
extracted and expreſs'd hy means of Cuvick ones. But firſt 
you muſt take away the fecond Term of the Aquation, Let 
the Æquation that [then] reſults be x* + gax +rx+; 
—0- Suppoſe this to be. generated by the Mulriplication 
of theſe two xx Ter So, and x -e +a =0, 


| — | | 
that is, to be the ſame with this x* K g xx 2 x 
5 —ee 
+ fg —o, and comparing the Terms youll have f + g — 
ee=q, eg—ef r, and fo=s, Wherefore q-þ ee 
T q+ee + | ghee—- 


=2'—f, 2 = &p 2 =f, 


4 
E 


f+8, 
22 T 2% e 
| 72 (Sg) , and by Reduction e- 


47 77 
34 


ee—rr=0, For ee write 5, and you'll 


have y* + 297 dh j—rr=0, a Cubick Aquation, 


whoſe ſecond Term may be taken away, and then the Root 
extracted either by the precedent Rule or otherwiſe, © Then 
that Root being had, you muſt go back again, by putting 


7 rv 
24, 2 


De, — 5 . 


, and the two 
2 


Aquations yx+ex +f—0o, and xx —ex +g , their 
Roots being extracted, will give the four Roots of the Bi- 
quadratick AÆquation x + gax +rx +$=0, viz. #= 
—Letwv beef, and x= te +4 Lee—gp, Where 
note, that if the four Roots of the Biquadratick Xquation 
are poſſible, the three Roots of the Cubick Æquation y' + 


2970 — 4 „rr o will be poſſible alſo, and confe- 


quently cannot be extracted by the precedent Rule. And 
thus, if the affected Roots cf an Ægquation of five or more 
Dimenſions are converted into Roots that are not affected, 
the middle Terms of the A:quation being taken away, that 
Expreſſion of the Roots will be always impoſſible, where 

more 


= «a Www SS ma 


wy — = — © > + - © ., roo 
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more than one Root in an Aquation of odd Dimenſions 
are poſſible, or more than two in an Æquation of even 
Dimenſions, which cannot be reduc'd by th: Extraction 
E: the Surd Quadratick Root, by the Method laid down 
above. 

Monſieur Des Carter taught how to reduce a Biquadratick 
Equation by the Rules laſt deliver'd. E. g. Let there be 
propos'd the Æquition redu:'d above, x* —x* —5xx+ 
12#—6—0. Take away the ſecond Term, by writing 
v-+ 3 for x, and there will ariſe v* — % vy + 7 v— 
3 lo take away the Fractions, write 3 L for 2, and 
there will ariſe & — 862 + 609% — 851 =0,, Here 
—$6=q, 500=r, and —851=s5, and conſequently 


1 + 299) Li — 1 o, and ſubſtituting what is e- 
quivalent, you'll have 5 — 172 + 108 0 — 360000 
o. Where trying all the Diviſors of the laſt Term 7, 
— 1, 2, — 2, 3, — 3,4, —4, 5, — 5, and ſo onwards to 
Ico, youll find at-length y = 100. Which yet may be 
found far more expeditiouſly by our Method above deli- 
ver d. Then having got y, its Root 10 will be e, and 


r 

ee — Ml hs 

n e ann — +122 2 or — 23, will be 
q+ee+- 


f, and -— = 0 „or 37 will be g, and conſequently the 


Equations x x erf =0, and xx —ex + g =0, 
and writing ⁊ for x, and ſubſtituting equivalent Quantities, 
will become zz + 105 — 23 20, and 22 — 102 + 37=0. 
Reſtore v in the room of 3 and there will ariſe yy + 
220 —23 —0, and vv —2+ty ++=0. Reſtore, more- 
over, x—+ for v, and there will come out xx + 2x — 2 
o, and x x — 3x + 3 So, two Equations the four 
Roots whereof x =—1 + V3, and a =14+y —2, are 
the ſame with the four Roots of the Biquadratick Æquation 
propos'd at the Beginning, & — x' —5xx + 12x —6 
O. But theſe might have been more eaſily found by the 
Method of finding Diviſors, explain d before. 


Gg Hitherto 
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Hitherto it will ſuffice, I ſuppoſe, to have given the Re- 
ductions of Equations after a more eaſy and more general 
be; Way than what has been done by others, 
The Extraftion of But ſince among theſe Operations we often 
oots cut of Bino- meet with complex radical Quantities, 
mial Quantities. which may be reduc'd to more ſimple ones, 
it is convenient to explain the Reduction 
of thoſe alſo. They are perform'd by the Extractions of Roots 
out of Binomial Quantities, or out of Quantities more 
compounded, which may be conſider d as Binomial ones. 


fince this is already done in the Chapter of the 
Reduction of Radicals to more ſimple Radicals, by means of the 
Extraction of Roots, we ſhall ſay no more of it here.] 


THE 


2 


Linear Conſtr̃u 


＋OUATIONS. 


III HERTO I have ſhewn the Properties, 
Tranſmutations, Limits, and Reductions of all 
Gg] Sorts of Aquations. I have not always joyn d 
dhe Demonſtrations, becauſe they ſeem d too eaſy 
to need it, and ſometimes cannot be laid down 
without too much Tediouſneſs. It remains now only to ſhew, 
how, after Æquations are reduc'd to their moſt commodi- 
ous Form, their Roots may be extracted in Numbers. And 
here the chief Difficulty lies in obtaining the two or three 
firſt Figures; which may be moſt commodiouſly done by 
either the Geometrical or Mechanical Conſtruction of an 
Æquation. Wherefore I ſhall ſubjoin ſome of theſe Con- 
ſtructions. | 
The Antients, as we learn from Pappre, in vain endea- 
vour'd at the Triſection of an Angle, and the finding out 
of two mean Proportionals by a right Line and a Curle, 
> Afterwards they began to conſider the Properties of ſeveral 
other Lines, as the Conchoid, the Ciſſoid, and the Conick 
Sections, and by ſome of theſe to ſolve thoſe Problems. 
At length, having more throughly examin'd the Matter, 
and the Conick Sections being receiv'd into Geometry, they 
diſtinguiſh'd Problems into three Kinds, viz. (1.) Into Plane 
E ones, which deriving their Original from Lines on a Plane, 
may be ſolv'd by a right Line and a Circle; (2.) Into So- 
lid ones, which were * by Lines deriving their _ 
8832 ä : 
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nal from the Conſideration of a Solid, that is, of a Cone; 
(3.) And Linear ones, to the Solution of which were re- 
quir'd Lines more compounded, And according to this Di- 
inction, we are not to ſolve ſolid Problems by other Lines 
than the. Conick Sections; eſpecially if no other Lines but 
right ones, a Circle, and the Comck Scfions, muſt be re- 
ceiv'd into Geometry. But the M »derns advancing yet much 
farther have receiv'd into Geometry all ines that can be 
expreſs'd by Equations, and have diſtinguiſſi d, according to 
the Dimenſions of the Æquations, thoſ- Lines into Kinds; 
and have made it a Law, that you are not to conſtruct a 
Problem by a Line of a ſuperior Kind, thar may be con. 
ſtructed by one of an inferior one, In the Contemplation 
of Lines, and finding out their Properties, I like their Di- 
ſtinction of them into Kinds, according to the Dimenſions 
of..the Aquations by which they are defin'd, But it is not 
the Æquation, but the Deſcription that makes the Curve 
to be a Geometrical one. The Circle is a Geometrical Line, 
not becauſe it may be expreſs'd by an Xquation, but be- 
cauſe its Deſcription is a Poſtulate, It is not the Simplicity 
of the Æquation, but the Eaſineſs of the Deſcription, which 
is to determine the Choice of our Lines for the Conſtruction 
of Problems, For the Æquation that expreſſes a Parabola, 
is more ſimple than That that expreſſes a Circle, and yet the 
Circle, by reaſon of its more ſimple Conſtruction, is ad- 
mitted before it. The: Circle and the Conick Sections, if 
you regard the Dimenſion of the Æquitions, are of the 
ſame Order, and yet the Circle is not number d with them 
in the Conſtruction of Problems, but by reaſon of its fim- 
ple Deſcription, is depreſs'd to a lower Order, wiz. that of 
"a right Line; fo that it is 1:0t improper to «expreſs that 
by a Circle that may be expreſs'd by a right Line, But ic 
is a Fault to conſtruct that by the Conick Sections which 
may be conſtructed by a Circle. Either therefore you muſt 
take your Law and Rule from the Dimenſions of Æqua- 
tions as obſery'd in a Circle, and ſo take away the Diſtin- 
Scion between Plane and Solid Problems; or elſe you muſt 
rant, that that Law is not ſo ſtrictly to be obſerv'd in 
Lines of ſuperior Kinds, but that ſome, by reaſon of their 
more ſimple Deſcription, may be preferr'd to others of the 
ſame Order, and may be number'd with Lines of inferior 
Orders in the Conſtruction of Problems. In Conſtructions 
that are equally Geometrical, the moſt ſimple are always to 
be preferr d. This Law is fo univerſal, as to be without Ex- 
R cepticn 
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ception. But Algebraick Expreſſions add nothing to the 
Simplicity of the Conſtruction the bare Deſcriptions of the 
Lines only are here to be conſider d; and theſe alone were 
conſider'd by thoſe Geometricians who joyn'd a Circle with 
a right Line, And as theſe are eaſy or hard, the Con- 
fruztion becomes eaſy or hard: And therefore it is foreign 
to the Nature of the Thing, from any Thing elſe to eſta- 
bliſh Laws about Conſtructions. Either therefore let us, 
with the Antients, exclude all Lines beſides the Circle, and 
perhaps the Conick Sections, out of Geometry, or admit all, 
according to the Simpli.-ity of the Deſcription. If the Tro- 
choid were admitted into Geometry, we might, by its Means, 
divide an Angle in any given Ratio, Would you therefore 
blame thoſe who ſhoul4 make Uſe of this Line to divide 
an Angle in the Ratio of one Number to another, and con- 
tend that this Line was not defin'd by an Æquuion, but 
that you muſt make Uſe of ſuch Lines as are defin'd by E- 
quations ? If therefore, when an Angle was to be divided, 
for Inſtance, into 10001 Parts, we ſhould be oblig'd to 
bring a Curve defin'd by an Æquation of above an hundred 
Dimenſions to do the Buſineſs ; which no Mortal could de- 
ſcribe, much leſs underſtand ; and ſhould prefer this to the 
Trochoid, which is a Line well known, and deſcrib'd eaſily 
by the Motion of a Wheel or a Circle, who would not ſee 
the Abſurdity ? Either therefore rhe Trochoid is not to be 
admitted at all into Geometry, or elſe, in the Conſtruction 
of Problems, it is to be preferr'd to all Lines of a more dif- 
ficult Deſcription. And there is the ſame Reaſon for other 
Curves. For which Reaſon we approve of the Triſections 
of an Angle by a Conchoid, which Archimedes in his Lem- 
ma's, and Pappas in his Collections, have preferr'd to the In- 
ventions of all others in this Caſe ; becauſe we ought either 
to exclude all Lines, beſides che Circle and right Line, out of 
Geometry, or admit them according to the Simplicity of 
their Deſcriptions, in which Caſe the Conchoid yields to 
none, except the Circle, Aquations are Expreſſions of A- 
rithmetical Computation, and properly have no Place in Ge- 
ometry, except as far as Quantities truly Geometrical (that 
is, Lines, Surfaces, Solids, and Proportions) may be ſaid to 
be ſome equal to_others, Multiplications, Diviſions, and 
ſuch ſort of Computations, are newly receiv'd into Geome- 
try, and that unwarily, and contrary to the firſt Deſign of 
this Science. For whoſoever conſiders the Conſtruction of 
Problems by a right Line and a Circle, found out by = firſt 
Ome- 
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Geometricians, will eaſily perceive that Geometry was in- 
vented that we might expeditiouſly avoid, by drawing Lines, 
the Tediouſneſs of Computation. Therefore theſe two Sci- 
ences ought not to be confounded, The Antients did ſo in- 
duftriouſly diſtinguiſh them from one another, that they ne- 
ver introduc'd Arithmetical Terms intò Geometry, And 
the Moderns, by confounding both, haye loſt the Simplicity 
in which all the Elegancy of Geometry conſiſts, Where. 


fore that is Arithmetically more ſimple which is determin'd 


by the more ſimple Æquations, but that is Geometrically 
more ſimple which is determin'd by the more ſimple draw- 
ing of Lines; and in Geometry, that ought to be reckon'd 
beſt which is Geometrically moſt ſimple, Wherefore, I 
ought not to be blamed, if, with that Prince of Mathema- 
rictans, Archimedes, and other Antients, I make Uſe of the 
Conchoid for the Conſtruction of ſolid Problems. But if 
any one thinks otherwiſe, let him know, that I am here ſo- 
licitous not for a Geometrical Conſtruction but any one 
whatever, by which I may the neareſt Way find the Root 
ef the Æquation in Numbers, For the ſake whereof 1 here 
premife this Lemmatical Problem. 


To place the right Line BC of a given Length, 
f | . - 
ſo between two other given Lines AB, AC, 
that being produc d, it ſhall paſs through the 
given Point P, | 


F the Line BC turn about the Pole P, and at the ſame 
time moves on its End C upon the right Line AC, its 
other End B ſhall deſcribe the Conchoid of the Antients, 
Let this cut the Line AB in the Point B. Join PB, and 
its Part BC will be the right Line which was to be 
drawn, And, by the ſame Law, the Line BC may be drawn 
where, inſtead of 4C, ſome Curve Line is made Uſe of. 
[Vide Figure 99] | 
If any do not like this Conſtruction by a Conchoid, ano- 
ther, done by a Conick Section, may be ſubſtituted in its 
room. From the Point P to the right Line AD, AE, draw 
PD,PE, making the Parallelogram E AD P, and from the 
Points C and D to the right Lines AB let fall the Perpen- 
diculars CF, DG, as allo from the Point E to the right 


K QT 


L 2313 
Line AC, produc'd towards A, let fall the Perpendicular 
EH, and making AD a, P Db, B CS, 46 4, 
AB x, and AC=y, you'll have AD: AG :: AC: AF, 


and conſequently AF= 2 Moreover, you'll have AB : 


AC:: PD: CD, orx:y::b:a—y. Therefore by = 4x 
-r, which is an Æquation expreſſive of an Hyperbola. 
And again, by the 13th of the 2d Elm. BCq will be = 


ACg + ABq—2FAB, that is, comp a -. 
Both Sides of the former Æquation being multiply'd by 
2 „take them from both Sides of this, and there will re- 


main c 22 SY Fxx—2dx, an AXquation ex- 


preſſing a Circle, where x and y are at right Angles. Where- 
fore, if you make theſe two Lincs an Hyperbola and a Cir- 
cle, by the Help of theſe Æquations, by their Interſection 
you'll have x and y, or AB and AC, which determine the 
Poſition of the right Line BC. But thoſe right Lines will 
be compounded after this Way, . . 
Draw any two right Lines, K L equal to AD, and R 


equal to P D, containing the right Angle AKL. Com- 


pleat the Parallelogram K LM N, and with the Aſymptotes 
L N, MN, deſcribe through the Point K the Hy perbola 
IK X. 85 

On K MN produc'd towards X, take XP equal to AG, 
and K Q equal to BC, And on KL produc'd towards &, 
take K K equal to A H, and R5 equal to x . Compleat 
the Parallelogram PK R T. and from the Center T, at the 
Interval T5, deſcribe a Circle. Let that cut the Hyperbola 
in the Point T. Let fall to K P the Perpendicular T. and 
XY will be equal to 40, and XY equal to AB, Which 
two Lines, AC and AB, or one of them, with the Point 
P, determine the Poſition ſought of the right Line BC: To 
demonſtrate which Conſtruction, and its Caſes, according 
to the [different] Caſes of the Problem, I ſhall not here in- 
fiſt, [Vide Figure 91.] | 

I ſay, by this Conſtruction, if you think fit, you may 
folve the Problem, But this Solution is too compounded to 
ſerve for any [particular] Uſes, It is only a Speculation, 
and Geometrical Speculations have juſt as much Elegancy as 
5 alty | 1 Simplicity, 


* - 


[ 232 ] 

Simplicity, and deferve juſt ſo much Praiſe as they can pro- 
miſe Uſe. For which Reaſon, I prefer the Conchoid, as 
much the ſimpler, and not leſs Geometrical ; and which is of 
eſpecial Uſe in the Reſolution of Æquations as by us pro- 
pos d. Premiſing therefore the prece ing Lemma, we Geo- 
metrically conſtruct Cubick and Biquidratick Problems [as 
which may be reduc d to Cubick ones] as follows. [Vide Figures 
92 and 93.] 

Let ther2 be propos d the Cubick Æquation x X + q x 
+7r—0, whoſe ſecond Term is wanting, but the third is 
denored under its Sign 4, and the fourth by + r. Draw 
any right Line, KA, which call n. On KA, produc d on both 


Sides, take K 2 to the ſame Side as KA, if q be poſi- 


tive, otherwiſe to the contrary Part. Biſect BA in C, and 
on K, as a Center with the Radius K C, deſcribe the Circle 
CA, and in it accommodate the right Line CA equal to 


2 producing it each Way. Join AA, which produce alſo 


both Ways; then between the Lines CA and A X inſcribe 
EY of the ſame: Length as CA, and which being produc'd, 
may paſs through the Point K; then ſhall XY be the Root 
of the Æquation. [Vide Figure 94-] And of theſe Roots, 
thoſe will be Affirmative which fall from X towards C, and 


thoſe Negative which fall on the contrary Side, if it be + r, 
but contrarily if it be — r. 121 


Demonſtration. 
To demonſtrate which, I premiſe theſe Lemma's, 


Lemma I. TX: AK:: CX: KE. Draw KF parallel 
to CA; then becauſe of the ſimilar Triangles ACX, AK, 
and ETA, EX F, there is AC: AK:: CA: K F. and T 
TE, or AC:: KE: XE; and therefore by Equality T: 
n. 


Lemma II. TX: AK : : Cr: AE RE. For by 
Compoſition of Proportion T: AK::7.X+CX (i e. 
CT): ART RE. Q. E. D. | 
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Lemma III. KE —- BK: T:: TX: ARK. For (by 
12. Elem. 2.) TKA CK CT- CTX CAS CTA. 
That is, if the Theorem be reſolv d into Proportionals, CY 
:TK—CK::YK+CK:YTX But NK - CX TX — 
YE+CA—CK=KE—BK And TXT CX TX 
—YE+FCA+CK=KE+ AK Wherefore CT: KE 
—BK::KE+ AK:Y X. But by Lemma 2. CY: XE 
＋AXK: : T: AK. Wherefore by Equality TA: KE — 
SS KEY; a KEE SELF 
Q. E. D. 


Theſe Things being premiſed, the Theorem will be thus 
demonſtrated. 

In the firſt Lemma, TX: AK::CX:KE, or KE x 
YX=AKXCX; and in the third Lemma it was provd, 
that K E- BK: T:: T: AK Wherefore, if the 
Terms of the firſt Ratio of the laſt Proportion be multiply d 
by TA, it will be KE TX B XN: A:: T: 
AA. that is, ARX CA - BANX TIA: IAH: : TA: AA, 
and by multiplying the Extremes and Means into themſelves, 
it will be ANN XC—AKXBAXTNX = Xenbe, 
Therefore for TA, AA, BA, and CA, re: ſubſtituting x, 


r ; : Foy 
n, 7 , and _ this Xquation will ariſe, viz. r —qx = 


*. Q, E. D. I need not ſtay to ſhew you the Variati- 
ons of the Signs, for they will be determin'd according to 
the different Caſes of the Problem. 

Let then an Æquation be propos'd wanting the third 
Term, as K +pxx +r —0o ; in order to conſtruct which, 
take n for any Number of equal Parts; take alſo, in any 


right Line, two Lengths KA = and XB p, and let 


them be taken the ſame Way if v and p have like Signs; 
but otherwiſe, take them towards contrary Sides, Biſcct 
BA in C, and on X, as a Center, with the Radius XC, de- 
ſcribe a Circle, into which accommodate CA n, producing 
it both Ways. Join AX, produce it both Ways, Then 

between the Lines CY and AX draw ET = CA. ſo that it 
produc'd it may paſs through the Point X; and XE will 
be the Root of the Æquation. And the Roots will be 
Affirmative, when the Point Y falls on that Side of X which 


lies towards C; and Negative, when it falls on the contrary 
| H h Side 
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Side of X, provided it be T; but if it be — x, it will be 
the Reverſe of this, 

To demonſtrate this Propoſition, look back to the Figures 
and Lemma's of the former ; and then you will find it 
thus . | 

By Lemma 1. FX: AA:: CA: XE, or TX XE 
AKXCX, and by Lemma z, KE— AB: T:: TA: 
AK, or, (taking X B towards contrary Parts) X E + XB 
: T:: TA: AX, and therefore XE + KB multiply'd by 
XE will be to YXxMXE : (or AKXCX)::TX: AK, 
or as CX: X. E. Wherefore multiplying the Extreams and 
Means into themſelves, X E cube + KB x XEHS AAN 
C Xq; and then for XE, X B, AX, and CX, reſtoring their 
Subſtitutes, you will find the laſt Æquation to be the ſame 
with what was propos d, x* pr r, or x* + pxx 
Tro. | 
Let an quation, having three Dimenſions, and wanting 
no Term, be propos'd in this Form, x3 + pxx + qx +r 
= ©, ſome of whoſe Roots ſhall be Affirmative, and ſome 
Negative | 


And firſt ſuppoſe q a Negative Quantity, then in any 
right Line, as XB, let two Lengths be taken, as KA 9 
and X Bp, and take them the ſame Way, if 5 and 
© have contrary Signs; but if their Signs are alike, then 


take the Lengths contrary Ways from the Point X. Biſect 
AB in C, and there erect the Perpendicular C equal to 
the Square Root of the Term q ; then between the Lines 
AX and CA, produc'd infinitely both Ways, inſcribe the 
right Line ET = AC, ſo that being produc'd, it may paſs 
through X; ſo ſhall & E be the Root of the Xquation, 
which will be Affirmative when the Point X falls between 
Aand E; but Negative when the Point E falls on that 
Side of the Point X which is towards 4. [Vide Figure s.] 

Ik q had been an Affirmative Quantity, then in the Line 
AB you muſt have taken thoſe two Lengths thus, wiz. 


KA — 7 _ „and XB — © and the ſame Way from 


A, if V — 795 have different Signs; but contrary 
Ways, if the Signs are of the ſame Nature. BA alſo muſt 
| be 
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be biſected in C; and there the Perpendicular C & erected 
equal to the Term p; and between the Lines AX and CA. 
infinitely drawn out both Ways, the right Line ET muſt 
alſo be inſcribed equal to AC, and made to paſs through the 
Point K, as before; then would XY be the Root of the Æ- 
quation ; Negative when the Point X ſhould fall between 
A and E, and Affirmative when the Point I falls on the Side 
of the Point X towards C. 


The Demonſtration of the firſt Caſe. 


By the firſt Lemma, XE was to CX as AK to rA, and 
(by Compoſition) ſo KE + AK, i. e. KT KC is to C 
+7TX, i.e, CZ. But in the right-angled Triangle KCT, 


CS HTR XC KY + KCx KY— KC; and by re- 


ſolving the equal Terms into Proportionals, KT + KC is 


to CY as C is to KY— KC; or KE + AX isto CY as 
CYistoEK—KB, Wherefore ſince KE was to XC in 
this Proportion, by Duplication KEq will be to CAꝗ as 
KE + AKto KE—XKB, and by multiplying the Extreanis 
and Means by themſelves K E cule — KB x KEq =CXq 
XKE +CXqx AX. And by reſtoring the former Va- 
lues #* —pxx=qx+r. | 


The Demonſtration of the ſecond Caſe. 


By the firſt Lemma, X E is to CA as AK is to TA, then 
by multiplying the Extreams and Means by themſelves, KE 
XTX—=CXx AK. Therefore in the preceding Caſe, put 
KE xTA for CA Xx AK, and it will be K E cub. K R & 
KEqz=CXqxKE+CXxKEXTX; and by dividing 
all by XE, there will be KEq—KBxXKE=CXKq+CX 
xX TI; then muitiplying all by A K, and you'll have AK 
KEq—KBXKAXKE =AKxCKqh+ AK x CN x 
TA. And again, put KE x TX inftead of its equal CA x 
AK, then AK X KEH AKXXBX KE=EKXCN 
XTX+KEXTXq; whence all being divided by KE 
there will ariſe AKXKE — AK x 45 =TXxCX + 
TXq; and when all are multiply'd by FT there will be 
AKxXKEXTX — AK Xx KBXYNE=TIXquOCX+T7X 
cube. And inſtead of XE xTX in the firſt Term, put CA 
x 4X, and then CXx AKqg—AKNXBKXIX = CAT 

FT - 7 = | 744 


— 11 — 
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TA +. Xcube, or, which is the ſame Thing, Y cube -- 
CXXYXNq+ AKXNKBXYX—CXxXAKq =o. And 
by ſubſtituting for LX. CA, AK, and KB, their Values 


— 


4 „ 7 — 55 this Æquation will come out, x? 


P INNS | 
ut theſe Æquations are alſo ſolv'd, by drawing a right 
Line from a given Point, in fuch a Manner that the Part 
of it, which is intercepted between another right Line and 
a Circle, both given in Poſition, may be of a given Length, 
Lide Figure 96 

For, let there be propos d a Cubick Æquation x* * -+ q 
Tro, whoſe ſecond Term is wanting. Draw the right 
Line XA at Pleaſure, which call n. In XA, produc'd 


both Ways, take XB — : on the ſame Side of the Point 


Kas the Point A is if q be Negative, if not, on the con- 
trary, Biſect BA in (, and from the Center A, with the 
Diſtance AC, deſcribe a Circle C. To this inſcribe the 


right Line CX — and through the Points X, C, and & 


n 
geſcribe the Circle KC AG. Join AX, and produce it till 
it again cuts the Circle XC AG laſt deſcrib'd in the Point 
G. Laſtly, between this Circle XC G, and the right Line 
AC produc'd both Ways, inſcribe the right Line ET 
AC, ſo that EY produc'd paſs through the Point G. And 
EG will be one of the Roots of the Æquation. But thoſe 


Roots are Affirmative which fall in the greater Segment of 


the Circle X GC, and Negative which fall in the leſſer 
KFC if ry is Negative, and the contrary will be when r is 
Affirmative, | 

In order to demonſtrate this Conſtruction, let us premiſe 
the following Lemmata. 


Lemma I. All Things being ſuppos'd as in the Con- 
2 CE is to KA as CEN CA is to AY, and as CX 
to AT. | 

For the right Line XG being drawn, AC is to AX as CA 
is to KG, . becauſe the Triangles ACA and A XG are Si- 
milar. The Triangles TEC, T KG are alſo Similar; for 
the Angle at is common to both Triangles, and the Angles 
G and C are in the ſame Segment & CG of the Circle EGCK, 


— — — 
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and therefore equal. Whence CE will be to EI as KG to 
KY, that is, CE to AC as G to KT, becauſe E and 40 
were ſuppoſed equal. And by comparing this with the Pro- 
portionality above, it will follow by Equality of Proportion 
that CE is to K A as C to kT, and alternately CE is to 
CX as KA to T. Whence, by Compoſition, CEA CX 
will be to C as KATA to KY, that is, Ar to & 2. 


and alternately CEA (A is to AT as CA is to 47, that 


is, as CE to KA. Q. E. D. 


Lemma II. Let fall the Perpendicular C H upon the 
right Line G, and the Rectangle 2 HEY will be equal to 
the Rectangle CE x CA. 

For the Perpendicular G L being let fall upon the Line 
AY, the Triangles K GL, EC H have right Angles at L and 
H, and the Angles at K and E are in the ſame Segment 
CG K of the Circle CK EG, and are therefore equal; con- 
ſequently the Triangles are Similar. And therefore & G is 
to K L as EC to EH, Moreover, A M being let fall from 
the Point A perpendicular to the Line & G, becauſe A K is 
equal to AG, KG will be biſected in AJ; and the Triangles 
KAM and KG L are Similar, becauſe the Angle at K is 
common, and the Angles at M and L are right ones; and 
therefore AK is to K A as KG is to KL, But as AK is 
to K A ſo is 2 AK to 2 KM, or KG; (and becauſe the 
Triangles A G and AC are Similar) fois 24 C to CA; 
alſo (becauſe AC = ET) fo is 2 ET to CA. Therefore 
2 ET is to CI as KG to KL. But KG was to KL, as 
EC to EH, therefore 2ET is to CX as EC to E , and ſo 
the Rectangle 2H EY (by multiplying the Extreams and 
Means by themſelves) is equal to EC Xx CA. Q. E. D. 

Here we took the Lines AK and AG equal, For the 
Rectangles CA K and X AG are equal (by Cor. to 36 Prop. 
of the 3d Book of Exc.) and therefore as CA is to I A ſo is 
AGto AK. But XA and CA are equal by Hypotheſis ; 
therefore AG AK. 


LEMMA IT. All Things being as above, the three 
Lines BY, CE, K A are continual Proportionals, 

For (by Prop. 12. Book 2. Elem.) CYq =ETq +CEq+ 
2ET X EH. And by taking ET q from both Sides, CTq — 
EYg =CEq+2EYTX EH. Bat 2zETXEH—CExXCX 
(by Lew.2.) and by adding CEq to both Sides, CE + 

* , . þ + I of . & + « 2 E r 
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2EYXEH=CEq+CExCX. Therefore CYg—ETq 
—CEq +CExCX, that is, CET x CT- ET 
CEq+CEXC4XH, And by reſolving the equal Rectangles 
into proportional Sides, it will be as CE++CX is to CTA 
EY, ſo is CY—ET to CE. But the three Lines ET, CA, 
CB, are equal, and, thence CT EYECY +CA=AT, 
and CT — ETS CT- CB BT. Write AY for CY + 
ET, and BY for CY—EY, and it will be as CE+ CX is 
to TA ſo is BY to CE. But (by Lem. 1.) CE is to K Aas 
CEA CA is to 4, therefore CE is to KA as BY is to 
CE, that is, the three Lines BI, CE, and K A are continual 
Proportionals. Q. E. D. 


= CEx R, and by dividing both Sides by CE, — ——— 
K To theſe equal Sides add 'B K, and BK + 


XAN CX 0 1 „ ener 


zs to CE s CE is to XA, and thente, by multiplying the 
1 Means by themſelves, CEA = BK x KA+ 
hs 4 L, and boch Sides being multiply d by CE, CE 
cub. =KB * KAXCE+KAqxOX. CE was called æ, 
the Root of the Equation K An, KB= 2 and C = 
5 Theſe being ſubſlituted inſtead of CE, K 4, KB, and 


CF, there will ariſe this Equation, * =qx + 7, or & — 
qa e o; when q ande are Negatives, KA and X 
having been taken on the ſame Side of the Point &, and 
the Affirmative Root being in the greater Segment CG A. 
This is one Caſe of the Conſtruction to be demonſtrated. 
Draw XK B on the contrary Side, that is, let its Sign be 


changed, or the Sign of 4, or, which is the ſame Thing, 
8 _ 
the Sign of the Term 9, and there will be had the Con- 
ſtruction of the Æquation x + qx—r =o. Which is the 
other Caſe. In theſe Caſes CA, and the Affirmative Root 
CE, fall towards the ſame Parts of the Line AF, Let 54 
: | an 
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and the Negative Root fall towards the ſame Parts when 
the Sign of CA, or 27 or (which is the ſame Thing) v is 


changed; and ths will be the third Caſe x* +qx +r So, 
where all the Roats are Negative, And again, when the 


Sign of X B, or q, or only 4, is changed, it will be the 


fourth Caſe x* —qz +r —0, The Conſtructions of all 
theſe Caſes may be eaſily run through, and particularly de- 
monſtrated after the ſame Manner as the firſt was ; and 
with the ſame Words, by changing only the Situation of the 
Lines. ue 

Now let the Cubick Æquation * +px+x*+r=0, 
whoſe third Term is wanting, be to be conſtructed. 

In the fame Figure n being taken of any Length, take in 


any infinite right Line AY, AA, and KB — — and p, and 


take them on the ſame Side of the Point &, if the Signs of 
the Terms p and + are the ſame, otherwiſe on contrary 
Sides. Biſect BA in C, and from the Center K with the 
Diſtance KC deſcribe the Circle CXG. And to it inſcribe 
the right Line C equal to = the aſſumed Length. Join 
AX and produce it to G, fo that 4G may be equal to AN, 
and through the Points K, C A, G deſcribe a Circle. And, 
laſtly, between this Circle and the right Line KC, produc'd 
both Ways, draw the right Line ET= AC, fo that being 
roduced it may paſs through the Point G; then the right 
Line KY being produc d, will be one of the Roots of the 
Aquation, And thoſe Roots are Affirmative which fall on 
that Side of the Point K on which the Paint 4 is on, if „ 
is Affirmative ; but if v is Negative, then the Affirmative 
Roots fall on the contrary Side, And if the Affirmative 

fall on one Side, the Negative fall on the other. | 
This Conſtruction is demonſtrated by the Help of the 

three laſt Lemma after this Manner : | 

By the third Lemma, BY, CE, XA are continual Pro- 
portionals ; and by Lemma 1. as CE is to KA lo is CI to. 
KY. Therefore BY is to CE as CA to KT. BY = KY 
— KB, Therefore K- XB is to CE as CA is to XY. 
But as KT. XB is to CE ſo is XT—ABXAKYT to cE 
x AT, by Prop. 1. Book 6 Euc. and becauſe of the Propor- 
tionals CE to KA as CA to KY is CEX KTR XA 1 
ere- 
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Therefore KT - AB X Xx is to XA XCX (as XT - XB 
to CE, that is, as CX to KY. And by multiplying the 


' Extreams and Means by themſelves XAT — KB x KYq = 
KAXCXg; that is, KYcub. —KB XxX KYq=KAXCNX, 
But in the Conſtruction KY was x the Root of the Æqua- 


tion, K B was put =p, KA — and CA n. Write 


therefore x, p, —, and u for K Y, KB, K 4, and C re- 


| nn 
ſpectively, x —pxx will be equal tor, or & —pxx 
my = 0. 
This Conſtruction may be refoly'd into four Caſes of X- 

quations, & —pxt—r—0, a —pxx+r=—=0, & + 

XX —7 —0, and x* +pxx SO. The firſt Caſe [ 

ave already d2monſtrated ; the reſt are demonſtrated with 
the ſame Words, only changing the Situation of the Lines, 
To wit, as in taking K A and KB on the ſame Side of the 
Point K, and the Affirmative Root X Y on the contrary Side, 
has already produc'd KY cub, — KB KTS KAN CA, 
and thence x —pxx—r—=o0; fo by taking K B on the 
other Side the Point K, it will produce, by the like Rea- 
ſoning, X Teub. + KYg KBS K AX CIꝗ, and thence 
x +PXX—7 =0, And in theſe two Caſes, if the Situ- 
ation of the Affirmative Root K be changed, by taking it 
on the other Side of the Point K, by a like Series of Argu- 
ments, it will fall into the other two Caſes, KY cub. + KB 
Xx KT =—KA xCXq, or x* +pxx + r=0, and 
KTeub. — K BxKYgq=—KAXxCNXgq, or x —pxax+ 
7 =O. Which were all the Caſes to be demonſtrated, 

Now let this Cubick Æquation x +pxzx +q# +7 O 

be propos'd, wanting no Term (unleſs perhaps the third), 
"—_ 7 conſtructed after this Manner: [Vide Figures 97 
and 98. | 


Take u at Pleaſure, Draw any right Line G C= -, 


and at the Point G erect a Perpendicular G D = 7 „ and 


if the Terms p and „ have contrary Signs, from the 
Center C, with the Interval CD deſcribe a Circle P B E. If 
they have the ſame Signs. from the Center D, with the Space 
GC, deſcribe an occult Circle, cutting the right Line G A in 


2 
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HH; then from the Center C, with the Diſtance G H, de® 
ſcribe the Circle P BE, Then make C4 =— 1 — 75 n 
the ſame Side the Point G that C is on, if now the Quan- 
tity —7 — 75 (the Signs of the Terms p, 3, r in the E- 


quation to be conſtructed being well obſerv d) ſhould come 
out Affirmative ; otherwiſe, draw G A on the other Side of 
the Point G, and at the Point A ereQ the Perpendicular 
AY, between which and the Circle PB E already deſcrib'd, 
draw the right Line E equal to p, ſo that being produce d, 
it may paſs through the Point G; which being done, the 
Line EG will be one of the Roots of the Æquation to be 
conſtructed, Thoſe Roots are Affirmative where the Point 
E falls between the Points G and , and Negative, where 
the Point E falls without, if p is Affirmative; and the 
contrary, if Negative. 

In order to demonſtrate this Conſtruction, let us premiſe 
the following Lemmas. 


LEMMA I. Let E E be let fall perpendicular to AG. and 
the right Line EC be draun; EGq+GCgz=ECq+ 
2CGF. For (by Prop. 12. Book 2. Zlem,) EG ECA 
GCqg + 2GCF. Let GCq be added on both Sides, 
and EGq + GCq = ECA 2GCg + 2GCF. But 


26 Cq+2GCF=2GCXGC+CF =2CGF, There- 
fore £6q+GCg—=ECq+2CGF. QE. D. 


Lemma II. In the firſt Caſe of the Conſtruction, where 
the Circle PB E paſſes through the Point D, G £q—GDg 
=2CGF. For by the firſt Lemma EG q+GCgz ECq+ 
2CGF, and by taking CG q from both Sides, E GSE CA 
—GCqg+2CGF. But ECq — GCq = CDq—GCg 
—=GDg. Thercfore EGq = GDq + 2CGF, and by 
aking 6 Dꝗ from both Sides, £EGq—GDq=z 2CGF. 
Q. D. : 


\ Lemma III. In the ſecond Cafe of the Conſtruction, 

where the Circle P CD does not paſs through the Point D, 

EGq+GDq=2CGF, For, by the firſt Lemma, EG 

+GCqzECq+2CGEF. Take EC from both Sides, an 

E647 604— ECq=z _ But G CDH, and EG 
I 


= CP 
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=CP=GH. Therefore GCq—ECqzDHqg—GHq 
=6G Dq, and fo EGq+GDq=2CGF. QE. D. 


Lemma IV. GYxX2(GF=2CGxAGE, For, by 
reaſon of the ſimilar Triangles GEF and GY A, as GF 1s 
to G E ſo is 46 to GI, that is, (by Prop. 1. Book 6. Elem.) 
as 2 (G „ AG is to 206 * GI. Let the Extreams and 
Means be multiply d by themſelves, and 206 x GTX GE 
—=2CGx A6 Xx GE. Q. E. D. 


Now, by the Help of theſe Lemmas, the ConſtruQtion of 
the Problem may be thus demoiiſtrated, | 

In the firſt Caſe, £Gq—GDq=2CGF (by Lemma 2.) 
and by multiplying all by GY, EGquxGY - GDq x GY 
—2CGFxGY=— (by Lemma 4.) 2CG x AGE, Inſtead 
of GY write EG+ EY, and EG cub. + ET XE Gq= 
G DX EG—GDqxEY=2CG AXEG, or EG ob, + 
EYXEGq - GDq— 2CGAXEG — GD x ETS - 

In the ſecond Caſe, k Gq+GDq=—2CGF (by Lem- 
ma 3.) and by multiplying all by GY, £Gqx GF+GDq 
* GTR 2(GF xGY=2CG x AGE, by Lemma 4, 
Inſtead of GY write EG + EI, and EG cub. + EY X EGq 
+ GDqQ+EG+GDquxEY=—=2CGAXEG, or E G cb. 


T+TETXEGq+ GDq—2CGAXEG +GDqxETX=0, 
But the Root of the Æquation EG=x, GD=— 7 = 


EY=p, 2CG=n, and GA= — 2— 5 that is, in 
the firſt Caſe, where the Signs of the Terms p ander are 


different; but in the ſecond Caſe, where the Sign of one of 
the two, p or r, is changed, there is — 7 + = GA. Let 
| WM 


therefore 5 G be put — x, 6D=V-, EY=p, 2CG =n, 


and GA — 4 oh 7 and in the firſt Caſe it will be 


x* TP N +q+ 8 ** - s; that is, x* p 
＋ 4 - So; but in the ſecond Caſe, x? + pax + 


+; 1 * x +7 =0, that is, & ＋ pr T4 r 


230. 


Js 
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o. Therefore in both Caſes EG is the true Value of the 
Root x, Q, E. D. 

But either Caſe may be diſtinguiſh'd into its ſeveral Par- 
ticulars ; as the former into theſe, x ＋ px? + qx—r 
=0, X' pr —qz—r=0, X —pa* Fqx+r=0 
* — p —qro+r =0, X pr —r=0, and x* 
— p + r= 0 ; the latter into theſe, x + px* + qx 
=, x' ppt - ge TT, x —px* + qr—r 
So, &* —px? - -o, „ +pr* Fr =0, and 
r —px* —r=0. The Demonſtration of all which Caſes 
may be carry'd on in the ſume Words with the two already 
En, by only changing the Situation of the 

ines, | 

Theſe are the chief Conſtructions of Problems, by inſcrib- 
ing a a Line given in Length ſo between a Circle and 
a right Line given in Poſition, that the inſcrib'd right Line 

roduc'd may paſs through a given Point, And ſuch a right 

ine may be inſcrib'd by deſcribing a Conchoid, of which 
let that Point, through which the right Line given ought 
to paſs, be the Pole, the other right Line given in Foſition; 
the Ruler or Aſymptote, and the Interval, the Length of the 
inſcrib'd Line, For this Conchoid will cut the Circle in the 
Point E, through which the right Line to be inſcrib'd muſt 
be drawn, But it will be ſufficient in Practice to draw 
the right Line between a Circle and a right Line given in 
Poſition by any Mechanick Method. 

But in theſe Conſtructions obſerve, that the Quantity u is 
undetermin'd and left to be taken at Pleaſure, that the Con- 
ſtruction may be more conveniently fitted to particular Pro- 
blems. We ſhall give Examples of this in finding two mean 
Proportionals, and in triſecting an Angle. 

Let x and y be two mean Proportionals to be found be- 
tween 4 and b. Becauſe a, x, y, h are continual Proportio- 
nals, 4* will be to Kas x to b, therefore x! —b4a, or 
x —aab—0o, Here the Terms p and q of the Equation 
are wanting, and —4ab is in 14 room of the Term yr ; 
therefore in the firſt Form of the Conſtructions, where the 


Tight Line Er _— to the given Point X, is drawn be- 


ines, E and TC, given in Poſition, 
and ſuppoſe the right Line CX= -- = ——* let n be 


tween other two right 


nn 
taken equal to 4, and then CX will be = - b. From 


whense the like Conſtruction comes out. [ide Figure g. 
li 2 I draw 
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1 draw any Line, XA 4, and biſect it in C, and from 
the Center , with the Diſtance J. C, deſcribe the Circle 
CX, to which 1 inſcribe the right Line CX — b, and be- 
tween AX and C infinitely produc'd, I fo inſcribe E Y 
CA, that E being produc'd, may paſs through the Point 
X. So KA, XT, XE, CA will be continual Proportionals, 
that is, XY and KE two mean Proportionals between 4 
and b. This Conſtruction is known, [Vide Figure 109+] 

But in the other Form of the Conſtructions, where the 
right Line EY converging to the given Point G is inſcrib'd 
between the Circle G ECA and the right Line A K, and 


C _ that is, (in this Problem) — == ] put, as 


n 
before, n a, and then C will be b, and the reſt are 
done as follows. [ide Figure 101. 

1 draw any right Line XA a, and biſect it in C and from 
the Center A, with the Diſtance AK, I deſcribe the Circle 
KG, to which J inſcribe the right Line KG = 2b, conſti- 
tuting the Jſoſceles Triangle A KG. Then, through the Points 
C X, G I deſcribe the Gircle, between the Circumference of 
which and the right Line A XK produc'd, I inſcribe the right 
Line ET = CA tending to the Point G. Which being done, 
ARK, EC, KY, Xò are continual Proportionals, that is, 
EC and KY are two mean Proportionals between the given 
Quantities 4 and b. : | 

Let there be an Angle to be divided into three equal 
Parts; [Vide Figure 102.] and let that Angle be ACB, 
and the Parts thereof to be found be AC D, ECD, and. 
ECB; from the Center C, with the Diſtance (A, let the 
Circle A DE B be deſcrib'd, cutting the right Lincs CA, 
CD, CE, CB in 4, D, E, B. Let AD, DE, EB be 
join'd, and 4B cutting the right Lines CD, CE at F and 
H, and let DG, meeting AB in 6, be drawn parallel to 
CE. Becauſe the Triangles CAD, 4 DF, and DFG are 
Similar, C4, AD, DF, and FG are continual Proportio- 
nals, Therefore if AC—=a, and AD—x, DF will be 


equal to =, and FG And AB=BH + HG + 


3 


FA—GF=3AD—GF=3z——. Let AB=b, then 


3 
b=3x——, or & 34 Aab o. Here p, the ſe- 


cond 


Eg IR. Wo K- 
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cond Term of the Xquation, is wanting, and inſtead of 3 
and v we have — 344 and aab, Therefore in the firſt Form 
of the Conſtructions, where p was =o, KA=n, XB 


7, and Cx , that is, in this Problem, KB =— 3%, 
n nn n 


and cr, 
ple as poſſible, I put a S, and fo KB=—34, and CX 
b. Whence this Conſtruction of the Problem comes 
our. 

Draw any Line, KA—4, and on the contrary Side make 
KB— 3a. [Vide Figure 103.] Biſect BA in C, and from 
the Center K, with the Diſtance XC, deſcribe a Circle, to 
which inſcribe the right Line CX=b, and the right Line 
AX being drawn between that infinitely produc'd and the 
right Line CA, inſcribe the right Line ET= AC, and fo 
that it being produc'd, will paſs through the Point K. So 
XY will be = x, But (ſee the laſt Figure) becauſe the Cir - 
cle A DEB — Circle CXA, and the Subtenſe A B Sub- 
tenſe CA, and the Parts of the Subtenſes B H and A are 
equal; the Angles ACB, and CK & will be equal, as alſo 
BCH, XKY; and ſo the Angle XX will be one third 
Part of the Angle CK A. Therefore the third Part X KY 
of any given Angle (KA is found by inſcribing the right 
Line ET = AC, the Diameter of the Circle between the 
Chords ( and AX infinitely produc'd, and converging at 
K the Center of the Circle. 

Hence, if from K, the Center of the Circle, you let fall 
the Perpendicular K H upon the Chord CX, the Angle 
H KY will be one third Part of the Angle HK; ſo that 
if any Angle HKX were given, the third Part thereof 
H KY may be found by letting fall from any Point X of 
any Side X X, the Line H & perpendicular to the other Side 
H K, and by drawing XE parallel to H &, and by inſcrib- 
ing the right Line TE 2K between XH and & E, ſo 
that it being produc'd may paſs through the Point K Or 
thus, [Vide Figure 104.] 

Let any Angle A FX be given. To one of its Sides 4 
raiſe a Perpendicular & H, and from any Point K of the 
other Side X K let there be drawn the Line XE, the Part 
of which ET (lying between the Side A4 produc'd, and 
the Perpendicular X H) is double the Side XK, and the An- 
gle KE A will be one third of the given Angle * X. 

gan, 


that theſe Quantities may come out as ſim- 
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Again, the Perpendicular EZ being rais'd, and KF being 
drawn, whoſe Part Z F, between EF and E, let be dou- 
ble to XE, and the Angle K FA will be one third of the 
Angle XE A: and ſo you may go on by a continual Tri- 
ſection of an Angle ad infinitum. This Method is in the 32d 
Prop. of the 4th Book of Pappus. | 

If you would triſe& an Angle by the other Form of Con- 
ſtructions, where the right Line is to be inſcrib'd between 


another right Line and a Circle, here alſo will XB — 2 


n 


Tr 7 : 
and C — —, that is, in the Problem we are now about, 
nn 


B= , and CX =; and fo by putting n = 4, 


n 
KB will be =— 34, and CX = b. Whence this Conſtru- 
ction comes out. | 

From any Point XK let there be drawn two right Lines 
towards the ſame Way, KA—a, and KB —3a. [Vide 
Figure 105.] Biſect A B in C, and from the Center A with 
the Diſtance AC deſcribe a Circle, To which inſcribe the 
right Line "X —b. Join AF, and produce it till it cuts 
the Circle again in G. Then between this Circle and the 
right Line AC, infinitely produc'd, infcribe the Line ET — 
AC, and paſſing through the Point G; and the right Line 
E C being drawn, will be equal to x the Quantity ſought, 
by 13 the third Part of the given Angle will be ſub- 
ned. | 

This Conſtruction ariſes from the Form above; which, 
however, comes out better thus: Becauſe the Circles ADE B 
and K XG are equal, and alſo the Subtenſes CA and AB, 
the Angles CAA, or KAG, and ACB are equal, therefore 
CE is the Subtenſe of one third Part of the Angle K AG. 
Whence in any given Angle K AG, that its third Part 
CAE may be found, infcribe the right Line ET equal to 
the Semi-Diameter 4G of the Circle KCG, between the 
Circle and the Side XA, of the Angle, infinitely produc'd, 
and tending to the Point G. Thus Archimedes, in Lemma 8. 
taught to triſect an Angle. The ſame Conſtructions may be 
more eaſily explain'd than I have done here; but in theſe 
{ wculd ſhow how, from the general Conſtructions of Pro- 
blems I have already explain'd, we may detive the moſt 
ample Conſtructions of particular Problems, 
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Beſides the Conſtructions here ſet down, we might ad 
many more. [Vide Figure 106.) As if there were two 
mean Proportionals ay + found between a and b. Draw 
any right Line AK b, and perpendicular to it AB —4. 
Biſect AK in 1, and in AK put AH equal to the Sub- 
tenſe B/; and alſo in the Line AB produce d, AC = Sub- 
tenſe B H. Then in the Line AK on the other Side of the 
Point A take 4D of any Length and DE equal to it, and 
from the Centers D and E, with the Diſtances D Band EC, 
deſcribe two Circles, BF and CG, and between them draw 
the right Line FG equal to the right Line AJ, and con- 
verging at the Point 4, and AF will be the firſt of the 
two mean Proportionals that were to be found, 

The Ancients taught how to find two mean Proportionals 
by the Ciſſoid; but no Body that 1 know of hath given a 
good manual Deſcription of this Curve, [Vide Figure 107.] 
Let AG be the Diameter, and F the Center of a Circle to 
which the Ciſſoid belongs. At the Point F let the Perpen- 
dicular FD be erected, and produc'd in inſinitum. And let 
FG be produc'd to P, that FP may be equal to the Dia- 
meter of the Circle, Let the Ruler P ED be moved, fo 
that the Leg E P may always paſs through the Point P, and 
the other Leg ED muſt be equal to the Diameter 46, or 
FP, with its End D, always moving in the Line FD; and 
the middle Point C of this Leg will deſcribe the Ciſſoid 
G (K which was deſired, as has been already ſhewn, 
Wherefore, if between any two Quantities, a and b, there 
be two mean Proportionals to be found: Take AM = a, 
raiſe the Perpendicular A N—b, Join AN, and move 
the Ruler PE D, as was juſt now ſhewn, until its Point C 
fall upon the right Line AN, Then let fall CB perpendi- 
cular to AP, take t to BH, and 2 to BG, as MN is to 
BC, and becauſe AB, BH, BG, BC are continual Propor- 
tionals, a, t, v, b will alſo be continual Proportionals. 

By the Application of ſuch a Ruler other ſolid Problems 
may be conſtrued, 

Let there be propoſed the Cubick Xquation x* px x— 
gx +r =0; where q is always Negative, r Affirmative, 


and p of any Sign, Make 4G = 7 and biſect ĩt in F, and 
take FR 15 and that towards A if p is Affirmative, if 


not towards 7. Moreover, make AB = V q, and ere the 
T Perpen- 


- 
| 4 — 
* — - 
ESR: 
" . - 
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1 
Perpendiculars FD and BC, And in the Leg E D of the 
Ruler, take ED= AG and EC= AR, then let the Leg of 
the Ruler be apply d to the Scheme, ſo that the Point D 
may touch the Line F D, and the Point C the right Line BC, 
and BC will be the Root of the Aquation ſought, . 

Thus far, I think, 1 have expounded the Conſtruction of 
ſolid Problems by Operations whoſe manual Practice is moſt 
ſimple and expeditious. So the Antients, after they had ob- 
tain'd a Method of ſolving theſe Problems by a Compoſi- 
tion of ſolid Places. thinking the Conſtructions by the 
Conick Sections uſeleſs, by reaſon of the Difficulty of de- 
ſcribing them, ſought eaſier Conſtructions by the Con- 
choid, Ciſſoid, the Extenſion of I hreads, and by any Me- 
chanick Application of Figures, Since uſeful Things, though 
Mechanical, are juſtly preferable to uſeleſs Speculations in 
Geometry, as we learn from Pat pus. So the great Archi- 
medes himſelf neglected the TrifeQion of an Angle by the 
Conick Sections, which had been handled by other Geome- 
tricians before him, and taught how to triſe& an Angle in 
his Lemma's as we have already explain'd, If the Anti- 
ents had rather conſtrut Problems by Figures not receiv'd 
in Geometry in that lime, how much more ought theſe Fi. 
gures now to be preferr'd which are receiv'd by many into 
Geometry as well as the Conick Sections. 

However, I don't agree to this new Sort of Geometrici- 
ans, who receive all Figures into Geometry, Their Rule 
of admitting all Lines to the Conſtruction of Problems 
in that Order in which the Æquations, whereby the Lines 
are defin'd, aſcend to the Number of Dimenſions, is arbi- 
trary and has no Foundation in Geometry, Nay, it is falſe; 
for according to this Rule, the Circle ſhould be joined with 
the Conick Sections, but all Geometers join it with the 
right Line; and this being an inconſtant Rule, takes awa 
the Foundation of admitting into Geometry all Aly 
Lines in a certain Order, In my Judgment, no Lines ought 
to be admitted into plain Geometry beſides the right Line 
and the Circle, Unleſs ſome Diſtinction of Lines might be 
firſt invented, by which a circular Line might be joined 
with a right Line, and ſeparated from all the reſt. But 
truly plain Geometry is not to be augmented by the Num- 
ber of Lines, For all Figures are plain that are admitted 
into plain Geometry, that is, thoſe which the Geometers 
poſtulate to be deſcribed in plano. And every plain Problem 
is that which may be conſtructed by plain Figures. : So 
tnere- 
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therefore admitting the Conick Sections and other Figures 
more compounded into plain Geometry, all the ſolid and 
more than ſolid Problems that can be conſtructed by theſe, 
Figures will become plane. But all plane Problems are of 
the ſame Order, A right Line Analytically is more ſimple 
than a Circle; nevertheleſs, Problems which are conſtructed 
by right Lines alone, and thoſe that are conſtructed by Cir- 
cles, are of the ſame Order. Theſe Things being poſtulat- 
ed, a Circle is reduc'd to the ſame Order with a right Line, 
And mnch more the Ellipſe, which differs much leſs from a 
Circle than a Circle from a right Line, by poſtulating the 
right Deſcription thercof in plano, will be reduc'd to the 
fame Order with the Circle. If any, in conſidering the 
Ellipſe, ſhould fall upon ſome ſolid Problem; and ſhould 
conſtruct it by the Help of the ſame Ellipſe, and a Circle: 
This would be counted a plane Problem, becauſe the Ellipſe 
was ſuppos'd to be deſcrib d in plano, and every Conſtrutt- 
on beſides will be ſolv'd by the Deſcription of the Circle 
only, Wherefore, for the faute Reaſon, every plane Pro- 
blem whatever may be conſtructed by a given Ellipſe. 

For Example, [Vide Figure 108.] If the Center O of the 
iven Ellipſe ADFG be requird, I would draw the Paral- 
als AB, CD meeting the Ellipſe in A,B, C, D; and alfo 

two other Parallels E F, G H meeting the Ellipſe in E, F, G, 
H, and I would biſcct them in 1, K, L, 14, and produce / K, 
L 71, till they meet in O. This is a real Conſtruction of a 
plane Problem by an Ellipſe. There is no Reaſon that an El- 
lipſe muſt be Analytically defin'd by an Ægquation of two Di- 
menſions. Nor that it ſhould be generated Geometrically by 
the Section of a ſolid Figure. The Hypotheſis, only conſi- 
dcring it as already deſcrib'd in plano, reduces all ſolid Pro- 
blems conſtructed by it to the Order of plane ones, and con- 
cludes, that all plane ones may be rightly conſtructed by it. 
And this is the State of the Poffalate. Put perhaps, by 
the Power of Poſtulates it is lawful to mix that which is 
now done, and that which is given. Therefore let this be 
a Poſtulate to deſcribe an Ellipſe in plano, and the. all thoſe 
Problems that can be conſtrudted by an Ellipſe, may be re- 
duc'd to the Order of plane ones, and all plane Problems 
may be conſtructed by the Ellipſe. 

It is neceffary there fore that either plane and ſolid Pro- 
blems be confuſed among one another, or that all Lines be 
fling out of plane Geometry, 7 the right Line = the 

K Lircle, 
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Circle, unleſs it happens that ſometime ſome other is given 
in the State of conſtructing ſome Problem. But certainly none 
will permit the Orders of Problems to be confuſed, There- 
fore the Conick Sections and all other Figures muſt be caſt 
out of plane Geometry, except the right Line and the Cir- 
ele, and thoſe which happen to be given in the State of the 
Problems. Therefore all theſe Deſcriptions of the Conicks 
in plano, which the Moderns are fo fond of, are foreign to 
Geometry, Nevertheleſs, the Conick Sections ought not to 
be flung out of Geometry, They indeed are not deſcribed 
Geometrically in-plano, but are generated in the plane Su- 
perficies of a geometrical Solid. A Cone is conſtituted geo- 
metrically, and cut by a Geometrical Plane. Such a Seg- 
ment of a Cone is a Geometrical Figure, and has the ſame 
Place in ſolid Geometry, as the Segment of a Circle has in 
Plane, and for this Reaſon its Baſe, which they call a Co- 
nick Section, is a Geometrical Figure. Therefore a Conick 
Section hath a Place in Geometry fo far as the Superficies is 
of a Geometrical Solid; but is Geometrical for no other 
Reaſon than that it is generated by the Section of a Solid, 
and therefore was not in former Times admitted only into 
ſolid Geometry, But ſuch a Generation 1s difficult, and ge- 
nerally uſeleſs in Practice, to which Geometry ought to be 
moſt ſerviceable. Therefore the Antients betook themſelves 
to various Mechanical Deſcriptions of Figures in plane. And 
we, after their Example, have handled in the preceding 
Conſtructions. Let theſe Conſtructions be Mechanical; and 
ſo the Conſtructions by Conick Sections deſcribd in plano 
be Mechanical. Let the Conſtructions by Conick Sections 
given be Geometrical; and ſo the Conſtructions by any o- 
ther given Figures are Geometrical, and of the ſame Order 
with the Conſtructions of plane Problems, There is no Rea- 
ſon that the Conick Sections ſhould be preferr d in Geome- 
try before any other Figures, unlefs ſo far as they are de- 
riv'd from the Section of a Cone; they being generally un- 
ſerviceable in Practice in the Solution of Problems. But 
leaſt I ſhould altogether negle& Conſtructions by the Conick | 
Sections, it will be proper to ſay ſomething concerning 

them, in which alſo we will conſider ſome commodious ma- 
nual Deſcription, | 
The Ellipſe is the moſt ſimple of the Conick Sections, 

moſt known, and neareſt of Kin to a Circle, and eaſieſt 
deſcrib'd by the Hand in plano. Though many 8 the | 
Ara; 
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Parabola before it, for the Simplicity of the Æquation by 
which it is expreſs'd, But by this Reaſon the - Parabola 
ought to be preferr'd before the Circle it ſelf, which it never 
is. Therefore the reaſoning from the Simplicity of the X- 
quation will not hold. The modern Geometers are too fond 
of the Speculation of Æquations. The Simplicity of theſe 
is of an Analytick Conſideration, We treat of Compoſi- 
tion, and Laws are not given to Compoſition from Ana- 
Iyſis ; Analyſis does lead to Compoſition : But it is not true 
Compoſition before its freed from Analyſis. If there be 
never ſo little Analyſis in Compoſition, that Compoſition 
is not yet true, Compoſition in it ſelf is perfect, and far 
from a Mixture of Analytick Speculations. The — 
of Figures depend upon the Simplicity of their Geneſis 
and Ideas, and an Ægquation is nothing elſe than a Deſerip- 
tion (either Geometrical or Mechanical) by which a Figure 
is gencrated and rendered more eaſy to the Conception. 
Therefore we give the Ellipſe the firſt Place, and ſhall now 
ſhow how to conſtruct Ægquations by it, : 

Let there be any Cubick Æquation propos d. #* =px*? 
+qgx+r, where p, q, ander ſignify given Co-efficients 
of the Terms of the Æquations, with their Signs ' and 
—, and either of the Terms p and q, or both of them, may 
be wanting, For ſo we ſhall exhibit the Conſtructions of 
all Cubick Æquations in one Operation, which follows: 

From the Point B in any given right Line, take any two 
right Lines, BC and BE, on the ſame Side the- Point B, 
and alſo B D, fo that it may be a mean Proportional be- 
tween them, [Vide Figure 129] And call BC, n, in the 


ſame right Line alſo take B 4 — „ „and that towards the 


Point (, if — 4, if not, the contrary Way. At the Point 


A ereQ a Perpendicular, an! in it take AF —=p, FG 
AE, I=. and FH to PI as BC is to BE, But FH 


and F] are to be taken on the ſame Side of the Point F to- 
wards G, if the Terms p and y have the ſame Signs; and 


if they have not the ſame Signs, towards the Point A. Let 
the Parallelograms I ACK and HAEL be compleated, 


and from the Center K. with the Diſtance K G, let a Cir- 

cle be deſcrib'd. Then in the Line HL let there be taken 

HR on either Side the Point H, * let be to H 1 
K K 2 
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B D to B E; let GR be drawn, cutting EL in 5, and let 
the Line G RS be moved with its Point R falling on the 
Line HL, and the Point & upon the Line EL, until the 
Point G in deſcribing the Ellipſe, meet the Circle, as is to 
be ſeen in the Poſition of . For half the Perpendicular 
7 X ler fall, from the Point of meeting, to AE will be 
the Root of the Æquation. But G or 7 is the End of the 
Rule G E S, or y, meeting the Circle in as many Points 
as there are poſſible Roots. And thoſe Roots are Affirmative 
which fall towards the ſame Parts of the Line EA, as the 
Line F ] drawn from the Point F does, and thoſe are Ne- 
gative which fall towards the contrary Parts of the Line 
AE if r is Affirmative ; and contrarily if / is Negative. 


But this Conſtruction is demonſtrated by the Help of the 


following Lemma's, 


LrMma I. All being ſuppos'd as in the Conſtruftion, 
2CAX— AXﬀXqzy>Xq—2AI*X»>X+2AG XxFI. 
For from the Nature of the Circle, K74 — C Xq= 
>X— Al] *. Bur Kzq=G1q+ ACq, and CA 
AX — AC| *, that is, = AXq—2CAX + ACg, and 
ſo their Difference GIq+2CAX—4Ad Xqzzy X— AI |* 
=» Xq—2Alx>X+ Alq. Subtrat G1q from both, 
and there will remain 2CAX — AA ZYX 2A1 x 
„X ＋ Alq—Glq. But (by Prop. 4. Book 2. Elem.) Alq 
=AGq+2 AGI+61q, and fo Algq—GlqzAGq 
+2AGT, that is, =2AGXZ#AG+GI, or =2 AG x 
Fl, and thence 2CAX— AAS A4 — 2 AIX A 
246 xFI, QED. . 


LENA II. All Things being conſtructed as above 2 EAA 
1 . | | 
AA EN 479 wY FH 4Hx A 2 AG XxFl. 
For it is known, that the Point 5, by the Motion of tite 
Ruler ve aſſign d above, deſcribes an Ellipſe, the Center 


whereof is L, and the two Axis coincide with «the two 
right Lines LE and LH, of which that which is in LE 


=250; or = 26 K, and the other which is in LH = 25, 


or 26S. And the Ratio of theſe to one another is the 
ſame as that of the Line HR to the Line HL, or of the 
Line BD to the Line BE. Therefore the Lays * 
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ſum is to the principal Latus Kełtum, às B E is to BC, or 
as Fl is to FH. Wherefore ſince 7 is rightly apply d to 
HL, it will be from the Nature of the Ellipſe that G Sq — 


LTq= Fr: ſquar d. But LTSAE- AA, and Ty 
2 -A, let the Squares of which be put inſtead of 
LTq and 77, and then GSq—AEq+2EA X— A2 
- * X:4—2AHxX, + AHq. ButGSq— AEg 
—=GH+LS|\*, becauſe GS is the Hypothennſe of a 
Rectangled Triangle, the Sides whereof are equal to AE 
and G H LS. And (by reaſon of the ſimilar Triangles 
RGH and RSL) LS is to G Has LR is to HR, and by 
Compoſition GH + LS is to GH as HL is to HR, and 
by ſquaring the Proportions GH LS] is to G Hq as 
HLꝗ is to HR q, that is, (by Conſtruction) as B Eꝗ is to 
B Dg, that is, as B E is to BC, or as FI is to FH, and ſo 


d I ; 
GH+LS|* = 53G Hg ie, - A. en 
Fl 


FI | 
and ſo rag Hat 2E AX—A Xq = u —24H 


x X 4 AH, and by ſubtradting H 4 oh! n bob 


Sides, there will remain 2 EAA — A Xq =p XX 2— 


2AHxX>+ AHq—G Hg. But AH= AG-+GH, 
and ſo AH = AGq-+2AGH+GHq, and by ſub- 
tracting G H q from both, there will remain 4 Hq — 6 Hq 


= AGq+2AGH, that is, =2AGx;3AG+6GH=— 
2 AG x FH, and therefore EA A= * * 
FI 2Fl 


—2AH x X; ＋ 246 x FE, that is, = 824 — FF, 


EH FH 


AHXxX X>+2 AGXxFI. Q. E. D. 


LEMMA III. All Things ſtanding as before, AX will 


be to 1 — AG as 42 is to 2BC. 


For if from the Equals in the ſecond Lemma there be ſub- 


tracted the Equals in the firſt Lemma, there will —_ 
WA . . 0 1 '» 4 a 4 " ; 20 
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EA v9 2 AH XX + 241 K T 


Let both Sides be multiply'd by F H. and 2 FH x CE x 
4X8 —=HIx A, -2FI AH I/ T2 AIX FH 
. But AI HIT AH, and fo 2 FIX AH—2FH 


* AI 2 2 FIX AH—2FHA—2FHI, But 2 FIN 


HA 2 HA 24H, and 2AHI—2FHI—2HI 
X AF. Therefore 2 FI x 8 2 FH x Al = 2HI N 
AF, and ſo 2FHxXCExXx AX =HI x X-» —2Hl X 
AF. X T5. And thence as H/ is to FH, ſo is 2CE x 
AX to 424 —2AFx A. But by Conſtrudtion HI is to 
FH 2 CE. is to BC, and ſo as 2CE-xX AX isto 2BC x 
AX, and thence 2 BCN AX = X- 2AF x A, (by 
Prop. 9. Bock 5. Elem.) But becauſe the Rectangles are e- 
qual, the Sides are proportional, AX to X> — 2 AF, (that 
is, X7 —AG) as X; is to 2 BC. Q. E. D. 


LEM Ma IV. The ſame Things being ſtill ſuppos d, 
2 EI is to AX — 2 AB as 7 is to 2 BC 

For if from the Equals in the third Lemma, to wit, 2 B C 
XAX=X»q—2AF x A, the Equals in the firſt Lemma 
be ſubtracted, there will remain —2 AB x AX+ AXg9 


—2F1 Xx XK; —246 X FI, that is, AA AX—2:4B 


—2FlIx X> — AG. But becauſe the Rectangles are Equal, 
the Sides are Proportional, 2F1 is to AX—2 AB as AX 
is to X — AG, — is, (by the chird Lemma) as X; > is 
to 250 * E. D 


At length, by the e Help of theſe Lemma's, the Conftrufin 
of the Problem is thus demonſtrated. 


By the fourth Lemma, X is to 25 C8 2 is to AX 
243, that is, (by Prop. 1. Book 6. Elem.) as 2 BC x 


2 Fl is to 2BCX AX—2AB, or to 2BCX AX—2BC 
x 2 AB. But by the third Lemma, AT i to T —2AF | 


| 25 K is to 2 BC, or 2B CX AX= A- 2A FRA, 


and ſo Xx is to2 BC as 2BCx2Flisto 4294 —2AF Xx 
Ke x2 AB. And by multiplying 745 Means and | 
treams into themſelves, My cub. —2AFxX>q—4BC | 
Xx AB XA =8BCgq x FI. And by adding 2 AF x X>q | 
＋ 4 BCxX IBN T to both Sides X > cub. =2AF x X49 
$4BE AB x X» + 8BCqxFI But £ A in the 


Con- | 
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Conſtruction to be demonſtrated was equai the Root of the 
Equation Sæ, and A F 55 BC= n, AB = 25 and FI 


Ba — and ſo BOX AB =. And BCq x FI r. Which 


un 
being ſubſtituted, will make & =px? + ir x. 
Q. E. D. 3 ee 2 
Corol. Hence if AF and AB be ſuppos d equal to no- 
thing. by the third and fourth Lemma, 2 FI will be to A 
as AX is to , and X to 2 BC. From whence ariſes the 
Invention of two mean Proportionals between any two gi- 
ven Quantities, FI and B C. 8 * 

Scholiunm, Hitherto J have only expounded the Conſtructi- 
on of a Cubick ÆAquation by the Ellipſe; but the Rule is of 
a more univerſal Nature, extending it ſelf indifferently to 
all the Conick Sections. For, if inſtead of the Ellipſe you 
would uſe the 1 take the Lines BC and BE on the 
contrary Side of the Point B, then let the Points A, E, G, 
J. H, K, L, and R be determin'd as before, except only that 
FH ought to be taken on the Side of F not towards I, and 
that H ought to be taken in the Line A not in HL, on 
each Side the Point H, and inſtead of the right Line GR S, 
two other right Lines are to be drawn from the Point L to 
the two Points R and & for Aſymptotes to the Hyperbola. 
With theſe Aſymptotes LR, LX deſcribe an Hyperbola 
through the Point G, and a Circle from the Center X with 
the Diſtarce GK: And the halves of the Perpendiculars 
let fall from their Interſections to the right Line A E will be 
the Roots of the Equation propos d. All which, the Signs 
+ and — being rightly chang'd, are demonſtrated as 
above, 

But if you would uſe the Parabola, the Point E will be 
remoy'd to an infinite Diſtance, and fo not to be taken any 
where, and the Point H will coincide with the Point E, 
and the Parabola will be to be deſcrib'd about the Axis HL 
with the principal Laus Rectum BC through the Points G 
and A, the Vertex being plac'd on the ſame Side of the 
Point F, on which the Point B is in reſpe& of the Point 
C. 


Thus the Conſtructions by the Parabola, if you regard A- 
nalytick Simplicity, are the moſt ſimple of all. Thoſe by 


the Hyperbola next, and thoſe which are ſoly'd by on _ 
| ple, 
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lipſe have the third Place, But if in deſcribing of Figures, 
the Simplicity of the manual Operation be reſpected, the 
Order muſt be chang'd. 

But it is to be obſerv'd in theſe Conſtructions, that by the 
Proportion of the principal La: us Rectum to the Latus Tranſ- 
verſum, the Species of the Ellipſe and Hyperbola may be deter- 
min'd, and that Proportion is the ſame as that of the Lines 
BC and BE, and therefore may be aſſumd: But there is 
but one Species of the Parabola, which is obtain'd by put- 
ting BE infinitely long. So therefore we may conſtruQ any 
Cubick Xquation by a Conick Section of any given Species, 
To change Figures given in Specie into Figures given in 
Magnitude, is done by encreaſing or diminiſhing all the 
Lines in a given Ratio, by which the Figures were given 
in Specie, and ſo we may conſtruct all Cubick AÆgquations 
by any given Conick Section whatever. Which is more 
fully explain'd thus. | 

Let there be propos'd any Cubick Æquation K —pxx. 
+qXx.r, to conſtruct it by the Help of any given Conick 
Section. [Vide Figuret 110 and 111.] 

From any Point B in any infinite right Line BCE, take 
any two Lengths BC, and BE towards the ſame Way if 
the Conick Section is an Ellipſe, but towards contrary Ways 
if it be an Hyperbola. But let BC be to BE as the princi- 
pal Latu- Rectum of the given Section, is to the Latus Tranſ- 


der ſum, and call BC, , take BA = 25 and that towards 


C, if q be Negative, and contrarily if Affirmative, At the 
Point A erect a Perpendicular A 1, and in it take A F p, 


and FG— AF; and PI: But let FI be taken to- 


wards G if the Terms p and er have the ſame Signs, if not, 
towards A. Then make as FH is to FI ſo is BCto BE, 
and take this FH from the Point F towards J, if the Se- 
ction is an Ellipſe, but towards the contrary Way if it is an 
Hyperbola. But let the Parallelograms LACK and HAEL 
be compleated, and all theſe Lines already deſcrib'd trans- 
ferr'd to the given Conick Section; or, which is the-ſame 
Thing, let the Curve be deſcrib'd about them, fo that its 
Axis or principal tranſverſe Diameter might agree with the 
right Line LA. and the Center with the Point L. Theſe 
Things being done, let the Lines KL and 6 L be drawn, 

cutting 


Z 2 
cutting the Conick Section in g. In LK take LI, which 
let be to LK as Lg to LG. and from the Center &, with 
the Diſtance 4g, deſcribe a Circle. From the Points where 
it cuts the given Curve, let fall Perpendiculars to the Lint 
LH, whereof let T > be one. Laſtly, towards y take TT. 
which let be to 7» as LG to Lg, and this T produc'd 
will cut 4B in X, and XY will be one of the Roots 
of the Aquation. But thoſe Roots are Affirmative 
which lie towards ſuch Parts of A as F 1 lies from F, and 
thoſe are Negative which lie on the contrary Side, if ris +; 
and the contrary if r is —, 3 

After this Manner are Cubick Æquations conſtructed by 
given Ellipſes and Hyperbola's : But if a Parabola ſhould 
be given, the Line BC is to be taken equal to the Latus 
Rectum it ſelf, Then the Points 4, E, G, I, and K, being 
found as above, a Circle muſt be deſcrib'd from the Center 
K with the Diſtance XG, and the Parabola muſt be ſo ap- 
ply'd to the Scheme already deſcrib'd, (or the Scheme to the 
Parabola) that it may paſs through the Points A and G, and 
its Axis through the Point F parallel to AC, the Vertex 
falling on the ſame Side of the Point F as the Point B falls 
off the Point C; theſe being done, if Perpendiculars were 
let fall from the Points where the Paratola interſects the 
Circle to the Line BC, their Halves will be equal to the 
Roots of the Æquation to be conſtructed. OY 

And take Notice, that where the ſecond Term of the X- 
quation is wanting, and ſo the Latus Rectum of the Parabola 
is the Numbet 2, the Conſtruction comes out the ſame as 
that which Des Cartes prov'd in his Geometry, with this 
Difference only, that theſe Lines are the double of them, 

This is a general Rule of Conſtructions. But where par- 
ticular Problems are propos'd, we ought to conſult the moſt 
ſimple Forms of Conſtructions. For the Quantity n remains 
free, by the taking of which the Æquation may, for the 
moſt part, be render'd more ſimple, One Example of which 
I will give. : 

Let there be given an Ellipſe, and let there be two mean 
Proportionals to be found between the given Lines 4 and þ, 


Let the firſt of them be æ, and 4.x . will be continual 


. | 
Proportionals, and ſo ab ==, or * —4 4b, is the Æqua- 


a 
tion which you muſt conſtruct. Here the Terms p and q aft 
| L1 ND wanting. 


- + — 
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wanting, and the Term r — 44b, and therefore BA and AF 


are = ©, and PI . That the laſt Term may be more 


ſimple, let » be aſſum d — a, and let FI b. And then 
the Conſtruction will be thus: 

From any Point A in any infinite right Line A E, take 
AC — 4,and on the ſane Side of the Point A take A E to AC, 
as the principal Latus Rectum of the Ellipſe is to the Latus 
Tranſverfum, Then in the Perpendicular A take AI b, 
and AH to Al as AC to AE, [Vide Figure 112.] Let the 
Parallelograms IA CM HAEL be 2 Join LA 
and LX. Upon this Scheme lay the given Ellipſe, and it 
will cut the right Line AL in the Point g. Make Lk to 
LK as Log to LA. From the Center &, with the Diſtance 
4g, deſcribe a Circle cutting the Ellipſe in >, Upon AE 
let fall the Perpendicular » X, cutting HL in 7, and let that 
be produc'd to 7, that TY may be to Ty as TA to Tg. 
And fo XT & will be equal to the firſt of the two mean 
Proportionals, Q. E. I. 
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A New, Exact, and Eaſy Method, of find- 


ing the Roots of any Aquations Generally, 
and that without any previous Reduction. 
By Edm. Halley, Savilian Profeſſor of Geo- 
metry. [| Publiſb'd in the Philoſophical Tranſ- 
actions, Numb. 210. A. D. 1694. ] 


E principal Uſe of the Analytick Art, is to 
bring Mathematical Problems to Aquations, 
and to exhibit thoſe Æquations in the moſt 


F juſtly ſeem in ſome Degree defective, and not 

ſufficiently Analytical, if there were not ſome 
Methods, by the Help of which, the Roots (be they Lines 
or Numbers) might be gotten from the Æquations that are 
found, and ſo the Problems in that reſpe& be ſolved, The 
Antients ſcarce knew any Thing in theſe Matters beyond 
Quadratick Equations. And what they writ of the Geome- 


trick Conſtruction of ſolid Problems, by the Help of the 


Parabola, Ciſſoid, or any other Curve, were only particular 


Things deſign'd for ſome particular Cafes. But as to Nu- 
merical Extraction, there is every where a profaund Silence; 
ſo that whatever we perform now in this Kind, is entirely 
owing to the Inventions of the Moderns, 

And firſt of all, that great Oiſcoverer and Reſtorer of the 
Modern Algebra, Francis Vieta, about 190 Years ance, 
ſhew'd a general Method for extracting the Roots of any E- 
quation, which he publiſh'd under the Title of, A4 Numeri- 
cal Reſolntion of Powers, &c. Harriet, Oughtred, and others, 
as well of our own Country, as Foreigners, ought to acknow- 
ledge whatſoe ver they have written upon this Subject, as 
taken from Vieta. But what the Sagacity of Mr. N. tons 
Genius has perform'd in this Buſineſs we may rather conje- 
dure (than be fully aſſur d of) from that ſhort Specimen 

LI 2 given 
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given by Dr. Wallis in the 94th Chapter of his Algebra. 
And we muſt be forc'd to expect it, till his great Modeſty 
ſhall yield ro the Intreaties of his Friends, and ſuffer thoſe 
curious Diſcoveries to ſee the Light. | 

Nor long ſince, (viz. A. D. 1699,) that excellent Perſon, 
Mr. Joſeph Ralphſon, F. R. S. publiſh'd his Univerſal Analyſis 
of e/Equations, and illuſtrated his Method by Plenty of Ex- 
amples ; by all which he has given Indications of a Mathe- 
matical Genius, from which the greateſt Things may be 
expected. ö 5 5 | 

By his Example, M. de Lagney, an ingenious Profeſſor of 
Mathematicks at Paris, was encourag'd to attempt the ſame 
Argument; but he being almoſt altogether taken up in ex- 
tracting the Roots of pure Powers (eſpecially the Cubick) 
adds but little about affected Æquations, and that pretty 
much perplex'd too, and not ſufficiently demonſtrated : Yet 
he gives two very compendious Rules for the Approximati- 
on of a Cubical Root; one a Rational, and the other an lr. 


rational one, Ex. gr. That the Side of the Cube aaa ß 


is between 4 + 


ab V | b ; 
34a4+bY wm SOT; 25 TB ** 


the Root of the th Power, a" Sb, be makes = 14 + 
ö 8 + 444 (where note, that tis 34% not 


L 44, as tis erroneouſly printed in the French Book.) Theſe 
Rules were communicated to me by a Friend, I having not 
ſeen the Book; bur having by Trial found the Goodneſs of 
them, and admiring the Compendium, 1 was willing to find 
out the Demonſtration. Which having done, I preſently 
found that the ſame Method might be accommodared to the 
Reſolution of all Sorts of Æquations. And J was the rather 
inclin'd to improve theſe Rules, becauſe I ſaw that the whole 
Thing might be explain'd in a Synopfis ; and that by this 
means, at every repeated Step of the Calculus, the Figures 
already found in the Root, would be at leaſt trebled, which 
all other Ways are encreaſed but in an equal Number with 
the given ones. Now, the foremention'd Rules are eafily 
demonſtrated from the Geneſis of the Cube, and the 5th 
Power. For, ſuppoſing tlie Side of any Cube = a+ e, the 
Cube ariſing from thence is aaa + 3Zaae + 3aeeþeee. 
And conſequently, if we ſuppoſe aaa the next leſs Cube, to 
any given Non-Cubick Number, then eee will be leſs than 

F Unity, 
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Unity, and the Remainder b, will = the other Members of 
the Cube, 2344e + 3ace eee, Whence rejecting eee 
upon the Account of its Smallneſs, we have b = 3aae + 
3 ae e. And ſince age is much greater than ae e, the Quan- 


ww ; 2... 
tity Fen will not much exceed e; ſo that putting e — 


(to which e is nearly equal) 


OT 


| $9 OJ 24a+ : 
2 — e. And fo the Side of the Cube 444 ＋ F will 


34a +b© 


be a+ = which is the Rational Formula of M. de 


aa+V 
Lagney. ” But now, if aa4 were the next greater Cubick 
Number to that given, the Side of the Cube aaa —b, will, 


after the ſame Manner, be found to be 4— 1 And 


344 — b 
this eaſy and expeditious Approximation to the Cubick 
Root, is only (a very ſmall Matter) erroneous in point of 
Defect, the Quantity e, the Remainder of the Root thus 
found, coming ſomething leſs than really it is. 


wall be found — 


As for the Irrational Formula, tis deriv d from the ſame 


Principle, viz. b= 3 44e + 3aee, or = =ae 46 and 


4 


a 
the Root ſought. Alſo the Side of the Cube aaa—b, af- 
ter the ſame Manner, will be found to be 24 


7 444— > And this Formula comes ſomething nearer 


to the "IB. a being erroneous in point of Exceſs, as the other 
was in Defekt, and is more accommodated to the Ends of 
Practice, ſince the Reſtitution of the Calculus is nothing 
elſe but the continual Addition or Subtraction of the Quan- 


tity 5 according as the Quantity e can be known, So 


ſol 1 le and 1 + $4 4 te, 


7 
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that we ſhould rather write 7 3 24, in the 


3 4 
eee - 


former Caſe, and in the latter, 1 a + 7 1444 


| 4 
But by either of the two Formsla's the Figures already 
known in the Root to be extracted are at leaſt tripled ; 
which I conclude will be very grateful to all the Students in 
Arithmetick, and I congratulate the Inventor upon the Ac- 
count of his Diſcovery. | 
But that the Uſe of theſe Rules may be the better per- | 
ceiv'd, 1 think it proper to ſubjoyn an Example or two. 
Let it be propos'd to find the Side of the double Cube, os 


b 
aaa+tb—2, Herea—1, and = = #3 and fo 2 ＋ r, or 


„ 378 
or 0.63 , 30680052910 5291 = 1, 259921049895 — ;| 
which in 13 Figures gives the Side of the double Cube 
with very little Trouble, viz, by one only Diviſion, and the 
Extraction of the Square Root; when as by the common 
Way of working, how much Pains it would have coſt, the 
Skiliful very well know, This Calculus a Man may continue 
as far as he pleaſes, by encreaſing the Square by the Addition 


| ; Fi eee . . . 4 f 
of the Quantity = which Correction, in this Caſe, will 


give but the Encreaſe of Unity in the 14th Figure of the 
Root. 

Example II. Let it be propos'd to find the Sides of a Cube 

equal to that Engliſn Meaſure commonly call'd a Gallon, 

which contains 231 ſolid Ounces. The next leſs Cube is 

216, whoſe Side 6 = 4, and the Remain.er 15—b; and ſo 


for the firſt Approximation, we have 3 1 +< = the | 


— — ** * 


Root. And ſince V9, 8333... is 3,1368. .., 'tis plain, | 


that 6 358 S4 Ne. Now, let 6,1388 S 4; and we ſhall 
then have for its Cube 231,0:0553894712, and according 


to the Rule, 3,c679 + 9,41201041 — 000858394712 is | 


. | 
moſt accurately equal to the Side of the given Cube, which, | 
within the Space of an Hour, I determin'd by Calculation * | 

6 | e 


UF 
— — - 


r —_— 


le 
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| ke 6.13579243966195897, which is exact in the 18th Fi- 
gure, defective in the 19th, And this Formula is deſervedly 


preferable to the Rationale, upon the Account of the great 
Diviſor, which is not to be manag'd without a great deal of 
Labour; whereas the Extraction of the Square Root proceeds 
much more eaſily, as manifold Experience has taught me. 
But the Rule for the Root of a pure Surſolid, or the 5th 
Power, is of ſomething a higher Enquiry, and does much 
more perfectly yet do the Buſineſs ; for it does at leaſt Quin- 
tuple the given Figures of the Root, neither is the Calculus 
very large or operoſe, Tho' the Author no where ſhews his 
Method of Invention, or any Demonſtration, altho' it ſeems 
to be very much wanting; eſpecially ſince all Things are 
not right in the printed Book, which may eaſily deceive the 
Unſkilful, Now the 5th Power of the Side a+ e is com- 
pos'd of theſe Members, 4 + 54% e + 104'e* +1046 
+54e* e SA +b; from whence b =54*e+ 104%? 
＋ iO, +54e*, rejecting e* becauſe of its Smallneſs; - 


3 24*e* T 24 +e*, and adding on 


both Sides 44, we ſhall have Vs, . += = Ve 


Te = ieee. Then ſubtracting 


Las from both Sides, & a e will = Vue 
to which, if + 4 be added, then will a+e=+4a+ 


e the Root of the Power 4 +b. 
4 
But if it had — (the Quantity 4 being too great) the 


— 


Rule would have been thus, 5 4 + Vs —Z $46. 


And this Rule approaches wonderfully, ſo that there is hardly 
any need of Reſtitution. | 

But while I conſider d theſe Things with my ſelf, I light 
upon a general Method for the Formula's of all Powers what- 
ſoever, and (which being handſome and conciſe enough) 1 
thought I would not conceal from the Publick. 


Theſe 
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Theſe Formula's, (as well the Rational as the Irrational 
ones) are thus. | 


Naa N b, ore —©—, 


| b 
vii er re 


b ab 
1 427 + Lt +V r = 


2 
vai t Haug. rr N= 


V t b 4A N 2, ora + 2 


And ſo alſo of the other higher Powers. But if 4 were 
aſſum d bigger than the Root ſought, (which is done with 
ſome Advantage, as often as the Power to be reſoly'd is 
much nearer, the Power of the next greater whole Number, 
than of the next leſs) in this Caſe, Mutatis Mutandis, we 
ſhall have the ſame Expreſſions of the Roots, viz. 


Vaa—b—v aa <=: or 1 
244 — 2 b 

on... 
34) —b 


9 or 4 — 


78 b ab 
— GWE TW | 
Ver 44m ——, ON 4 rr gs 
; 3 ab 
* l. Auen. 
MY b 
gig Or 4 — 
h | b ab 
747 . V . — — — — 
Y a wb = 4+ ae” Cs 74 5 
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And within theſe two Terms the true Root is ever found» 
being ſomething nearer to the [rrational than the Ration 
Expreſſion. But the Quantity e found by the Irrational For- 
mula, is always too great, as the Quotient reſulting from 
the Rational Formula, is always too little, And conſequent- 
Iy, if we have +b, the Irrational Formula gives the Root 
ſomething greater than it ſhould be, and the Rational ſome- 
thing leſs. But contrarywiſe if it be — b. 

And thus much may ſuffice to be ſaid concerning the Ex- 
traction of the Roots of pure Powers; which notwithſtand- 
ing, for common Uſes, may be had much more eaſily by 
the Help of the Logarithms. But when a Root is to be de- 
termin d very accurately, and the Logarithmick Tables will 
not reach ſo far, then we muſt neceſſarily have Recourſe to 
theſe, or ſuch like Methods, Farther, the Invention and 
Contemplation of theſe Formula 's leading me to a certain 
univerſal Rule for adfected Æquations, 7 which I hope wall 


be of Uſe to all the Students in Algebra and Geometry) I was 


willing here to give ſome Account of this Diſcovery, which 
I will do with all the Perſpicuity I can. I had given at 
N* 188. of the Tranſaclions, a very eaſy and general Con- 
ſtruction of all adfected Æquations, not exceeding the Bi- 
ö Power; from which Time I had a very great De- 
ire of doing the ſame in Numbers. But quickly after, Mr. 


Ralphſon ſeem d in great Meaſure to have ſatisfy d this Deſire, 


till Mr. Lagney, by what he had perform d in his Book, in- 
timated, that the Thing might be done more compendiouſly 
yet. Now, my Method is thus: 

Let z, the Root of any Aquation, be imagin'd to be 
compos'd of the Parts 4 +, or —e, of which, let 4 be aſ- 
ſum'd as near ⁊ as is poſſible; which is notwithſtanding not 
neceſſary, but only commodious. Then from the Quantity 
4 re, or 4 — e, let there be form'd all the Powers of r, 
found in the Æquation, and the Numerical Co-efficients be 
reſpectively affix d to them: Then let the Power to be re- 
ſolv d be ſubtracted from the Sum of the given Parts (in the 
firſt Column where e is not found) which they call the Ho- 
mog eneum Cumparationis, and let the Difference be +b, In 
the next Place, take th: Sum of all the Co- efficients of e in 
the ſecond Column, to which put —s. Laſtly, H the third 
Column let there be put down the Sum of all the Co- effici- 
ents of ee, which Sum call :. Then will the Root ⁊ ſtand 
thus in the Rational Forzuls, vic. == 4 + — and 


M m 5 
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thus in the Irrational For mula, viz. 2 = 4 F = 2 
which perhaps it may be worth while to illuſtrate by ſome 
Examples. And inſtead of an Inſtrument let this Table ſerve, 
which ſhews the Geneſis of the ſeveral Powers of a+e, 
and if need be, may eaſily be continued farther ; which, for 
its Uſe, I may rightly call a General Analytical Speculum. 
The foremention'd Powers ariſing from a continual Multi- 
lication by 4 ＋ e () come out thus with their adjoyn'd 
tents. 


p 

* ng 

1 4 ,vqQ=,29 
1v9g + vy=,27 


7 


Ti =. 
7 | 


+ 2 


9 e 


4 


4 
99,v[le +3, 


+ 22,vy S143 


+ 22,9 


3 
FF) 
„ Þcow8 
+ OO 
£ 


+ ,2,94q01 
2, YYOT 


I. 
+,2” 
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SS T. 


91 


11 
une αj˖’,ͥ vingu ] 
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M 


Þ+ ,2 995 
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q 
„ 79 + v9 VP? 


/ 17 + ,9,9] 
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+ 
22 
— 

> 4 
+ 
Wu 
* 


C 267 J 


But now, if it be a—e=z, the Table is compos'd of 


the ſame Members, only the odd Powers of e, as e, e, e., 
e? are Negative, and the even Powers, as e, e, e“, — 
mative. Alſo, let the Sum of the Co efficients of the Side 
e, be =s; the Sum of the Co- efficients of the Square ee 
St, the Sum of the Co- efficient of e , of e* n, of 
e x, of e. , &c. But now, ſince e is ſuppos d only a 
ſmall Part of the Root that is to be enquir d, all the Powers 
of e will be much leſs than the correſpondent Powers of 4, 
and ſo far the firſt Hypotheſis ; all the ſuperior ones may be 
rejected; and forming a new Aquation, by ſubſtituting 
4 Ter, we ſhall have (as was ſaid) tb=+5e+ree, 
The following Examples will make this more clear. 


ExaupTE I. Let the quation 2* —3z* +75% 
= 10000 be propos d. For the firſt Hypotheſis, let a = 10, 
and ſo we have this Æquation; 

2* = + 4* 4 , +64'ce 4ace+e* 

— 4 = - d dae— dee 

Tex S 6e. ce 

= + 10000 4qoooe ＋ booee goef + et. 
— 300 Goe— Zee 


+ 750 75e 
— 10000 oh 
+ 459—4go15e + 597ee—40e* +e*=0 

s : , 


The Signs -þ and —, with reſpe& to the Quantities e and 


. e?, are left as doubtful, till it be known whether e be Ne- 


gative or Affirmative ; which Thing creates ſome Difficulty, 
fince that in Æquations that have ſeveral Roots, the Homo- 
genea Comparationis (as they term them) are oftentimes en- 
creaſed by the minute Quantity 4, and on the contrary, that 
being encreaſed, they are diminiſſid. But the Sign of e i 
determin d from the Sign of the Quantity b. For taking a- 
way the Reſolvend from the Homogeneal form'd of 4; the 
Sign of ge (and conſequently of the prevailing Parts in the 
Compoſition of it) will always be contrary to the Sign of 
the Difference b. Whence 'twill be plain, whether it muſt 
be e, or — e; and conſequently, whether 4 be taken 
greater or leſs than the tre Root. Now the Quantity e is 


= Tm {0 when h and t have the ſame Sign, but 
EY M m 2 when 
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when the Signs are different, e is = 


p | 
14 


. But 


after it is found that it will be — e, let the Powers e, e?, 
e., Cc. in the affirmative Members of the Æquation be 
made Negative, and in the Negative be made Affirmative; 
that is, let them be written with the contrary Sign. On 
the other hand, if it be & e (let thoſe foremention d Powers) 
be made Affirmative in the Affirmitive, and Negative 
in the Negative Members of the Æquation. 

Now we have in this Example of ours, 10459 inſtead of 
the Reſolvend 10000, or b = + 450, whence it's plain, 
that 4 is taken greater than the Truth, and conſequently, 
that tis — e. Hence the Æquation comes to be, 10450 — 
4018 e +597ee—4e' + e* — 10000. That is, 450 — 
40I5e + $97ee=O0O ; and fo 450 —=4o15e—597ee, or 


L 
4 


be- tee, whoſe Root e 22 — — * 3 
| | | 2t 
4 35 b 2 * | 
ET 8 that is, in the preſent Caſe, 
12 4 | | 
e= 2007/2 — V 3761496 2 From whence we have the Root 


597 
ſought, 9,886, which is near the Truth. But then ſubſti- 
tuting this for a ſecond Suppoſition, there comes 4 e, 
moſt accurately, 9, 8862603936495. ſcarce exceeding the 


Truth by 2 in the laſt Figure, viz, when — +be 


| t 
e. And this (if need be) may be yet much far- 
ther verify'd, by ſubtracting (if it be + e) the Quantity 
Ewe? + Fe? | 


7 Fer Fr from the Root before ond ; or (if it be — e) 


by adding 2 — 


is ſo much the more valuable, in that ſometimes from the 
firſt Suppoſition alone, but always from the ſecond, a Man 
may continue the Calculus (keeping the ſame Co- efficients) 
as far as he pleaſes. It may be noted, that the fore-menti- 
ond Ægquation has alſo a Negative Root vi. & = 10, 26 
which any one that has a Mind, may determine more ac- 
cunately, | 125 . | 


. I ExAMPLE 


== to that Root, Which Compendium 


"IT + *. raj pow 
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ExAMp LE II. Suppoſe & — 172 +$4% = 2380, and 
let «— 10. Then according to the Preferigh of 1 Rule, 


+ 2) = 1 
e? 


—_ — d a* — 2d ae 


+ Ses Tee 
b s t 
That is, ＋ 1000 + 3ooe ＋ 3zoe Te 
— 1700 — 340e —17e* 
+ 540T 54e 
— 350 


Or, — 510 ＋ 4e Igzee re =0 38 


Now, ſince we have — 510, it is plain, that 4 is aſſumed 
leſs than the Truth, and conſequently that e is Affirmative, 
And from (the Æquation) 510 =14e +13e*, comes e 


—— G7 Whence 2 = 157.5 
which is too much, becauſe of 4a taken wide. Therefore, 
Secondly, let a — 15, and by the like Way of Reaſoning we 


—_ 4 —— — 
ſtall find e_ L = 1991 VILE, and 


c 2 
conſequently, z 14, 954068. If the Operation were to be 
repeated the third Time, the Root will be found conforma- 
ble to the Truth as far as the 25th Figure ; but he that is 
contented with fewer, by writing t b + te inſtead of tb, or 
2 


ſubtracting or adding 75 177 75 to the Root before found, 


will preſently obtain his End. Note, the Equation propos d 
is not explicable by any other Root, becauſe the Reſolvend 


350 is greater than the Cube of 7 „or - . 


EXAMpLE III. Let us take the Æquation 2. — 802 


＋— 1998 2 — 14937 + 5000 == O, which Dr. Wallis uſes 
Chap. 62. of his Algebra, in the Reſolution of a very difficult 
Arithmetical Problem, where, by Vieta's Method, he has 
obtain d the Root moſt accurately; and Mr, Ralphſon brings 
it alſo as an Example of his Method, Page 25, 26, Now 
this Xquation is of the Form which may have ſeveral AE 
firmative Roots, and (which increaſes the Difficulty) the 


(d-efficients are very great in reſpect of the Reſolvend * 


| 
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But that it may be the eaſier manag d, let it be divided, 
and according to the known Rules of Pointing, let — & + 
82 — 2 ＋ 12 J (where the Quantity z, is A of 
z in the Xquation propos d) and for the firſt Suppoſition, 
let 4=1. Then T — 5e — 20 + 46 —e* —0,5=0; 


that is, 13 8e T zee; hence e = . is 


| c 
* —.— , and ſo æ 1, 27; whence tis manifeſt, that 
12,7 is near the true Root of the Æquation propos d. Now, 


Secondly, let us ſuppoſe.z = 12,7, and then according to the 
Directions of the Table of Powers, there ariſes 


b C267 le t 1 | 
— 26014,4641 — 81935320 — 967,740? — 50,80) — e 
+ 153870,640 + 33709,60 e+ 3043 e + 80 
— 322257,42 — 50749,2 1998 e? 
o+ 189699, ＋ 14937, & | 


— . JO, 


MS. ͤà—)— 
—  . At. W — — — QC 


1 298,659 a 5296,13 20＋4 82, 28e + 29,2 — eo. 


And fo — 298,659 = — 5296, 1326 + 82, 26e, whoſe 
a | Ly—vViss —bt 
Root e. (according to the Rule) = ——— : 


"  2648,066 —v 6 6 
5 eee eee 05644080331 + 


. , * 6 f 
re leſs than the Truth. But that it may be corrected, tis 
| 5 5 — 4 4 2 „„ 0 © , 
to be conſider'd, that 1 or 0020207 « — is 
aire Viit—be 2643,423..ͥ( 
,02000099, and conſequently e corrected, is = 0564470448. 
And if you deſire yet more Figures of the Root, from the e 
corrected, let theie be made rue*—te*—0,43105602423 «ey 
„ SYSM bs | bs 1" 4 | | 
and 2 Virb! ODEs „or which is all one, 


, comes 


t 
2648,066 —v 6987685,67496597577 + «++ 


| 82,26 g's 
,05644179448074402 ge; whence a +e—# the Root is 
moſt accurately 12,75644179443074402 . +. , as Dr, Walls 
found in the foremention d Place; where it may be obſerv'd, 
that the Repetition of the Calculus does ever triple the true 
Figures in the aſſum' d 4, which the firſt Correction, or 


1 
2 le 


* 
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rection is abundantly ſufficient for Arithmetical Uſes, for the 
moſt Part. | 
But as to what is ſaid concerning the Number of Places 
rightly taken in the Root, I would have underſtool fo, that 
when 4a is but . Part diſtant from the true Root, then 
the firſt Figure is rightly aſſumed ; if it be within -= Part, 


—— — — Ga 


1 0 0 


then the two firſt Figures are rightly aſſumed ; if within 
, and then the three firſt are ſo ; which confequently, 
1 according to our Rule, do preſently become nine | 
igures. | 

It remains now that I add ſomething concerning our 


; f . 
Rational Formula, viz. e = 


„which ſeems expeditious 


bat b 
enough, and is not much inferior to the former, ſince it 
. will triple the given Number of Places. Now, having 
0 form'd an Æquation from 4 Te , as before, it will pre- 


ſently appear, whether 4 be taken greater or leſſer than the | 
Truth; ſince ge ought always to have a Sign contrary to the | 
Sign of the Difference of the Reſulvend, and its Homogeneal 
produc'd from 4, Then ſuppoſing + b + 5e A- tee go, 
the Diviſor is s5— tb, as often as t and h have the ſame 
bs Signs; but it is 5s + bt, when they have different ones. 

But it ſeems moſt commodious for Practice, to write the 


Theorem thus, e = + - ſince this Way the Thing is done 


by one Multiplication and two Diviſions, which otherwiſe 
would require three Multiplications, and one Diviſion, 

he Let us take now one Example of this Method, from the 
Root (of the foremention'd Xquation) 12,7 .. . ., where 


e, 
298,6559 —5296,122e + 82,26ee + 29,2 - =0, 
+b ; — +t 7 
is and fo — = ; that is, let it beas to t, ſob to 
2 | 


d, 25 5296, 132) 298, 6559 into 82,26 (4,638 75. . where; 


fore the Diviſor is . = = 3291,49325 of 298,6559 
| (0,056441 


| 
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(o, oA. . S e, that is, to five true Figures, added 
to the Root that was taken, But this Formula cannot be 
corrected, as the foregoing Irrational one was; and fo if 
more Figures of the Root are deſired, tis the beſt to make 
2 new Suppoſition, and repeat the Calculus again: And then 
2 new Quotient, tripling the known Figures of the Root, 
will abundantly ſatisfy even the moſt Scrupulous. 


! 


ADVERTISEMENT. 


| New and Compleat Treatiſe of the Doctrine of Fractions, 
Vulgar and Decimal; containing not only all that hath hi- 
therco been publiſh'd on this Subject; but alſo many other com- 
pendious Uſages and Applications of them, never before extanr, 
Together with a compleat Management of Circulating Numbers, 
which is entirely New, and abſolutely neceſſary to the right uſing 
of Fractions. To which is added, an Epitome of Duodecimals, 
and an Idea of Meaſuring. The whole is adapted to the meaneſt 
Capacity, and very vſeful to Book-keepers, Gaugers, Surveyors, 
and to all Perſons whoſe Buſineſs requires Skill in Arithmetick. 
By Samuel Cunn, Teacher of the Mathematicks in Litchfie/d-ſtreet 
near Newport-Market, The 2d Edition, Printed for J. Senex at 
the Globe in Salisbury Court; V. Taylor at the Ship, and T. Warner 
at the Black-Boy in Pater- noſter Rew, Price bound 2 5. 
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